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EKOR STRATA FOR SHIMURA VARIETIES WITH PARAHORIC

LEVEL STRUCTURE

XU SHEN, CHIA-FU YU, AND CHAO ZHANG

ABSTRACT. In this paper we study the geometry of reduction modulo p of the Kisin-
Pappas integral models for certain Shimura varieties of abelian type with parahoric
level structure. We give some direct and geometric constructions for the EKOR  strata
on these Shimura varieties, using the theories of G-zips and mixed characteristic local
G-Shtukas. We establish several basic properties of these strata, including the smooth-
ness, dimension formula, and closure relation. Moreover, we apply our results to the
study of Newton strata and central leaves on these Shimura varieties.
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INTRODUCTION

In this paper, we study the geometry of reduction modulo p of the Kisin-Pappas in-
tegral models ([37]) for certain Shimura varieties of abelian type with parahoric level
structure. Our goal is to develop a geometric approach to define and study the EKOR
(Ekedahl-Kottwitz- Oort-Rapoport) stratifications on the reductions of these Shimura va-
rieties, which were first introduced by He and Rapoport ([31]) in a different setting.

The reduction modulo p of Shimura varieties admits very rich geometric structures.
We refer to the excellent survey papers [68] [69, [I7] for some overview. In this paper,
we focus on one important perspective of the mod p geometry of Shimura varieties with
parahoric level structure. In [31], He and Rapoport have proposed a general guideline
to study the geometry of reduction modulo p of Shimura varieties with parahoric level
structure. In particular, they postulated five basic azioms ([31] section 3) on the integral
models of Shimura varieties. Assuming the verification of these axioms, in [3I] section
6, He and Rapoport introduced the EKOR  stratification on the special fibers of these
integral models, based on the works of Lusztig and He on G-stable piece decompositions
([51), 52, 24]). This new stratification has the following key features:

e for hyperspecial levels, by works of Viehmann ([80]), the EKOR stratification
coincides with the EO (Ekedahl-Oort) stratification;

o for Iwahori levels, by works of Lusztig and He (|52, 24] and [31] Corollary 6.2]),
it coincides with the KR (Kottwitz- Rapoport) stratification;

e for a general parahoric level, the EKOR stratification is a refinement of the KR
stratification.

The finer structure of EKOR stratification makes it easier to be compared with other
natural stratifications, e.g. the Newton stratification. In fact, under their axioms He-
Rapoport showed that for a general parahoric level, each Newton stratum contains a
certain EKOR stratum ([31] Theorem 6.18), while in general there is no KR stratum
that is entirely contained in a given Newton stratum. One can expect that the geometry
of EKOR strata will lead to interesting arithmetic applications, see [7, 83] for examples
in the good reduction case.

In [3I] section 7, the He-Rapoport axioms were verified for the Siegel modular vari-
eties. For PEL-type Shimura varieties associated to unramified groups of type A and C
and to odd ramified unitary groups, these axioms were verified by He-Zhou in [32]. For
certain Shimura varieties of Hodge type associated to tamely ramified and residually
split groups, in [95] Zhou has verified these axioms for the Kisin-Pappas integral models
constructed in [37]. Hence in these cases we get the EKOR stratifications by [31] section
6. For a hyperspecial or an Iwahori level, by the above works of Viehmann or Lusztig
and He, some basic geometric properties of EKOR strata, like smoothness and quasi-
affineness, are known by the corresponding geometric properties of EO or KR strata.
However, for a general parahoric level, even if one had verified the He-Rapoport axioms,
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the smoothness of EKOR strata was still unknown. In fact, the geometric meaning of
EKOR types was quite mysterious, since the construction in [31] is purely group theo-
retic.

In this paper we would like to find a direct and geometric construction of these strata,
for some concrete integral models. More precisely, similar to [95], we also work with the
concrete integral models constructed by Kisin and Pappas in [37] for certain Shimura
varieties of abelian type. The main results of Kisin and Pappas are that, under certain
conditions, there exist some local model diagramﬂ which relate the integral models
of Shimura varieties with the Pappas-Zhu local model schemes [65]. Roughly speaking,
our construction of the EKOR stratification will be about certain refinement of the local
model diagram in characteristic p. It can be viewed as a geometric realization of the
group theoretical considerations in [31] section 6.

To state our main results, we need some notations. Let p > 2 be a fixed prime through-
out the paper. Let (G, X) be a Shimura datum of abelian type, K = K,K? C G(Ay)
an open compact subgroup with K? C G(A?) sufficiently small and K, C G(Q,) a
parahoric subgroup. We have the associated Shimura variety Shx = Shk (G, X) over the
reflex field E. Let v|p be a place of E and E' = E,. Let = be a point of the Bruhat-Tits
building B(G, Q)), with the attached Bruhat-Tits stabilizer group scheme G = G, and
its neutral connected component G° = G, such that K, = G°(Z,). Assume that G
splits over a tamely ramified extension of Q, and p { |71(G9)|. We will consider the
following cases:

e (G, X) is of Hodge type and G = G°.

e (G, X) is of abelian type such that (G2, X#d) has no factors of type D™ (we
refer to [4] Table 2.3.8 for the precise meaning of type D™).

e (G, X) is of abelian type such that G is unramified over Q, and K, is contained
in some hyperspecial subgroup of G(Qy).

Let Yk = Yk(G, X) be the integral model over Op of the Shimura variety Shx con-
structed by Kisin-Pappas in [37]. The above cases are exactly when we have the local
model diagram by Theorem 4.2.7 (for the first case) and Theorem 4.6.23 (for the last
two cases) of [37]. This is also why we restrict to Shimura data in the above cases (note
that each case may overlap with the others, and the first case is used to deduce the
other cases in [37] 4.6). We are interested in the geometry of the special fiber .7k o over
k= E?. When K, is hyperspecial (thus G is unramified), #k o is smooth. In the general
case, by [37, Corollary 0.3], #k o is reduced, and the strict henselizations of the local
rings on %k o have irreducible components which are normal and Cohen-Macaulay. We
will simply write 7 for the special fiber when the level K is fixed.

We have in fact two approaches for the constructions of EKOR strata on .#:

e a local construction which uses the theory of G-zips due to Moonen-Wedhorn
[55] and Pink-Wedhorn-Ziegler [66, 67]. Here “local” means that we first work
on a fixed KR stratum; then we let the KR stratum vary;

e a global construction which uses the theory of local G-Shtukas, generalizing some
constructions of Xiao-Zhu in [84] (see also [94]) in the case of good reductions.
Here “global” means that we work directly on the whole special fiber (up to
perfection).

To explain the ideas, we assume that (G, X) is of Hodge type for simplicity. Let G = G,
and {u} be the attached Hodge cocharacter of G. Kottwitz and Rapoport defined a finite

IThe existence of the local model diagram is in fact one of the He-Rapoport axioms, and of course,
one hopes that eventually all the He-Rapoport axioms should be verified for the Kisin-Pappas integral
models.
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subset

Adm({u})
of the Iwahori Weyl group of G, the {u}-admissible set, cf. [44] [69]. Writing K = K,
from Adm({u}) we get finite sets Adm({u})x and K Adm({u}), which will parametrize
the types of the KR stratification and EKOR stratification of level K respectively. We
have the relations
Adm({s}) > K Adm({g}) — Adm({s})x.

We have a partial order <z on Adm({u})x, induced from the Bruhat order on the
associated affine Weyl group. On the finite set ©Adm({u}), we have also a partial
order <g,, introduced by He in [22] section 4. See for more details on these sets

Adm({u}), Adm({p})x and ¥ Adm({}).

The starting point of our local construction is the observation that the EKOR strat-
ification (constructed in [3I] section 6) is a refinement of the KR stratification, and for
a KR type w € Adm({u})x, there is always an attached algebraic zip datum Z,, (see
in the sense of Pink-Wedhorn-Ziegler. Let Gy = G ®z, ?p and Q{)dt be its reductive
quotient. Let M'¢ be the special fiber over k = Fp of the Pappas-Zhu local model
scheme attached to the triple (G,{u}, K) constructed in [65]. Then by construction
Go acts on M'°¢ and the underling topological space |[Go\M'"¢]| of the quotient stack
[Go\M"™°¢] is homeomorphic to Adm({})r (for which the topology is defined by its par-
tial order <f). Under the above assumptions, the existence of the local model diagram
gives us a morphism of algebraic stacks

i 1 Lo — [Go\ M,

such that the fibers are the KR strata of 4. We identify the finite Weyl group Wi
attached to K with the Weyl group of Q(r)dt. There exists an explicit set Jy, (see|1.3.6
of simple reflections in Wy defined from w and K. After choosing a suitable Siegel
embedding, we can construct a gadt—zip of type J,, on the KR stratum .7j" attached
to w. Let Gi4-Zip,, be the algebraic stack over k of G§d*-zips of type J,. By [67] we
have an isomorphism of algebraic stacks G§4*-Zip;, ~ [Ez,\G5"], where Ez, is the zip

group attached to Z,,, see Definition Thus we get a morphism of algebraic stacks
Co: S5 = [Bz,\Gp")

whose fibers are precisely the EKOR strata in .7".
Let mx : KAdm({p}) — Adm({u})x be the natural surjection, then the local con-
struction gives us a geometrization of 77;(1 (w), as we have the following bijection

Tt (w) = Wi ~ |[Ez, \GoM]],

where "*Wy C Wy is the set of minimal length representatives for Wy, \Wg. The

strategy of the construction is similar to [92], but making more systematical use of the

local model diagram. We refer to subsections |3.3| and [3.4] for details of the construction.
The main property of the morphism (,, is the following result.

Theorem A (Theorem [3.4.11). The morphism ¢, is smooth.

As a consequence, we can translate many geometric properties of the quotient stack
[Ez,\G5¥] to those of .7. In particular, each EKOR stratum is a locally closed smooth
subvariety of .#(}’, and the closure of an EKOR stratum in ./} is a union of EKOR strata.
Moreover, we can also describe the dimension of an EKOR stratum (if non-empty) once
we know the dimension of the KR stratum containing it.

The disadvantage of the local construction is that the type J, varies on different
KR strata. The theory developed in [66] [67] is not enough to put these Gi%-zips of
different types uniformly together. In particular, when we want to show the closure
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relation of EKOR strata defined locally as above, we will meet a serious problem. To
overcome these difficulties, in section 4| we adapt some ideas of Xiao and Zhu in [84].
One of the key observations is that by the works of Scholze ([76, Corollary 21.6.10]) and
He-Pappas-Rapoport ([30, Theorem 2.15]), the (perfection of the) special fiber of the
Pappas-Zhu local model admits an embedding into the Witt vector affine flag varieties
Grg ([93,1]). So we introduce the notions of local (G, t)-Shtukas and their truncations in
level 1, cf. Definition[4.1.3|and subsection[4.2] generalizing those in [84] in the unramified
case. Roughly, a local (G, u)-Shtuka over a perfect ring R is a G-torsor £ over W (R),
together with an isomorphism S : 0*8[%] 5 5[%] over W(R)[%], such that the relative
position between c*€ and £ at any geometric point of Spec R lies in Adm({u})x. Here
o : W(R) — W(R) is the Frobenius. Let Affzf be the category of perfect k-algebras.
We need to pass to the world of perfect algebraic geometry as in [93] and [84].

Consider the prestack ShthCK of local (G, u)-Shtukas, which can be described as (cf.
Lemma {4.1.4))

loc,00

)
where M C LG is the pre-image of M'°¢ C Grg = LG/L*G, and the quotient
means that we take the o-conjugation action of LtG on M°%>  Consider the reduc-
tive I-truncation group L'™"'G i.e. for any R € Affif, LY G(R) = GIY(R). Let
LtgM—rdt.— ker(LTG — L'4G) and

Mloc,(l)frdt C LG/LJrg(l)frdt

be the image of M'°“* C LG under the projection LG — LG/LtGM—dt Fix any
integer m > 2, we have the algebraic stack of (m, 1)-restricted local (G, u)-Shtukas

Mloc( )—rdt
AdyL™G }

Here L™G is the m-truncation group, i.e. for any R € Affif, L™G(R) = G(Wn(R)).
There are natural perfectly smooth morphisms

Shtlo% — Sht 2™ 75 [Go\ Mc].

1
Sht ;% =~

Shtloc(m 1) |:

Recall that we have a homeomorphism of topological spaces Adm({u})x ~ |[Go\M™°]|.
By the works of Lusztig and He, we have a homeomorphism of topological spaces (see

Lemma, |4.2.4))

K Adm({p}) ~ Sht 2™,

where the topology on % Adm({u}) is defined by the partial order < ,. By the works of

Hamacher-Kim [20] and Pappas [59], we have a universal local (G, 1)-Shtukas over .7 !
the perfection of the special fiber of our Shimura variety. Taking its (m, 1)-restriction,
we get a morphism of algebraic stacks

vg 1 I Shtloc(m )

which lifts the morphism of algebraic stacks A\g : .7F I 5 [Go\ M) induced by the local
model digram.

Theorem B (Theorem [4.4.3)). The morphism vk is perfectly smooth.

The relation between the local and global constructions is as follows. Recall that we
loc(m,1)

have mg : Sht, — [Go\M'™¢]. For any w € |[Go\M™ ]|, there is a natural perfectly
smooth morphism
-1 S B \grdt]pf
Tk (w) = [Ez,
which induces a homeomorphism of underlying topological spaces, see Proposition
Here [Ez,\Gi"|P/ is the perfection of the algebraic stack [Ez,\Gid]. The morphism
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vk thus interpolates the morphisms Cﬁ,f when w € Adm({u})k varies.

The fibers of vk give the EKOR strata on .} 7. Since the perfection does not change
underlying topological spaces, we get the closure relation of EKOR strata on .%.

We collect some of the main results for EKOR strata as follows.

Theorem C. (1) (Theorem [3.4.12) Theorem (1), Corollary 4.4.4) We have
the EKOR stratification

SH= I 4
reX Adm({n})
For each x € KAdm({u}), the corresponding EKOR stratum . is a locally
closed subvariety which is non-empty, smooth, equi-dimensional of dimension
l(x). Moreover, we have the closure relation

Ty = H =1 oxl-
<K o
(2) (Theorem Theorem [5.4.5 (2)) If K is Iwahori, then any KR stratum is
quasi-affine. In general, if the He-Rapoport axiom 4 (c) holds, any EKOR stra-
tum is quasi-affine. In particular, if Gq, is residually split, then any EKOR
stratum is quasi-affine.

In (1), the non-emptiness is deduced by results of several other authors, see for ex-
ample [38, Q1L 05]. We refer to Corollary for more details. The smoothness and
dimension formula are conjectures of He and Rapoport in [31], based on their axioms
together with some different observations (see also our discussions after Theorem @
It is an interesting question to investigate the singularities of the closure of an EKOR
stratum. If the level K is Iwahori, then it is known that each closure of KR stratum is
normal and Cohen-Macaulay, see [37, Corollary 4.2.12] and [65, Theorem 1.2]. We don’t
know whether this is true for a general parahoric level.

Quasi-affineness of EKOR strata is also conjectured by He and Rapoport in [31].
Statement (2) says that this conjecture holds as long as the He-Rapoport axiom 4 (c)
holds. It is reduced to quasi-affineness of Iwahori KR strata using Theorem [D| Noting
that axiom 4 (c) has been verified by Zhou if G, is residually split [95], EKOR strata
are quasi-affine in this case. Quasi-affineness of Iwahori KR strata in the Siegel case was
known by the work of Gortz-Yu [16].

It is somehow surprising that quasi-affineness of Iwahori KR strata is proved using
techniques to study EKOR strata: KR strata are defined using the local model diagram,
so it sounds reasonable to expect that one could study Iwahori KR strata simply using
the local model diagram. On the contrary, our proof of the quasi-affineness of Iwahori
KR strata does use techniques from the study of EKOR strata, and in particular it in-
volves the morphism (,, which contains the geometric information that can not be seen
from the local model diagram. We refer to the proof of Theorem [3.5.9] for more details.

We can define various ordinary loci and superspecial loci using EKOR, strata. More
precisely,
(1) we can do this for each KR stratum. Namely, for w € Adm({p})x, in 73",

K

(a) there is a unique EKOR stratum, namely yoKw with Kwg as in
This stratum is open dense in .#;" by the smoothness of the map ¢, and
is called the w-ordinary locus;

(b) there is a unique EKOR stratum, namely .. Here z,, is as in[1.2.8 This
stratum is closed in .}, and is called the w-superspecial locus;

(2) we can also do this globally in .. Namely,
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(a) the ordinary locus .7 is the union of EKOR strata .#F with £(x) = dim(.%).
It is clear by definition that

yord H yOK’LUK
weAdm({u}) ¢,
(K wg)=dim(H)
and it is an open dense smooth subscheme in .7 (note that the density
follows from the smoothness of the maps (,, for all w € Adm({u})x). By a
result of He-Nie in [29] (see the following Proposition [1.2.4]) we can rewrite
the above disjoint union as

LyOI‘d H yt#,
0
W EWo ()t €KW

We refer to Proposition @ for the precise meaning of the notation Wo(u),
(b) the superspecial locus is the EKOR strata .7, where 7 is as in o Sy is
the unique closed EKOR stratum in ., and it is of dimension 0. Moreover
S is a central leaf (see [34] for some discussions on central leaves in the
reduction of Hodge-type Shimura varieties with parahoric level structure).

Let I C K be an Iwahori subgroup. Fix the prime to p level KP and we simply write
ST = S1re and Sk = Skxie. Then by [95] section 7, we have a morphism between
special fibers

TIK : 17]’0 — yK,O-

Theorem D (Theorem m Theorem (3)). For x € KAdm({u}) viewed as an
element of TAdm({u}) = Adm({u}), the morphism

xz . T T
Tk LTo = TKo

induced by 7k s finite étale. If in addition the He-Rapoport aziom 4 (c) is satisfied,
Tl ) 18 @ finite étale covering.

The étaleness of 77 ;- is also a conjecture of He and Rapoport in [3I]. They prove
that T 18 finite and7surjective assuming their five axioms, and deduce the dimension
formula from it. If 72 Tk s, in addition, étale, then 77 ;- : S}y — S o becomes a finite
étale covering, and hence the smoothness of yK 0 follows dlrectly from that of .77 ‘o- We
only need to prove the étaleness of Ty > as the finiteness is actually a consequence of
the axioms (without axiom 4 (c)) together with the étaleness of 77 .

We can apply the results of EKOR strata to study Newton strata and central leaves
for reductions of Shimura varieties with parahoric level. By [70], using the universal
F-isocrystal with G-structure in the Hodge type case, we can define the Newton strat-
ification on .%). Then we can extend to the case of abelian type as in [78]. Similarly
we can define central leaves in this setting. In [3I] subsection 6.6, He and Rapoport
proved that each Newton stratum contains a certain EKOR stratum in their setting,
in particular for Shimura varieties with integral models satisfying their axioms. In [12]
Gortz-He-Nie introduced the notion of fully Hodge-Newton decomposable pairs (G, {1}),
and they made a deep study for these pairs. In particular, under the assumption that the
He-Rapoport axioms were verified, they proved that for Hodge-Newton decomposable
Shimura varieties, each Newton stratum is a union of certain EKOR strata. The meth-
ods to prove the above mentioned results in [31] and [12] are group theoretic. With our
geometric constructions of EKOR strata at hand, these results of [31] and [12] become
unconditional for the Kisin-Pappas integral models.

Theorem E. (1) (Corollary|3.4.14} Corollary|5.5.6) Each Newton stratum contains
an EKOR stratum .7 such that x is o-straight. Moreover, / is a central leaf
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of dimension (p,v(b)). Here p is the half sum of positive roots, and v(b) is the

Newton cocharacter of the Newton stratum.

(2) (Theorem Assume that the attached pair (G,{p}) is fully Hodge-Newton
decomposable. Then

(a) each Newton stratum of %y is a union of EKOR strata;

(b) each EKOR stratum in a non-basic Newton stratum is an adjoint central
leaf, and it is open and closed in the Newton stratum, in particular, non-
basic Newton strata are smooth;

(c) the basic Newton stratum is a union of certain Deligne-Lusztig varieties.

We refer the reader to subsections and for geometric constructions of EKOR
strata for affine Deligen-Lusztig varieties, and to Propositions [3.6.3] and [3.6.4] for the
relation between local and global EKOR  strata.

In section [6] we discuss the case of Siegel modular varieties and study the example of
Siegel threefolds in details. This is also an example of fully Hodge-Newton decompos-
able Shimura varieties.

We briefly describe the structure of this article. In the first section we recollect some
facts about G-zips, the Iwahori Weyl group and some related group theoretic sets, which
will be used later. In section [2| we review some constructions of the Pappas-Zhu local
models and the Kisin-Pappas integral models of Shimura varieties of abelian type, which
are the objects to be studied in this paper. In section [3| we construct and study the
EKOR stratification for Shimura varieties of Hodge type by a local method. More pre-
cisely, we construct a gédt-zip and thus an EO stratification on each KR stratum. In
section [4] we give some global constructions of the EKOR strata by adapting and gen-
eralizing some ideas of Xiao-Zhu in [84]. More precisely, we will introduce the notions of
local (G, u)-Shtukas and their truncations in level 1. We study their moduli and apply
them to our Shimura varieties. In section [5, we extend our constructions to the abelian
type case. We also apply the results of EKOR strata to the study of Newton strata
and central leaves for these Shimura varieties. In section [6 we discuss the Siegel case
and investigate the example of GSp, in details. Finally, in the appendix (Proposition
we verify He-Rapoport’s axiom 4 (c) for Shimura varieties of PEL-type, which im-
proves some of our main results (Theorem (2) and Theorem@ for the PEL-type case.

Acknowledgments. The key ideas for the global constructions using moduli stacks of
restricted local Shtukas in section [4] were inspired after the first author talked with Xin-
wen Zhu and attended George Pappas’s talk in the Oberwolfach workshop “Arithmetic
of Shimura varieties” in January 2019. We would like to thank them sincerely. We also
thank the organizers of this workshop: Laurent Fargues, Ulrich Gortz, Eva Viehmann,
and Torsten Wedhorn, for the invitation (for X. S. and C. Z.) so that this discovery was
made possible. The authors thank Ulrich Gortz, Xuhua He, Mark Kisin, George Pappas,
Michael Rapoport, Peter Scholze, Liang Xiao, Rong Zhou, Xinwen Zhu for their inspir-
ing works on which the present article is partially based. We also thank the referees
for careful reading and suggestions on the improvements of exposition. The first au-
thor was partially supported by the Chinese Academy of Sciences grants 50Y 64198900,
29Y64200900, the Recruitment Program of Global Experts of China, and the NSFC
grants No. 11631009 and No. 11688101. The second author was partially supported by
the MoST grants 107-2115-M-001-001-MY2 and 109-2115-M-001-002-MY 3.



EKOR STRATA FOR SHIMURA VARIETIES WITH PARAHORIC LEVEL STRUCTURE 9

1. RECOLLECTIONS OF SOME GROUP THEORETIC RESULTS

In this section, we review and collect some known facts about G-zips, the Iwahori
Weyl group and some related group theoretic sets, which will be used later. Fix a prime

p.

1.1. Algebraic zip data. For a linear algebraic group H over a field, we denote its
unipotent radical by R, H. For an element h € H, let h be its image in H/R, H.

Definition 1.1.1. (|66l Definition 1.1]) An algebraic zip datum is a tuple Z = (G, P, Q, ¢’)
consisting of a (connected) reductive group G//F,, together with parabolic subgroups P
and @ defined over a finite extension k/F,, and an isogeny o’ : P/R, P — Q/R,Q. The
group

Bz :={(p.q) € PxQ|d'(p) =7}
is called the zip group attached to Z; it acts on G}, through the map ((p,q), g9) — pgq~'.

By abuse of notation, we still denote by Ez the base change to k of the zip group
attached to Z. We are interested in the decomposition of G into Ez-orbits. To describe
it, we fix a Borel subgroup B of G, a maximal torus 7' C B and an element g € G(k)
such that B C Qg, 9B C Pg, 0/(9B) = B and ¢/(97) = T. Here B is the image of
B in Q5/R,Qy, and similarly for the other objects. Let W be the Weyl group of Gy
with respect to T and S C W be the set of simple reflections corresponding to B. Let
J C S be the type of P, W; be the subgroup of W generated by J, and W be the
set of minimal length representatives for W,\W. For w € /W C W = Ng(T)/T, let
w € Ng(T) be a representative which maps to w. We set

GY .= FEz-gBuwB.

Theorem 1.1.2. ([66, Theorem 1.3, Proposition 7.1, Proposition 7.3]) The subsets G*
for w € "W form a pairwise disjoint decomposition of Gy, into locally closed smooth
subvarieties. The dimension of G* is dim P + l(w). If the differential of o' at 1
vanishes, G¥ is a single orbit of Fz.

Remark 1.1.3. Using the choice of (B, T, g), we can identify P/R, P (resp. Q/R,Q) with
a Levi subgroup Lp (resp. Lg) of P (resp. @), and view ¢’ as an isogeny Lp — Lg.
We can rewrite Ez as

Ez = {(ull, 'LLQO'/(Z)) | u; € Ry P, us € RUQ, le LP}.

Remark 1.1.4. The closure of G is a union of G*'s as described in [66, Theorem 1.4]. In
particular, there is a unique open dense stratum (given by the unique maximal element in
JW), called the ordinary locus; and there is a unique closed stratum (given by id € YW,
called the superspecial locus.

We will need to construct morphisms from a scheme S over k to the quotient stack
[Ez\Gg]. We refer the reader to [48] for some basics about algebraic stacks. A morphism

f:5— [E' z\Gk]
is, by definition, an Ez-torsor £ over S together with an Ez-equivariant morphism
f# : & = Gy. However, it is not always obvious how to construct (£, f#) directly from

certain structures (e.g. Dieudonné modules) on S. The following notation will be used
in this paper.

Definition 1.1.5. ([67, Definition 3.1]) A G-zip of type J over S is a tuple (I, Ip,Ig,!),
where

e [ is a right G-torsor over S,
e [p C I is a right P-torsor over S,
e In C I is a right Q-torsor over S, and
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o /:Ip/R,P — Ig/R,Q is a P/R,P-equivariant morphism over S, i.e. we have
J(zp) = (x)o’(p), for all x € Ip/R, P and p € P/R,P.

Let G-Zip; be the stack of G-zips of type J over k. By [66, Theorem 12.7] and [67,
Theorem 1.5], we have an isomorphism of algebraic stacks

G-Zipy ~ [Ez\Gyl,
and they are smooth algebraic stacks of dimension 0 over k. Thus to give a morphism

is equivalent to give a G-zip of type J over S. We will only explain how to construct a
morphism S — [Ez\Gj] from a G-zip (I, Ip,Ig,!). Let £ be the cartesian product

£ Io

| |

Ip —= Ip/R,P —> I/ RuQ.

It is an Ez-torsor over S. There is a morphism f# : & — Gj as follows. For
t = (tl,tg) € 8(5) with t; € IP(S) and ty € IQ(S) such that L/(thuP) = toR,Q,
there is a unique g € G(S) such that t;g = to. We set f#(t) := g. One checks easily
that f# is Ez-equivariant. We will write f# as the composition

(1.1.6) £ (hte)=tate) o, (ufa)=dfifo) G .

Here d(f1, f2) is the unique element in Gy which takes f1 to fa.

Remark 1.1.7. Let ¢’ be of the form i o ¢, where ¢ : P/R,P — P®) /R, P®) is the
relative Frobenius, and i : P®) /R, P®) — Q/R,Q is an isomorphism of group varieties.
It is clear that the differential of o’ at 1 vanishes in this case, and hence Theorem m
applies. Moreover, a G-zip (I, Ip,Ig,!) is equivalent to the tuple (I, Ip,Ig,t), where ¢
is the induced P®) /R, P(®)-equivariant isomorphism

(Ip/R,P)P — I5/R.Q.

Let wg be the element of maximal length in W, and o : W — W be the Frobenius
map. Set K :=“g(J). Here we write %J for gJg~!. Let

z € Kwol)

be the element of minimal length in WxwoWs(s). Then z is the unique element of

maximal length in KWW (see [81] 5.2). There is a partial order < on YW, defined by
w’ < w if and only if there exists y € W, such that

yw'zo(y Nz <w

(see [81) Definition 5.8]). Here < is the Bruhat order (see A.2 of [81] for the definition).
As usual, the partial order < makes /I into a topological space (see [67, Proposition
2.1] for example). On the other hand, for an algebraic stack X, we have its underlying
topological space |X| (see [48] section 5). By [67, Proposition 2.2], the above Theorem
actually tells us that we have a homeomorphism of topological spaces

[B2\Gyl| ~ W
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1.2. The Iwahori Weyl groups. Our notations in this subsection will be different
from those in the previous one, namely, G will be a reductive group over Q,, and G
will be a parahoric group scheme over Z,. Let K = G(Z,) C G(Qp) be the associated

parahoric subgroup. We also set k := F), Zp = W(k), Qp = Zp[%], K = Q(Zp), and
G = G(Qp). Let o : Zp — Zp be the Frobenius map, which induces Frobenius maps on
@p, f(, G and related objects.

Let B be the Bruhat-Tits building of G@p and let 7' C G be a maximal torus which
after extension of scalars is contained in a Borel subgroup B of GQP' The split part of T'
defines an apartment of B. Let a be an alcove of B inside this apartment. Let I C G(Z,)
be an Iwahori subgroup, such that I is the Iwahori subgroup of G(Qp) fixing the alcove
a. Let N(T') be the normalizer of T'. The Twahori Weyl group is given by

W = N(T)(Qp)/(T(Qp) N 1),
and the relative Weyl group of G@p is given by

Wo = N(T)(Qp)/T(Qy)-

Choosing a special vertex in the alcove corresponding to I which will be fixed once and
for all, we have

w

1

X(T)r, x Wy
and
/W/ = Wa X Wl(G)Fop
where I'y = Gal(@p /@p) and W, is the affine Weyl group, which is a Coxeter group.

One can then use the Bruhat partial order (resp. length function) on W, to define a
partial order (resp. length function) on W. To be more precise, for w = (wq,t) € w
with w, € Wy, and t € 71(G)p,, we set l(w) = l(wg), and w = (wg,t) < w' = (w),t’) if
an only if w, < w), and ¢t =t

We recall the definition of {u}-admissible sets. For p/ € X.(T)r,, we write t* when
viewed as an element in W. Let p : Gm@p — G’@p be a cocharacter and {u} be the
associated conjugacy class. The attached {u}-admissible set is the following finite subset
of W introduced by Kottwitz and Rapoport (cf. [44] 69, 64]):

(1.2.1) Adm({p}) = {w € W | w < *® for some z € Wp}.

Here p is the image in X, (T)r, of a dominant representative in the conjugacy class {y}.
We will be interested in some related sets taking into account the information of the
parahoric subgroup K. Let

Wi = (N(T)(@,) N K)/(T(Qy) N 1),
then by [19, Proposition 12] we have an isomorphism

WK >~ Wgadt s

where Gg = G ®z, k, ggdt is its reductive quotient, and Wgadt is the associated Weyl
group. Let & W C W be the subset of minimal length representatives for WK\W We
se

o Adm({u})X = WxAdm({u})Wk, a subset of W;

e Adm({u})x = WK\Adm({,u})KLWK, a subset of Wi \W /Wk;

o KAdm({u}) = Adm({u})X N KW, a subset of KTV.

2We learned the notation  Adm({y}) from [13].
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The natural map KW — WK\W /Wi induces a surjection

K Adm({p}) - Adm({s})c.
We have the following important result due to He ([27] ) and Haines-He ([18]):

Theorem 1.2.2. ([27, Theorem 6.1], [I8, Proposition 5.1]) We have
KAdm({u}) = Adm({p}) n KW,

1.2.3. The partial order <k, on ®Adm({u}). There is a partial order <g , on KW. It
is defined by

x1 <k, w2 if there exists y € Wi such that ymla(y)*l < z9.
Here < is the Bruhat order. By [22, 4.7], <k, is indeed a partial order. By [31, Remark

6.14], <k is finer than the Bruhat order in general. We will then restrict the partial
order <f , on KW to KAdm({u}).

Proposition 1.2.4. (|29, Proposition 2.1]) The mazimal elements in K Adm({u}) with
respect to the partial order <p , are ' where w1 Tuns over elements in the Wy-orbit of
W with t e K.

1.2.5. The element 7. There is a distinguished element 7(,,} € W attached to the con-

jugacy class {p}. In terms of the isomorphism W = W, x m1(G)r,, it corresponds to
the element
(id, ) € Wy x 71 (G)rys

where p# is the common image of p € {u} in 7 (G)r,. It is then clear that Tguy 1s of
length 0, and lies in ® Adm({p}). It is the minimal element in % Adm({u}) with respect
to the above partial order < ;.

The conjugacy class {u} will be fixed in our practical applications, and hence we will
simply write 7 for 7.

1.2.6. KWK, KWK and KWK. Let KWK C W be the subset of minimal length repre-
sentatives for WK\W /W . Since each double coset WxwWy admits a unique element
of minimal length, we will identify Adm({u}) as a subset of & WE | which is again de-
noted by Adm({u})x. For w € Adm({u})x, by ¢(w) we mean that we view w € KWK
and £(w) is its length. Sometimes we will also write z,, € WE for the corresponding
w € Adm({u})x to distinguish the notation.

A certain subset xWX C W is introduced in [74] to describe the dimension and
closure of Schubert cells. For w € W, let wX be the unique element of minimal length

in wWg. Then by [74, Lemma 1.6], there is a unique element xwX of maximal length
in {(vw)® | v e Wk} We set

kWE = {gw® |we W}

It seems that a slightly different subset K WK C W is more convenient for our purpose.
For w € W, let Kw be the unique element of minimal length in Wxw, there is a unique
element Xwg of maximal length in {¥(wv) | v € Wi}. We set

KWK = {KwK ‘ w e W}
The natural projection W — WK\WN/ /W induces bijections
KWE 25 Wi\ W /Wi <~ KWy

The following statement should be well known to experts. It follows essentially from
a result of Howlett (see e.g. [0, Theorem 4.18]).

Lemma 1.2.7. For w € W, we have ((gw™) = (Kwg).
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Proof. To simplify notations, we assume that w is the unique element of minimal length
in WgwWpg, ie. w € KWK Let Wy = w '\ Wgw N Wy, and Wi C Wxk be the
set of minimal length representatives of W;\Wg. For v € Wk, we have a unique
decomposition v = vy - 7v with vy € W and Yv € /W, and hence

wv =wvy - v = (woyw ) w- v
For x € W, we have, by [6, Theorem 4.18] (and its proof), that wx € KW and
{(wz) = £(w)+£(z). In particular, noting that wvyw™" € W, we have X (wv) = w-7v,
and hence Kwy = wxy with ((Kwg) = £(w) + £(xg). Here x¢ is the unique element of
maximal length in 7 Wpg.
There is a similar description for gw’. Namely, let W; = wWgw™! N Wg, and

WII( C Wk be the set of minimal length representatives of Wy /W7, we have rwk = Yow
and £(xw®) = £(w) + €(yo), where yo is the maximal element in Wi. One sees imme-
diately that £(gw®™) = £(Kwg), as £(zo) = £(yo). O

1.2.8. By definition we have inclusion

K/V[\?K C K/V[\?.
For any w € Adm({u})k, we get a unique representative of w in Wi, which we denote
by Kwg. Then

Kwg € Adm({p) n5W = KAdm({1}).

In this way we get a section w — Fwg of the surjection KAdm({u}) - Adm({u})x.
On the other hand, we have also the inclusion

KWk c Kw,
Recall that for w € Adm({u})k, we get a unique representative z,, € WK c Ky,
Then

2w € Adm({p}) X N EW = KAdm({n}).

In this way we get another section w + x, of the surjection * Adm({u}) - Adm({u})x.
We note that NK wg and x, are the maximal and minimal elements respectively in
WxwWg N KW, the fiber at w of the surjection K Adm({u}) - Adm({u}) k.

1.2.9. The Newton map. We identify X,(T)r, o = X*(T)g). Let X*(T)IJEOQ be the

set of dominant elements in X,(7')r,q defined by the positive relative roots of G@p

corresponding to B (cf. [26] 1.7). The action of o on X, (T)r,q/Wo transfers to an

action on X, (T)ifo,@ (the so called L-action), and hence gives a subset (X*(T)ifm@)“’).
There is a map (cf. [26])

v W — (X*(T)lfo@)<”>
as follows. For w € W, there exists n € N such that ¢" acts trivially on W and that
A =wo(w) 0" Hw) € Xu(T)r,.
The element

1
5)‘ € X*(T)Fo,@

is independent of the choice of n. The map v : W — (X, (T);rO Q)<"> is then given by
setting v(w) to be the unique dominant element in the Wy-orbit of %)\. It is called the

Newton map. By construction, it is constant on each o-conjugacy class of W.
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1.2.10. o-straight elements. Let us recall definition and basic properties of o-straight
elements in W. An element w € W is called o- straight if

U(wo(w)o?(w) - ™ Hw)) = ml(w)
for all m € N. By [25, Lemma 1.1], it is equivalent to

t(w) = (v(w), 2p),

where v(w) is as in and p is the half sum of positive roots.
We denote by

Adm({p})g-str € Adm({u})

the subset of o-straight elements. We also set
K Adm({p})o-str := Adm({p})ostr N KW € K Adm({u}),

where the last inclusion is by Theorem One checks easily by definition that the
element 7 is o-straight, so 7 € KAdm({11})s-str-

1.3. C(G,{n}) and related quotients. We continue the notations in the last subsec-
tion.

1.3.1. The set B(G,{u}). Let B(G) be the set of o-conjugacy classes in G. Kottwitz
constructed two maps in [41], namely, the Newton map

v:B(G) = (Xu(T)f, )"

and the Kottwitz map
K : B(G) — 7T1(G)F.

Here I' := Gal(Q,/Qp). An element [b] € B(G) is uniquely determined by its images
v([b]) and k([b]). The relation between the Newton maps on B(G) and W respectively is
as follows. A o-conjugacy class of W is called straight if it contains a o-straight element.

Let B(W)J str be the set of straight o-conjugacy classes of W. By [26, Theorem 3.3],
the map

v B(W)a—str — B(G)

induced by the inclusion N(T )(Qp) C Gis bijective, and compatible with the Newton
maps on both sides.

There is a partial order < on X, (T)g defined as follows. For v, v2 € X.(T)g, v1 < v2
if and only if v — w1 is a non-negative Q-sum of positive relative coroots. One can the
define a partial order on B(G) as follows:

[b1] < [b2] if and only if k([b1]) = k([b2]) and v([b1]) < v([ba]).
One then define
B(G, {u}) :=A{[b] € B(G) | w([b]) = p*,w([b]) < 7}

Here 4f is the common image of u € {u} in 71(G)r, and 7 is the Galois average of a
dominant representative of the image of an element of {u} in X, (7T)r, @ with respect to
the L-action of o on X*(T)F0 o- By [27, Proposition 4.1], the above ¥ maps the image

of Adm({it})e-str in B(W )g.str bijectively to B(G, {u}).
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1.3.2. The set C(G,{u}). We consider the (right) action of K x K on G given by
(g, (k1,k2)) — ki'gks. Let K, € K x K be the graph of the Frobenius map and
set C(G) = G/K,. We have a natural surjection C(G) — B(G). The subset

KAdm({p)K c G
is stable with respect to the action of K,. We denote by
C(G.{n}) = KAdm({i}) K /K,
the set of its orbits. Then C(G,{u}) C C(g)

Let K be the pro-unipotent radical of K, then K, (K1 X Kl) C K x K is a subgroup.
We define

EKOR(K, {u}) := KAdm({u})K /K, (K1xK;), KR(K,{u}):=KAdm({u})K/KxK.
We then have natural maps

where all the arrows are surjections.
By the Bruhat-Tits decomposition, we see that the natural inclusion N(T)(Qp) = G
induces a bijection

Adm({p})x — KR(K, {u}).

To identify X Adm({u}) and EKOR(K, {1}), we need the following results due to Lusztig
and He.
Theorem 1.3.4. ([31, Theorem 6.1]) Notations as above, we have

(1) for any x € KW K, (leKl) Ky (IzI);

(2) G = [eriy K S(KizKp) =] verii Bo(l21).
In particular, the inclusion N(T)(Q,) — G induces a bijection

#Adm({u}) > EKOR(K, {u}).

We will identify X Adm({x}) with EKOR(K, {u}) and Adm({u})x with KR(K, {u})
from now on. .

Following [10, Definition 13.1.1], an element w € W is said to be fundamental if
Il consists of a single I -o-conjugacy class. To explain relations between fundamental
elements, o-straight elements and C(G,{u}) (resp. B(G,{u})), we need the following
results. Recall the set

KAdm({N})a-str = KAdm({,u}) N Adm({#})o-str-
The ¥ above induces a map
KAdm({N})U—str — B(G,{n}).
Theorem 1.3.5. ([26, Proposition 4.5], [3I, Theorem 6.17]) Notations as above, we

have
(1) o-straight elements are fundamental,
(2) the map KAdm({p})o.str — B(G,{u}) is surjective.
If z € KW is o-straight, then we have K (K12K,) = K,(IzI) by Theorem (1),
and Izl = K, - ¢ by Theorem m (1). In particular, we have
Iv(g(lvflxlvfl) =K, z.
This means that the natural surjection

C(G. {n}) — " Adm({n})

admits a natural section (explicitly given as above) when restricting to the subset
KAdm({})ostr © K Adm({1}).
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Combined with Theorem m (2), we have the following commutative diagram:

K Adm({u})

"

KAdm({,u})o str—— C g {M})

\\“ B(G, {n})-

1.3.6. Now we make the link between the theory of algebraic zip data in subsection
[1.1] the theory of Iwahori Weyl groups[1.2] and C(G, {1}). We need some constructions
which are slightly modified version of those in the proof of [31, Theorem 6.1]. Let S be
the set of simple reflections in W and J K C S be the set of simple reflections in Wy
We have o(Jx) = Ji by construction. Let w € KWK, i.e., w is of shortest length in
WxwWg. We set 0/ = 0 o Ad(w).

The map K — KwK, k — wk induces a bijection

K/(KNw'Kw)y = KwK/K,.
We remind the readers that, by our conventions at the beginning of the K,-action
is given by
g- k= k‘_lgO'(k),

where g € KwK and k € K. The (K NwKw ") -action is defined in the same way.

Let Go = G®F, and ggdt be the maximal reductive quotient of go ® F,. Then grdt is
a reductive group defined over F,,. Let B be the image in Gt of I and T be a maximal
torus of B. Let

Jo = Jg N Ad(w™ ) (Jg),

which is a subset of simple reflections in the Weyl group of G54t (with respect to (B, T)).
Let Ly, C Gy (vesp. Py, C Gi4') be the standard Levi subgroup (resp. parabolic
subgroup) of type Jy, and Lyr(,) C Gidt (vesp. P, y C Gdt) be the standard Levi
subgroup (resp. parabolic subgroup) of type o' (Jy ) Then we have a natural isogeny
Ly, — Ly(y,) which is again denoted by o’. The tuple

(Qrdt PJw,FU/(Jw),O', : wa — fo"(Jw)>
is an algebraic zip datum. Let
Ezw = (sz)UI(UJw X UUI(Jw))7

where Uy, (vesp. Uy(g,)) is the unipotent radical of P, (resp. Pyr(y,). It has a left
action on Qrdt Moreover, we have a natural map

(1.3.7) fo: KwK/K, = Ez \G:¥,  kywks — o(ko)k
which induces a bijection
KuwK /K, (K| x K1) = Ez, \G:®.

The induced map will also be denoted by f,. Let w € Adm({u})x and view it as an
element of XWX . Then KwK /K,(K; x K1) is identical to the fiber of the surjection

¥ Adm({u}) = EKOR(K, {u}) - KR(K, {n}) = Adm({1})x

at w. On the other hand, noting that 0/ = 0 0 Ad(w) = Ad(c(w)) oo, by Theorem [1.1.2]
and Remark - 7, the underlying space of Ez, \grdt is the finite set

Jw Wk
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One also sees easily that it is precisely the set /Wy in the proof of Lemma Note
that

w(JwWK) = WgrgwWg N Ky
by [51] 2.1 (b) (see also the proof of [31, Theorem 6.1]).

2. LOCAL MODELS AND SHIMURA VARIETIES

In this section, we review the Pappas-Zhu local models [65] and the Kisin-Pappas
integral models [37] for certain Shimura varieties of abelian type. We refer to [71] [8, 9,
60, 611, [63], [64] for more information on the theory of local models.

2.1. Local models.

2.1.1. Loop groups and affine flag varieties. Let k = k be an algebraically closed field.
Let G be an affine group scheme of finite type over k[[t]]. We set LG and L*G to be the
group functors on the category of k-algebras given by

LG(R) :=G(R((t))) = G(R((1))) and LTG(R):= G(R[[t]))

respectively. Then LTG is represented by an affine group scheme over k, and LG is
represented by an ind-affine ind-group scheme over k. Moreover, if G is smooth, then
L*G is reduced.

The notations in this part are different from other sections. We will switch back to
our original notations from Let G/k((t)) be a reductive group, and G/k[[t]] be the
parahoric model of G corresponding to a facet a in the enlarged Bruhat-Tits building
of G. The affine flag variety Grg is the fpqc-sheaf associated to the functor on the
category of k-algebras given by

R+ LG(R)/LTG(R).
It has a distinguished base point ey given by the identity section of G.

Remark 2.1.2. If G is an affine group scheme of finite type over W (k), we can also define,
by abuse of notations, LTG to be the group functor on the category of k-algebras given
by LTG(R) := G(W(R)). Like in the equi-characteristic case, it is represented by an
affine group scheme over k which is reduced if G is smooth. Moreover, the functor on
the category of perfect k-algebras given by LG(R) := G(W(R)[1/p]) = G(W(R)[1/p])
is represented by an ind perfect scheme. We can consider the Witt vector affine flag
variety Grg = Grg/ which is given by

Grg = LG/L*G

on the category of perfect k-algebras. By [93] and [I], this is an ind-proper perfect
scheme over k. We will work with these affine flag varieties in section [4

2.1.3. Affine Schubert cells and affine Schubert varieties. As in[I.2] we have the Iwahori
Weyl group W with Bruhat order <, the finite Coxeter group W, (denoted by W with
K = G(k[[t]]) in in the mixed characteristic setting) isomorphic to the Weyl group
of Git, the reductive quotient of Gy = G @ k, and the subset {W* C W in bijection with
WQ\W/WG. For w € W, the orbit map

LTG — Grg, g+ g-eg

factors through Gy. The Gp-orbit of wep, denoted by Gr, = Grg,, is a connected
smooth and locally closed subscheme of Grg. Let Gr,; be its closure, which is a reduced
closed subscheme of Grg. The variety Gr,, (resp. Gr,) is called the affine Schubert cell
(resp. affine Schubert variety) attached to w. By the Bruhat-Tits decomposition, we
have a set-theoretically disjoint union of locally closed subsets

Grg = H Gr, = H Gryp.

vEW\W /W, we W
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Theorem 2.1.4. (|75, Proposition 2.2]) For w € (W*, we have
(1) dim Gry = l(w);
(2) Gr,, is proper, and Gr,, = II G,

vEuW“,vgw

Remark 2.1.5. Asi 1n we also have *W, C W, and by Lemma dim Gry, = £(“wy)
for all w € aW“.

We consider the Gp-action on Gry,.
Lemma 2.1.6. For x € Gry(k), its stabilizer Gy o is smooth.

Proof. The Gg-action on Gr,, is transitive, so we can take x = weg. The Gy-action on
Gr,, is induced by the Lt G-action, and the stabilizer of  with respect to this LT G-action
is
LYG, :=LTGN(w-LTG-w™).
Let b = a Uwa, where wa is the w-translation of a, and G, be the Bruhat-Tits group
scheme attached to b. Then L*G, = L*(Gp), and the homomorphism G, — G induces
a commutative diagram

LH(Gy) —= L*G

L

Gb0 — Go.

In particular, Gp . is a quotient of Gy o, and hence smooth. O

2.1.7. Constructions and properties of local models. We refer the readers to [64] for
a general exposition on the theory of local models. Here we will briefly recall the
construction of the Pappas-Zhu local models in [65]. For a reductive group G over Q,
and a prime number p > 2, we denote by B(G, Q) the (extended) Bruhat-Tits building
of G. For z € B(G,Q,), we write G for the parahoric group scheme attached to z, i.e.
the connected stabilizer of x. It is then a linear algebraic groups over Z, with generic
fiber G. We will assume from now on that

(2.1.8) G splits over a tamely ramified extension and p 1 | (G)].

In [65, §3], there is a construction of a smooth affine group scheme G over Zp[u| which
specializes to the parahoric group scheme G via the base change Z,[u] — Z, given by
u — p (see [65, §4]), and such that G := G|, [, is reductive. There is a corresponding
ind-projective ind-scheme (the global affine Grassmannian)

Grg a1 — A = Spec Z,[u]

(see [65, §6]). The base change Grg 41 x 41 Spec Q, given by u — p can be identified with
the affine Grassmannian Grg of G over Qp. (Recall that Grg represents the fpqgc sheaf
associated to the quotient R — G(R((t)))/G(R][t]]); the identification is via t = u — p.)

Let p : Gm@ — Gg be a minuscule cocharacter, and E/Q, be the local reflex
field, i.e. the ﬁeld of deﬁmtlon of the conjugacy class {u}. The cocharacter p defines a
projective homogeneous space GQ,, /P,~1. Here, P, denotes the parabolic subgroup that
corresponds to the cocharacter v, i.e. the parabolic subgroup whose Lie algebra is the
subset Lie(G@p) consisting of elements of non-negative weights with respect to v. Since
the conjugacy class {u} is defined over E, we can see that this homogeneous space has
a canonical model X, defined over E. Since y is minuscule, the corresponding Schubert
cell GrG@J’#, whose set of @p—points is by definition

G(Q, [ )G (@ [IH]])/G(QyI[H)),
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is closed in the affine Grassmannian GrG, . Moreover, Grg@ u is defined over E and
D

can be Gg-equivariantly identified with X
The Pappas-Zhu local model MlGOCg () is the Zariski closure of X, C Grg g in

Grg g1 X 41 Spec Og,

where the base change Z,[u| = Op is given by u — p. We will simply write MIGOC for
MIGOCQ 0 when G and {u} are fixed. By its construction, MIOC is a projective flat scheme
over Op which admits an action of the group scheme Go,,.

Theorem 2.1.9. ([65, Theorem 9.1], [37, Corollary 2.1.3]) Under the assumptions in
, the scheme MIOC is normal. The geometric special fiber ofMlOC 1s reduced and ad-
mzts a stmtzﬁcatwn wzth locally closed smooth strata; the closure of each stratum is nor-
mal and Cohen-Macaulay. Under the above assumptions, the base change MIGOC ®op Or
is normal, for every finite extension L/E.

Remark 2.1.10. In the PEL type case (A) and (C), Gortz proved in [8, 9] that if the
group G is unramified over QQ,, then the naive local models defined by Rapoport-Zink
in [71] are flat over Op, thus they coincide with the Pappas-Zhu local models above. In
particular in these cases there exists a moduli interpretation for MIGOC.

We will need the geometry of the geometric special fiber of MIGOC, denoted by My for
simplicity. Let G and G be as at the beginning of We set G' = G x k((u)), and
G' = G x k[[u]]. Here both base-changes are induced by reduction mod p. Noting that
G = Go i, we view Wi as the Weyl group of G. By [37, §9 2.2], the construction of G

induces an isomorphism between the Iwahori Weyl groups W of G < and W’ of G’, and
hence we will view Adm({z}) C W as an admissible subset of W’ .

We set
Sop= U  Grg,

weAdm({u}) K
with the reduced-induced scheme structure. It is a closed subvariety in Grg,. By [65],
Theorem 9.3],

Sgr.u = Mo
as closed subschemes of Grg:. In view of this identification, we write My := Grgs 4,
and My"™ := Grg, ,, for w € Adm({1})x. In particular, combined with Theorem
Remark and Lemma we have the following.

Corollary 2.1.11. There is a set-theoretically disjoint union of locally closed subsets

My = ]_[ MY
weAdm({u}) K
Here Adm({u})k is as in (1.2.1). Moreover,
oM = I M

veAdm({u}) k ,v<w
(2) each MY consists of a single Go-orbit, and the stabilizer of each closed point is
smooth;
(3) dim MY = ¢(Fwg);

Remark 2.1.12. In [30] 2.6, there is a modified version of the Pappas-Zhu local models
for which we can remove the condition p { |71 (G9")|. Moreover, in the abelian type case,
by [30, Theorem 2.15], the associated small v-sheaves (in the sense of Scholze) satisfy
Scholze’s conjecture in [76] (Conjecture 21.4.1). Therefore, up to a mild modification as
in [30] there exist embeddings of (the perfection of) the special fibers My of the above
local models into the Witt vector affine flag varieties Grg/ , cf. the above Remark
We will come back to this point of view in section [4
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2.2. Integral models for Shimura varieties of Hodge type. Let (G,X) be a
Shimura datum of Hodge type and p > 2. For z € B(G,Q,) (the extended Bruhat-
Tits building of G@p over Q,), we write G = G, for the stabilizer of z and G° for its
connected component of the identity. Then G° is the parahoric group scheme attached
to x, which is an integral model of G over Z,. We will assume

(2.2.1) Gq, splits over a tamely ramified extension, p { ]Wl(GfiQ‘;rﬂ and G = G°.

Let E = E(G, X) be the reflex field of (G, X), and v be a place of E over p that will
be fixed once and for all. Let £ = E, and Op be its ring of integers. The residue field of
Op will be denoted by ~ as usual. Fixing K, := G(Z,), for KP C G(A?) small enough,
we set K := K, KP, and we are interested in certain integral models of Shy (G, X)g.

By [37, 4.1.5, 4.1.6], there is a symplectic embedding

i: (G, X) < (GSp(V,¢), 5%)

such that there is a Z-lattice Vz C V such that Vz C VZV, and that the base-change to
Zy, of G , the Zariski closure of G in GL(VZ(p>), is G. For here and after, we simply write
GSp = GSp(V,¢) and Vg = Vz® R for an algebra R. Let g = $dimV, H = H, HP where
H, is the subgroup of GSp(Q,) leaving V7, stable, and H” is a compact open subgroup
of GSp(A‘;’c) containing K?, leaving V5, stable and small enough. Let .#5(GSp, S *) be
the moduli scheme over Z, of isomorphism classes of certain triples (A, A, €”) consisting
of a g-dimensional abelian scheme A equipped with a polarization A : A — A? of degree
|V, /Vz| and a level structure e?; for more details see [35] 2.3.3. The above symplectic
embedding induces an embedding

i : Shy(G, X)g = Zu(GSp, SF)oy,
and we write .7 (G, X) for the closure of Shx(G, X)g and
Jx (G, X)
for the normalization of .7, (G, X). In particular we have morphisms
F(G, X) = S (G, X) € Su(GSp, 5oy

In particular we get a “universal” abelian scheme A — .%«(G,X) by pulling back
the universal abelian scheme over .5 (GSp, Si)oE under the composition of the above
morphisms.

2.2.2. An alternative construction of local models. We will follow [37] 4.1.5. Notations
and assumptions as before, the Shimura datum (G, X) gives a G(Q,)-conjugacy class
{u} of cocharacters. Its induced GL(Vz,)(Q,)-conjugacy class contains a cocharacter z/
defined over Z,. Let P (resp. P’) be the parabolic subgroup of G@p (resp. GL(Vz,))

loc

with non-negative weights with respect to p’ (resp. u). We denote by Mg the closure
of the G-orbit of y in GL(Vz,)/P’, where y is the point corresponding to P. Then MBCX
is defined over O and equipped with an action of G. By [37, Corollary 2.3.16], it is the
Pappas-Zhu local model attached to (Ggq,, {1}, G).

To explain properties of .#k (G, X) and its relations with Mlco;fX, we need the following
data. By [35, Lemma 1.3.2], there is a tensor s € VZ%Z,) defining G. Consider

V = Hip(A/Z(G, X)), Vi =Hig(A/Shk(G, X)g).
Let V! C V be the Hodge filtration, and SdR,E € Vg be the section induced by s.

Theorem 2.2.3. Notations an assumptions as above, we have the following.

(1) Mlg,?X 18 normal with reduced geometric special fiber. Moreover, MICOfX depends

only on the pair (Gg,,{1}).
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(2) (37, Proposition 4.2.6]) The tensor sqr.p extends to a tensor sqg € V¥. The
Ik(G, X)-scheme 7 : %((G, X) — (G, X) which classifies isomorphisms
f: VZ\; — V mapping s to sqr s a G-torsor.

(3) (37, Theorem 4.2.7]) The morphism q : Sx(G,X) — GL(Vz,)/P', f— (VY
factors through MIGO?X Moreover, it is smooth. In particular we get the following
local model diagram

(G, X)

(G, X) M-

Remark 2.2.4. For (Vz,1) as above, we set Vj := (Vz ® V) and V' := V] ® Q. By
Zarhin’s trick, there is a perfect alternating form ¢’ on Vj, such that the (faithful)
representation of G on V' factors through GSp(V’,4’), and hence induces a closed
immersion G — GSp(VZ’p7 ¢"). One can then use this (V}, 1) as (Vz, v), and the integral
model thus obtained also satisfies all the properties in the above theorem.

2.2.5. Now we consider the general case that G° C G not necessarily equal. Let
K, = G°(Zy) C K, = G(Zp) be the associated open compact subgroups of G(Qp).
Let KP C G(A?) be a sufficiently small open compact subgroup. Set K = K,K?, and
K® = K, K?. We get the natural projection

Shge (G, X) — Shk(G, X).

Denote by #ko (G, X) the normalization of .#«(G, X) in Shke (G, X). Since K? is suffi-
ciently small, by [37, Proposition 4.3.7], the covering

o (G, X) = Fk(G, X)

is étale, and it splits over an unramified extension of Op. Let ko (G, X) = F (G, X)
be the pullback of the G-torsor over .7k (G, X ). By abuse of notation we still denote this

morphism by 7, and the composition .#. (G, X) — %(G, X) — MIC?CX by q. Thus we
get a diagram

Fxo (G, X)

TN
yKO (G7 X) Mlé),CXv

where 7 is a G-torsor, and ¢ is G-equivariant and smooth of relative dimension dim G.
As conjectured in [37] 4.3.10, this G-torsor ko(G,X) — Fko(G,X) should have a
reduction to a G°-torsor.

2.3. Deformations of p-divisible groups with crystalline tensors. To understand
the local geometric structures of #x = .7« (G, X) or M, we need to study the defor-
mation theory of p-divisible groups with crystalline tensors. In this subsection we will
mainly follow [37] section 3. As previously we assume p > 2. Let k be either a finite
extension of F,, or F,,.

Let R be a complete local ring with residue field £ and maximal ideal m. We set

W(R) := W (k) & W(m) C W(R),

where W(m) consists of Witt vectors (w;);>1 such that w; € m and (w;);>1 goes to 0
m-adically. Let I := ker(W(R) — R). We denote by o the Frobenius endomorphism
on W(R), and o1 : Ir — W(R) the inverse of the Verschiebung v.
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Definition 2.3.1. ([96] Definition 1]) A Dieudonné display over R is a tuple (M, My, ¢, 1),
where

e M is a finite free W(R)-module;

o My C M is a W(R)-submodule such that IrM C M; C M and M/M; is a
projective R-module;

e ©o: M — M is a o-linear map;

e 1 : M} — M is a o-linear map whose image generates M as a W(R)-module,
and which satisfies ¢1(v(w)m) = we(m), for all w € W(R) and m € M.

It is constructed in [96] a functor from the category of p-divisible groups over R to
the category of Dieudonné displays over R. Moreover, by the main results there, this
functor induces an equivalence of categories.

We are particularly interested in cases when W (R), and hence W(R), is p-torsion free.
This holds when R is p-torsion free, or pR = 0 and R is reduced. In this case, one can
recover (M, My, p,p1) from (M, My, 1) by taking p(m) := ¢1(v(1)m). We will also
call the tuple (M, My, @) satisfying related conditions in Definition a Dieudonné
display.

Let M; be the image of the homomorphism

U*(Z) : O'*Ml = W(R) ®J,W(R) M; — oc*M = W(R) ®J7W(R) M
induced by the inclusion 7 : M7 — M.

Lemma 2.3.2. ([37, Lemma 3.1.5]) Suppose that W (R) is p-torsion free. Then
(1) for a Dieudonné display (M, My, p1) over R, the linearization of ¢1 factors as
a composition o* M, — ]\71 E>NM with ¥ an isomorphism;

(2) given an isomorphism ¥ : My — M, there is a unique Dieudonné display
(M, My, 1) over R which produces (M, My, ¥) via the construction in (1).

We will also call a triple (M, M;, ¥) as above a Dieudonné display.

2.3.3. Versal deformations. Let 4, be a p-divisible group over k, and (N, Ny, ¢, ¢1) be
the attached Dieudonné display. By Lemma (and using similar notations), this is
given by an isomorphism ¥y : Ni = N. We will describe a certain versal deformation
of % constructed in [37] using Dieudonné displays. The Hodge filtration on N ® k gives
a parabolic subgroup Py C GL(N ® k). We will fix a parabolic subgroup P C GL(N)
lifting Py. Let M!°¢ = GL(N)/P, and

M¢ = Spf R

be the completion of M'°® along the image of identity in GL(N ® k). In particular, R is
a power series ring over W (k).

Let M = N Q) W(R) and M1 C M/IgM be the filtration corresponding to the
parabolic

gPg~' € GL(Ng),
where g € (GL(N )/PiiRi is the universal point. Let M; be the preimage of My in M,

M1 be as in Lemma |2 - and ¥ : M1 5 M be an isomorphism which reduces to ¥
modulo W(m). The triple

(M, M, V)
gives a Dieudonné display, and hence a p-divisible group ¢ over R which deforms %.

Let ag = m? + pR C R. By [37, Lemma 3.1.9], there is a natural identification

(2.3.4) My @w(ry W(R/ag) —= N1 @) W(R/ag)
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making the following diagram commutative.

M, Qw(r) W(R/ar) — o™ (M Qwr)y W(R/ar))

i%

Ny Qw k) W(R/ag) — o*(N) Qi) W(R/ag).

As in [37, 3.1.11], V¥ is said to be constant modulo ag if the composition

NT ~Y T q} ~Y
N1 @w ) W(R/ar) = My Qwr) W(R/ag) — M Qwr)yW(R/ar) = N Q) W(R/ag)
is equal to ®g ® 1. A useful class of versal deformations is as follows.

Lemma 2.3.5. ([37, Lemma 3.1.12]) If ¥ is constant modulo ar then the deformation
9 is versal.

2.3.6. Deformations with crystalline tensors. Let N ® k D Fill(N ® k) be the Hodge
filtration. By [67, 4C, 4G], one has a natural descending filtration on N® @ k, and in
particular a subspace Fil ¢ N® ® k. Now we assume that there is a tensor Seis € N®
which is ¢-invariant and its image in N® ® k lies in Fil’. A deformation theory is
developed in [37, 3.2] in a more general setting, but to apply to current problems, we
simply assume that there is an isomorphism

f:Vz, @ W(k) = N
mapping s to Scis. Here V7, and s are as in Theorem We will fix the isomorphism
f in discussions here. In particular, we have

Mg C (GL(N)/P)oy

which is normal with reduced fibers.
Let Spf Rg be the completion of MIC‘;’C along the image of identity in GL(N ®k). Then
R¢ is a quotient of Rp := R Q) Op. We set

Mgy = M @wry W(RE), Mg, =M wr) W(Re),

and M, Ro1 C MR, be constructed the same way as Ml. Note that R is p-torsion free,
since MlGOC is normal with reduced fibers and Spf R¢ is the completion of M1G°° along a
closed point. In particular, W(R¢) is p-torsion free. Then we have, by [37, 3.1.6], that

MRG,I = Ml ®W(R) W(RG)
Lemma 2.3.7. [37, Corollary 3.2.11] The tensor s also lies in ]\7%’(; 1- Moreover,

T := IsomW(RG) ((MRg,lﬂ 5)7 (MRG7 8))

18 a trivial G-torsor.

Let ap := m%E + mRp, where m € Og is a uniformizer, then Rg/ag = R/ag. By [37,

3.2.12], there is an isomorphism V¥ : M, Rp,1 — Mg, which is constant modulo ag and
such that .

\I’RG =v ®W(RE) W(Rg) : MRG,I — MRG
respects the tensor s.

As in the previous case, (Mg,, Mr,1,¥) gives a Dieudonné display, and hence a
p-divisible group ¥ over Rp deforming %,. Moreover, by the previous lemma, any
deformations thus obtained are isomorphic, and hence the deformation ¥ /Rp is versal.
For a finite extension L/FE, an Or-point of Spf Ry factors through the subspace Spf R if
the deformation %p, is compatible with the tensor s. We refer to [37, Proposition 3.2.17]
for the precise statement. If ¢ is the p-divisible group attached to a point z € .k (k),
the p-divisible group A@ [p™] is a deformation of %, and hence, by versality of ¥, is
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given by a morphism Spf O, — Spf Rg. By [37, Proposition 4.2.2], any such morphism
induces an isomorphism

Spf O, — Spf R

2.3.8. Some variations. Recall that we defined M to be N ® W(R), and we used this in
a direct way almost everywhere in previous descriptions. In particular, the Dieudonné
display (Mg, Mg, 1,¥), and hence

(MRg7 MRG717 \I/Rg)

which determines the p-divisible group 'AGI [p>°], is based on this identification. However,
it is sometimes more convenient to use it in a less direct way.

We start with the universal element of (GL(Vz,)/P)(R) restricted to Spf Rg. It lifts
to an element in g € GL(Vz,)(Rg) such that g = id mod mpg,, and then to an element
g € GL(Vz,)(W(Rg)). Let N' C N be the filtration corresponding to P. Identifying
N ® W(R¢g) and Mg, as before, then

g-(N'®Rg) C N@Rg
is the Hodge filtration of Mp, ® Rg. Let (N @ W(Rg))1 be the preimage of N'® Ra
in N ® W(Rg), then
N1 @ W(Rg) C (N @ W(Rg))1
and
a- (N@W(Rg) = Mg

We have a natural identification
N @ W(Rg) = (N @ W(Re))1,

and ¢(g) induces an isomorphism from N; @ W(Rg) to M Re .1, denoted by o(g),. Now
the Dieudonné display (Mg, Mg 1, YR,) becomes

(2.3.9) (N @ W(Rg), (N @ W(Rg))1, ;%0)7 where ‘I/;%G =g lo Ui, 00o(g).

Remark 2.3.10. We would like to describe \I/’RG restricted to some interesting sub-formal-
schemes of Spf Rg.

(1) One can not assume the lifting g (and hence g) to be an element in G in gen-
eral, as we don’t have smooth coverings Go, — MlGOC. For a sub-formal-scheme
Spf A C Spf R¢ such that W(A) is p-torsion free, we can describe the restric-
tion of (Mg., Mp.1,¥YR,) to A in the same way as in and get a triple
(N @ W(A), (N ® W(A))1,¥,). Here (N ® W(A)); is the preimage of N' ® A
in N®W(A), and

Wi = g4 Vig o o(ga)
with g4 € GL(Vz,)(A) a lifting of the tautological morphism Spf A — Me and
g4 € GL(Vz,)(W(A)) a lifting of g4. If Spf A is contained in the KR stratum of
Spf R containing the closed point, i.e. if the morphism Spf A C Spf Rg — Mlgc
factors through MY C M, then we can choose g4 € G(A) and ga € G(W(A))
for Wy.

(2) Let Spf A C Spf Rg be a sub-formal-scheme such that W(A) is p-torsion free.
Noting that

o(ga), =id € GL(Vg,)(W(A/apA))
by the canonical identification (2.3.4]), we have

Wy =ga ' o(Wo@1) € GL(Vg,)(W(A/agA))
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as ¥ is assumed to be constant mod ag. If (A, m4) is the complete local ring at
z of the KR stratum containing it, then over A, we can choose g € G(W(A))
and find that

U, =ga o (To®1) € G(W(A/mE)).

2.3.11. The global crystalline tensor and related torsors. We recall the global crystalline
tensor constructed in [20]. For a ring R, one can define displays over R as in Definition
but working with W(R) and setting Ir = ker(W(R) — R). If R is p-adically
complete, Lau [46, Proposition 2.1] constructed a natural functor M from the category
of p-divisible groups over R to that of displays over R. If R is, in addition, a complete
local ring, then we have a canonical isomorphism

M =M @yp W(R).

Here M is the Dieudonné display attached to a p-divisible group X, and M = M(X) is
the attached display. By descent theory of displays in [97, §1.3], one can define displays
over p-adic formal schemes. In particular, we have a natural functor form the category
of p-divisible groups over a p-adic formal scheme S to that of displays over S.

Let .7} be the p-adic completion of the integral model .#k/O, and (M, M, V) be
the display attached to the p-divisible group A[p*] | . Here

WM, M
is an isomorphism constructed in a similar way as in Lemma, [2.3.2

Seris € M® which is
is W-invariant, and that for each z € Sk (k), its restriction

Proposition 2.3.12. (|20, Proposition 3.3.1]) There is a tensor
also in MY, such that
to Spf R 45 Scris-

Seris

Let R be p-adic ring, Ir = Im(V') as above, then by [97, Proposition 3], W(R) is
p-adic and Ir-adic. So an element a € W(R) is a unit if and only if its image in R is
a unit. Now for n € Max W (R), its image in R is a proper ideal, and hence a maximal
ideal. In particular, the map Max R — Max W (R), m — m, where m is the pre-image in
W (R) of m, is a bijection.

Lemma 2.3.13. Let R be a p-adic Noetherian ring which is reduced and X be a scheme
over W(R) of finite presentation. Then X is flat over W (R) if X @y gy W (Ry) is flat
over W(RL) for all m € Max R, where Rl is the m-adic completion of Rpy,.

Proof. Let us denote by A" the henselization of a ring A. It suffices to show that
X ®w(r) I/V(R)Ql1 is flat over VV(R)]’%1 for all m € Max R. Let {p1,--- ,pn} be the minimal
primes of R, then we have R < [], R; and hence W (R) — [[, W(R;), where R; := R/p;.
Let m; € Max R; be the image of m in R;, we have

W) = [[W(R)s,

For each i, we have a natural homomorphism f; : W(R;)z, — W(R],, ) by the uni-
versality of localizations. We claim that f; is injective. The lemma follows from this
injectivity: we will then have injections
h h
W(R)x = [[W(R)E = [[W(Rw,)-
i i
By [73, Theorem 4.2.8 (a)], flatness over I/V(R)f]i1 reduces to that over [[; W(R}, ) which
is clear by our assumption.
Now we prove the injectivity of f;. To simplify notations, we remove the subscript 3.

Noting that R is an integral domain, we see that R is either an Fj-algebra or p-torsion
free.
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(1) If R is an Fp-algebra, then W(R) and W (R},) are integral domains with W (R) C
W (RJ). The induced homomorphism W (R)z C W(R}) is clearly injective.

(2) If R is p-torsion free, then we have a commutative diagram of injective homo-
morphisms

W(R)

o0
I[IR
i=0

|

W(Ry) — II Ry.
1=0

Here the horizontal maps are given by the Witt polynomials. Elements in
W(R) — m are of the form r = (rg,r1,---) with rp € R — m. Its image in
[1:2 R is of the form
(TO)Tg+pT/17"' argn +p7n7,‘m)
Noting that p € m, r is not a zero-divisor in [[>° R, and hence W (R)z C W (R}).
U
Let % /Oy, and (M, M, ¥) be as before. We will simply work with its base-change
to R, where Spf R C .} is open affine.
Corollary 2.3.14. Notations as above, we have
(1) the scheme L?KACT-IS = IsomW(R)((Vva, 5) @ W(R), (M, 5.45)) s a G-torsor over

W(R);
(2) the scheme A i = Isomyy(g) ((VZ\;7 s)@ W(R), (Ml,gais)) is a G-torsor over
W(R).

Proof. Let R" be the complete local ring at a closed point of Spf R. Then 9{4\ i @W(RM)
is a G-torsor by Proposition and hence statement (1) follows from Lemma
By Lemma [2.3.7] ﬁ@cris ® W(R") is a G-torsor, and hence statement (2) follows the
same way. O

2.4. Integral models for Shimura varieties of abelian type. Recall that a Shimura
datum (G, X) is said to be of abelian type, if there is a Shimura datum of Hodge type
(G1,X7) and a central isogeny G‘fer — G9°r which induces an isomorphism of adjoint
Shimura data (G54, X3d) 5 (Gad, xad),

Let (G, X) be a Shimura datum of abelian type and fix a choice of a Hodge type
datum (G1, X1) as above. As before p > 2.

2.4.1. Let x € B(G,Qp) and 71 € B(G1,Q,) such that 224 = 234 € B(G*,Q,). We
denote the model of G (resp. G1) over Z, defined as the stabilizer of x (resp. x1) by G
(resp. Gi), with connected model G° (resp. G7). We have group schemes Gz, (resp.
Gz, ) and G%(p) (resp. GiZ(p)) over Z, corresponding to G (resp. G1) and G° (resp.
gr). Write K, = G(Zy), Ky = G°(Zp), K1,p = G1(Zp), and Kip = G7(Zyp).

Let G%‘(j;’) be the parahoric model of Ga‘i over Z, defined by z* e B(Gad,(@p).

f g do
Similarly we have G?,Z@)' Then

ado __ ,vado
GZ(p) - GLZ@)

ad __ ,yad ad __ ,.ad : ad :
as G@p = Glan and 2 = z{¢ by assumption. Set GZ(,,) = Gz<p) /ZZ(p>7 where ZZ<,,) is
the closure of the center Zs of G in GZ(p). Similarly, we have G‘i‘%{p) = GLZ(?) /Zl,Z(p)-

In general, G2%° is not equal to the neutral component (G2 )° of G2 . However,
Z'(P) . L(p) pr)
suppose that either the center Zg is connected or that Zgaer has rank prime to p, then
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by [37, Lemma 4.6.2 (2)], G%‘?; = (Gaz‘(ip))o. In what follows, we will assume that either
Zg, 1s connected or that ZGcllcr has rank prime to p. Then by the above discussion, we

have

ado __ ,vado _ ad o
Gy = Gz, = (GLZ@) ’

which is the neutral component of G?fiz(p).

2.4.2. Recall ([]) that the group

A (G) = G(Ap)/Zc(Q) *6(0). /70 G(Q)T
acts on Sh(G, X) = m Shi (G, X). Set

A (G)° =G(Q)1/Zc(Q)” *g), /700 G*HQ)T,
which depends only on G4 and not on G. Similarly for G| we have <7 (G1) and <7 (G1)°.
Using the integral models G° = G%{p) and Gad° = G%(?;’) we introduce
— ado
A (Gry) = GG/ Z6( L) *Go(2))+ /2620 G @)™

and

A (Gz,))° = G(Ly))3 /26 L) *Go (@) /208 G (L) T
Similarly for G we have JZ/(GLZ(I))) and &%(GLZ@))O.

2.4.3. Let Shgo(G, X) = Hm Shiekr(G, X) be the limit with the G(A]})—action. We
want to construct an integral model

s (G, X)
of Shio (G, X) together with the G(A)-action, such that for any K? C G(A%),
yKo(G,X) = YKS(G,X)/KP

defines an integral model of Shy. (G, X) with K® = K KP?.
Consider the Hodge type datum (G1, X1) and the associated integral models o r(G1, X1).
P
Set
yK?,p(Gl’ Xl) = ]'&?ny’pK{) (Gl, Xl).
Kl

This is an integral model of Shg (G1,X1) = T&lK{, ShKf’pKf(Gl, X1) by subsection
Let X;~ C Xi be a connected component. For K; = K} K7, let
ShK‘l’ (Gl, X1)+ C ShKf{ (Gl, Xl)

be the geometrically connected component which is the image of Xf x 1. Then the
scheme Shye (G, X1)* = ?Lan ShKi)’ijzf(Gl,Xl)Jr is defined over E}, where E; is the

reflex field of (G1, X1), and EY is the maximal extension of E; which is unramified at p.
Let Oy be the localization at (p) of the ring of integers of Ef. We write

e (G, X1) "
for the closure of Shys(G1, X1)* in Fks(G1, X1) ® Oy, and set
Sy (G1, X1)T = lim Fo (G, X1) 7,
KP

which is an integral model of Shgo(G1, X1)" over Oy,). The Gi4(Z,)"-action on
She (G1,X1)" extends to ke (G1,X1)™, which (after converting to a right action)
induces an action of @ (G17,,,)° on Sk, ,(G1,X1)".

By [37, Lemma 4.6.10] we have an injection

A (Grz,,)) "\ (Gr,)) = A (G1)\ (G) /K.
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Let J C G(Qp) denote a set which maps bijectively to a set of coset representatives
for the image of &/(Gz ) in & (G)°\(G)/K,. Let E' = E(G,X)E(G1, X1). By [37,
Corollary 4.6.15], the Ogs () = Og'» @ O(y)-scheme
1V

yKB (G, X) = [ny’p(GlaXl)—F X ”Q{(GZ@))]/M(GLZ(Z,))
has a natural structure of a OEH) = O ®O(,)-scheme with G (A’;)—action, and is a model
of Shke (G, X). Moreover, if we denote E' = E/, for any v'|v|p place of E', by [37,
Corollary 4.6.18], there is a diagram of Opgr-schemes with G(A?)—action

TG X)
/ \
1
ng(G,X) MES x,s
where G(AI}) acts trivially on Mlco,f X, Tisa G??Zp—torsor, and ¢ is G??Zp—equivariant.

Any sufficiently small open compact KP C G(A?) acts freely on %%%(G,X ), and the
p

morphism ﬁ% (G,X)/KP — Mlgf x,» is smooth of relative dimension dim G344,

2.4.4. Suppose that G splits over a tamely ramified extension of Q,. Then by [37,
Lemma 4.6.22], we can choose the Hodge type datum (G, X1) as above such that it
satisfies the following conditions:

(1) 71 (G{e) is a 2-group, and is trivial if (G, X4) has no factors of type D,

(2) Gy splits over a tamely ramified extension of Q.

(3) Let E = E(G,X),E1 = E(G1,X1) and E' = E - Eq, then any primes v|p of E

splits completely in E’.

(4) Zg, is a torus.

(5) X.(G3P)r, is torsion free, where I'g C T' is the inertia subgroup.
2.4.5. Let (G, X) be as above such that G splits over a tamely ramified extension of
Qp. Then we can choose a Hodge type datum (G, X1) as in such that we get a
G(A?)—equivariant Og-scheme Y (G, X) as in W Moreover, we have

Theorem 2.4.6. ([37, Theorem 4.6.23])
(1) Fks(G, X) is étale locally isomorphic to 1\/IIGOSX1 Jifpt | (G|, then ks (G, X)
18 étale locally isomorphic to MIGOCX
(2) For any discrete valuation ring R of mized characteristic (0,p), the map

k3 (G, X)(R) = Sk (G, X)(R[1/p])
s a bijection.
(3) If (G*, X21) has no factors of type D™, then (G1,X1) can be chosen so that
there exists a diagram of Og-schemes with G(A?)-action

ﬁdp (G, X)
/ X
Fis (G, X) M x,
where G(A?) acts trivially on MIGOin, TS a G%io-torsor, q is G%io-eqﬁvam'ant,
and for any sufficiently small open compact KP C G(A?) acts freely on 5”;}‘1 (G, X),
P

and the morphism

SR(C.X)/K? = Mg x,
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is smooth of relative dimension dim G®9.

(4) If G is unramified over Qp, and there exists ¥’ € B(G,Qp) with G r.a = ads
then we can choose (G1,X1) such that the above construction applies with x' in
place of x and gives rise to an Op-scheme Sk (G, X) satisfying the conclusion
of (3) above.

We note that in the proof of (3) of the above theorem, (G, X1) is choosen to satisfy
all the conditions in together with a compatible parahoric subgroup K7, C G1(Qp)
such that K7 , = K p. In the diagram, the related group is

Gyl = Gy = (G1%,)° = G,
as in the diagram in Here the first two equalities follow from and the last
equality follows from [37), Proposition 1.1.4], see also In particular, we can apply
the above theorem to a Hodge type datum (G, X) with G° C G not equal as in m
In this case, we need to assume that (G®!, X29) has no factors of type D¥: we choose
another Hodge type datum (G1, X1) as above with G} = G; to get the Gazio—local model
diagram for (G, X).

3. EKOR STRATA OF HODGE TYPE: LOCAL CONSTRUCTIONS

In this section, we will construct and study the EKOR stratification for Shimura
varieties of Hodge type using the theory of G-zips. This will be a local construction,
in the sense that we will construct EKOR strata by constructing an EO stratification
on each KR stratum. In the next section we will give some global constructions for the
whole special fiber.

We will assume p > 2 throughout the rest of the paper. For technical reasons, we will
always assume condition . Let (G, X) be a Shimura datum of Hodge type, and
Sk = Yk(G, X) be the integral model introduced in with K = K,K?, K, = G(Zy)
and G = G°. Let Sk, = 1'&1]@ Sk, kv We are interested in the special fibers .k o of
Fk, and Sk, o of Sk, respectively, over k = F,. We sometimes denote them simply
by 75 when the level is clear. We will simply write K = K,,. We keep the notations
as in subsection In particular, we have the Z-lattice Vz C V, the tensor s € VZ@(),D)

defining G and the conjugacy class of cocharacter {u}.

3.1. Definitions of some stratifications. Notations as in 1.3} recall that we have the
set C(G,{p}) which is a subset of C(G). As before, let k = [F,. Consider the set of
k-valued points .7k (k) = -#k (k). We will construct a map

T : Fk(k) = C(G, {n})-

Let © € (k) and T € .#k(OF) be a lifting of z, where F is a finite extension of
@p. The starting point is the following Theorem for which we need to fix some
notations.

We set & := Z,[[u]], with a Frobenius ¢ which is the usual Frobenius on Z, and u — u?
on indeterminate. Let E(u) be the Eisenstein polynomial for a fixed uniformizer = € F.
Then E(u) € 6. Consider the Galois group I'r = Gal(Q,/F). Let Rep‘lir;so be the
category of I' p-stable Z,-lattices spanning a crystalline I' p-representation, and Mod76
be the category of finite free G-modules 91 with a Frobenius semi-linear isomorphism

1@ @ : " (M[1/E(u)] — M[1/E(u)].
Note that the maximal ideal of & is (p,u).
Theorem 3.1.1. ([37, Theorem 3.3.2]) There is a fully faithful tensor functor

m - Rep%rjfo — Mod%
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which is compatible with formation of symmetric and exterior powers, and exact when
restricting to D* := Spec &\{(p,u)}. Moreover,

(1) for a p-divisible group 4 over Op, set L = T,4" := Homg (1,¥,Z,) and
M := M(L), then there are canonical isomorphisms
D(9)(OF) ~ OF ®s ¢" (M), Dar(L ®Qp) ~ F ®¢ " (M)
such that the induced injection

D(9)(OF) — Dar(L @ Q)

is compatible with ﬁltmtzu‘ons;
(2) for %y =9 @k, D(%)(Zy) is canonically identified with ¢* (9 /udN).

We consider the p-divisible group ¥4 = Az[p>°] over Op. Notations as in the above
theorem, by [37, 4.1.7], the tensor s € VZ% induces a tensor s¢ 7 € L® which is I'p-
invariant. Applying the theorem, s 7 induces a tensor sz € IMM(L)®, and thus a tensor
Serise € DZ, which is p,-invariant. Here D, := ]D)(%O)(Zp), and (@, is the Frobenius. We
remark that, by [36, Proposition 1.3.9 (2)], Serisz € DY is independent of choices of 7.
Now by [37, Corollary 3.3.6],

Iy = IsomZp((VZv(p) ® Lp, 5), (Da, Scrisz))

9}

is a trivial G-torsor. Thus we can take a t € I,(Z,). Then the pull back of ¢, via
t: (VZV(p) ® Zp, s) = (Dg, Scris,z)

is of the form
(id® o) o grt,
for some g, € G(@p). The image of g, in C(G), denote by g, € C(G), is independent
of t. In particular,
T gy

gives a well defined map
Tk : Fk(k) = C(9)

whose fibers are called central leaves.
Let us check that YTk factors through C(G,{u}). It suffices to prove the following
statement.

Lemma 3.1.2. The element g,; € G(Q,) as above is of the form KAdm({u})K.

Proof. By the Bruhat-Tits decomposition, we know that g, ; € KwK , for some w € K WK,
We view g, ¢ as a homomorphism V;Y — V;. The Hodge filtration ¢t ! (Ker(¢,)) = Ker(gy.1)
gives, by the local model diagram, an element in

Adm({})x = Wi\ Adm({})% /Wi
In particular, w € Adm({u})¥. O

We will also write Yk for the map #k(k) — C(G,{u}). Composing Yk with the
natural maps in [1.3.3] we get maps

o Ok : Yk(k) = B(G,{p}) whose fibers are called Newton strata;

o g @ Zk(k) = Adm({u})x whose fibers are called Kottwitz-Rapoport strata, or
KR strata for short;

o vk : k(k) = FAdm({u}) whose fibers are called Ekedahl-Kottwitz-Oort-Rapoport
strata, or EKOR strata for short.
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Recall that by the local diagram in Theorem we can also define the KR strata (see
[37, Corollary 4.2.12]). Now we explain that the two constructions for KR strata are
compatible. Let the notations be as in Lemma For z € % (k), asection t € I,(Z,)
induces an element g, ; € IV(Adm({u}).f(. Let My = MIGOCX ®o0, k. Assigning to g, the
point in My(k) corresponding to the filtration Ker(g, ;) c V.Y induces a bijection

R\KAdm({i}) K /K 5 Go(k)\Mo(k).

This identifies fibers of A with the KR strata defined using the local model diagram
as in Theorem [2.2.3]

Combined with the diagram for group theoretic data obtained in subsection [1.3] we
have the following commutative diagram.

Adm({p})k <— K Adm({n})

T

C(g7 {/'L}) D— KAdm({;u})o'—str

B(G,{u})

By construction, it is clear that when the prime to p level K? varies, the maps Yk, ok, Uk
and Ak are compatible for the natural projections.
We will need geometric structures on the above sets:

e One can use the F-crystal attached to the universal abelian scheme A — %
together with the G-additional structure to show that the fibers of Tk and
Ok are the sets of k-valued points of locally closed reduced subschemes of .7,
see for example [20, Corollary 3.3.8]. We also call these locally closed reduced
subschemes central leaves and Newton strata respectively.

e The local model diagram in Theorem shows that the fibers of Ak are the
sets of k-valued points of locally closed reduced subschemes of .7, which we call
equally the KR (Kottwitz-Rapoport) strata.

e Our main task in this section is to show that there exists also geometric structures
on the fibers of vk, cf. Theorem [3.4.11

As for the non-emptiness of the above various strata, we list the following results.

(1) In the hyperspecial case, Viehmann-Wedhorn proved the non-emptiness of New-
ton strata in the PEL type case ([81]), and Dong-Uk Lee proved the non-
emptiness of Newton strata in the Hodge type case [49].

(2) Kisin-Madapusi Pera-Shin ([38]) and C.-F. Yu ([91]) proved in the Hodge type
case for G quasi-split over Q,, that the Newton strata are non-empty.

(3) R. Zhou proved in [95, Proposition 8.2] that all KR strata are non-empty by
applying the key input from [38] that the basic Newton strata are non-empty
(see also [91]), and then all Newton strata are non-empty in this case.

(4) Based on these results (especially the non-emptiness of KR strata in [95]), we
will show later all EKOR strata are non-empty, cf. Corollary

3.2. He-Rapoport axioms. We turn to a different (abstract) setting. He and Rapoport
introduced five axioms in [31] for integral models of Shimura varieties with parahoric lev-
els to study stratifications in the special fibers. We will not recall all the axioms here, but
just introduce some of them which will be used in this paper. Let (G, X) be a Shimura
datum. Assume that the for each parahoric subgroup K, C G(Q,), we already have an
integral model .7k = Yk (G, X) for the associated Shimura variety Shx = Shk(G, X)
over O, the ring of integers of a local reflex field at p. Here K := K, K? with K? small
enough.
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3.2.1. Aziom 1. Let K, D K, be another parahoric subgroup, and K’ := K, KP. Then
there is a natural morphism
TK/ K : yK/ — yK
which is proper surjective and extends the natural morphism on the generic fibers.
Let Sk and ko be their special fibers respectively, axiom 1 implies that the
induced morphism 7gr ko : Sk 0 — Lk, 0 is proper surjective.

3.2.2. Aziom 4 (c). Let #¢, C Sk, and SE, o C “Zk,0 be central leaves with
Tk Kk 0(-7K0) C T o-
Then the induced morphism 7y o+ S g — &) g o is surjective with finite fibers.

3.2.3. Aziom 5. Let I C G(Qp) be an Iwahori subgroup, and 7 be as in then the
intersection of the KR stratum .77, , with each geometrically connected component of
K0 is non empty.

3.2.4. Known cases.

e For Siegel modular varieties the axioms are verified by He-Rapoport in [31].

e For PEL-type Shimura varieties associated to unramified groups of type A and
C and to odd ramified unitary groups, the axioms are verified by He-Zhou in
[32].

e For Shimura varieties of Hodge type satisfying condition (2.2.1)), it has been
checked by R. Zhou, see [95], that all the five axioms except for the surjectivity
in axiom 4 (c) hold for the Kisin-Pappas integral models as in If G, is in
addition residually split, then all the five axioms hold.

3.3. ggdt-zips attached to points. We come back to the setting as that at the begin-
ning of this section. We start with some constructions generalizing those in [92] 3.2.6].

For w € W, we simply write the same symbol for a representative in G((@p). Let a be
the facet corresponding to G, we set
b:=aUwa and ¢:=aUoc(w) la.

Here wa (resp. o(w)™'a) is the translation by w (resp. o(w)™!) of a. Let G, and G, be
the corresponding Bruhat-Tits group schemes respectively, then working with reduced
k-algebras, we see by Remark that ¢/ = 0 o Ad(w) induces a homomorphism

LtG, — L1G..
In particular, we have an isogeny of smooth group varieties over k
Gb,0 = Gc,05
which is again denoted by ¢’. Recall that we have homomorphisms
Go,0 = Ga,0, Ge,0 = Gay0-

We will also set G (resp. goya(w)_l) to be the image of Gy (resp. Gcpo) in Go = Ga -
It is a quotient of Gy ¢ (resp. Gc), and hence is a smooth group scheme over k.

Before moving into detailed constructions, we would like to say a few words about
the main ideas. Our strategy here is the same as that in [92], §3.2], and we will also use
F-zips introduced by Moonen and Wedhorn ([55]) freely. The definition of an F-zip will
not be recalled, as it will be used in explicit forms here. Recall for each w € Adm({u})x,
we have constructed an algebraic zip datum

Zw = (96" P, Pyi(1n),0 : Ly, = Lor(g,))

in We will construct first an F-zip from the element w € Adm({u})x, and use
it as a standard F-zip attached to w. Properties of this standard F-zip will also be
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studied. There are also F-zips attached to points of ). We will then show that one

gets desired gadt—zips by “comparing” the F-zips at points with the standard ones.

3.3.1. A standard F-zip. For w € Adm({u})x, we will always fix a representative of it

in G(Qp) C GL(V)(Qp) without changing notations. Then w has a left action on Ve,

which induces, by taking inverse dual definition, an endomorphism of VZV which is again
P

denoted by w. Consider the reduction modulo p of VZV, the k-vector space V,. Let wy
P

be the induced map on V,’, we have an F-zip structure (C§,, DY, p¥) on V,’ given by
o C:=VY > Cl =Ker(w) DC%:=0;
e D" :=0C DY :=Im((c(w))x) C DY :=V}';
o o : CY/CL — DY and ¥ : CL — D% /DY, which are o-linear isomorphisms
whose linearizations are induced by (o(w)), and the inverse of the isomorphism
(%) ®k: DY /Dy — C? respectively.
We remark that the filtration C2, (resp. DY) depends only on the image of w (resp.
o(w) in G(@,)/K (resp. F\G(Q)).

Lemma 3.3.2. Let Aut(CS,, s) be the group scheme of automorphisms on Vkv respecting
both the filtration C3, and the tensor s € Vk®, sitmilarly for Aut(DY,s). We have the
following.

(1) Aut(Cy,, s) = Gow and Aut(Dy’, s) = Go g(w)-1-

(2) Let Q&w be the image of Go. in Aut(®;gr;(Cy)) and similarly for g&a(w)_l,

then o' induces an isomorphism
L,(p) L
gO,w - gO,U(w)—1

which is again denoted by o’.
(3) The isomorphism
®; gr; (Cor)) — &y gry (DY)
induced by ¢ @ @V is equivariant with respect to o’.

Proof. For (1), it is more convenient to use equal-characteristic results. Let G'/k((t))
and G'/k[[t]] be as in subsection (after Remark [2.1.10)). In particular, w is identified
with an element w’ in the Iwahori Weyl group of G’. Let a’ be the facet corresponding
to G’, we set, as before

b :=dUw'd and ¢ :=d Uc(w) a,

and get Bruhat-Tits group schemes gg/ and g;,. The homomorphisms Gy o — Go and
Geo — Go are identified with G;, , — G = Go and G/, ; — G, = Gy, so Go,, and gop(w)ﬂ
are identified with G; ,, and gg o (w) -1 respectively. Let

t
Ci= (- C Vi © = Viliep © Vi) © )

and

P = (- CtVily € oW )il € Viig € )
be the periodic lattice chain corresponding to O, = C3, and Dy’ = Dﬁ”/ respectively. To
simplify notations, we will write H for GL(Vj1), K" for H(k[[t]) and P° (resp. Q°) for
the stabilizer of C3, (resp. DY) in GL(V}). The Bruhat-Tits group scheme corresponding
to K’ Nw K%w'~! is then GL(%) which is parahoric. We have a commutative diagram

L+g/w/L+g//L+gl ; L+g//L+gé, = go/g&w

| l |

LY Hw' LT H/LTH —— LTH/LT GL(%) —> GL(V})/P°.
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By the arguments in the proof of [65, Proposition 8.1] (more precisely, in the middle of
page 207), the induced morphism of affine Grassmannians Grgr — Grgr, k() is a closed
immersion, and hence the left vertical arrow in the above diagram is an immersion. But
then the right vertical arrow will also be an immersion, and hence the first identification
in (1) follows.

The periodic lattice chain corresponding to C’q:,’(p )

S
\4 t \ \
(- Vi) © Sy Vil © Viden © )

Noting that the left action of o(w’) maps the lattice chain of % to that of DY, we
have, as in the previous case, a commutative diagram

L+g/0_(w/)—1L+g//L+gl %—> L-‘rg//L-i-gé/ —%> gO/gO,U(w)—l

l

L+H0(w')_1L+H/L+H = L+7-[/L+ GL(2) = GL(Vk)/QO'

By the same reason, the second identification in (1) follows.

For (2) and (3), both the mixed characteristic method and the equi characteristic one
work. We will use the mixed one. Let L® = Aut(®; gr;(C?)) (resp. L0 = Aut(d; gr;(D¥)))
be the Levi quotient attached to P? (resp. Q°). The action of o(w) induces an isomor-

phism from the parahoric subgroup (of GL(V)(QP)) of 5™ to that of DY, and hence

induces an isomorphism L%®) —s L0, Moreover, it induces an commutative diagram

where the vertical arrows factor through Qéﬁl

(2) follows.

The isomorphism @; gri(Cz;(p )) — @, gr; (DY) induced by ¢f @ ¢} is also induced by
the action of o(w), and hence is equivariant with respect to the isomorphism L%®) — L/,
In particular, (3) follows.

and Gy ,(,)-1 respectively. In particular,

O

The natural homomorphisms Gy, — P, and 90,0(w)-1 — FU/( J.,) are compatible

with the isomorphisms o’s. The tuple Zw = (Go, Go,w goya(w)_l,a’ ) could be viewed as
a generalization or “lifting” of the zip datum Z,, = (G54, P Jw,FU/( Jw)» o’). Tt is natural

and necessary to work with structures related to gw.

3.3.3. F-zips attached to points. Fix a sufficiently small K” and write /) = #k o with
K=KKP?. Let A — %) be the universal abelian scheme and consider the vector bundle
Vo = Hle(A/fo) over /5. We have an F-zip structure (C*®, D,, ¢e) on Vy, given by
e 00:=1) D C':=V}! D C?:=0, which is the Hodge filtration;
e D_1:=0C Dg:=Im(F) C Dy :=Vy, which is the conjugate filtration;
e vy :CY/C' — Dy and ¢y : C' — Dy /Dy, which are induced by Frobenius and
the inverse of Verschiebung respectively.

Now we will fix a w € Adm({¢})x and a k-point z in the KR-stratum 7", and state
the main results of our pointwise constructions. We will denote by (C?, D, ., cp.,x) the
pull back to x of (C*®, D, vs). In the following we will talk about torsors over k, which
are actually trivial since k = F).
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Proposition 3.3.4. Let I, be the Go-torsor Isomy((V,Y,s), Vo, Sar)) over k.

(1) Let I, + =Isomy((Cy, s), (Cs, sdr)) C L, then it is a Go,w-torsor over k.

(2) Let ]Ixy, = Isomy((DY, 5), (Dez,sar)) C Lz, then it is a Gy o(u)-1-torsor over
k.

(3) Let gé{w = Ker(Gp — QOLM) and similarly for g([){a(w),l. The Dieudonné module
structure on V, induces an isomorphism

Ziﬂfzr/g U(J)_>]Il"—/g00w) 1

which is equivariant with respect to the isomorphism o’ go w ) QO ()1
Proof. Let D, be the Dieudonné module of A, [p>°] and I, be the (trivial) G-torsor given
by

I = Isomzp((Vvaa §); (D Seris))-

We fix a section ¢t € L(Zp) such that t*¢ = o o gw for some g € G(Z,). Let T be the
image of ¢ in I, one sees immediately that

+ = goﬂu : %, and :[[m,f = QO’U(w)_l : W
In particular, (1) and (2) hold. N B
Let IZ | be the image of I + in Isomy(; gr;(Cy), @; gr;(Cs)), then ]ILJr =1, +/g0 w-
as well as identifications JIL ) _ Hp ) /QO

]Ié, =1I,_/ QO o(w)- . Now we can define a morphism

Slmllarly, we have I J(r) and 1L

x,—?

f:’ﬁizip) — Tsomy,(®; gr;(DY), B gr;(De )

as follows. It is induced by mapping f : @; gr;(Ca P )) = @; gr;(Ca (p)) to the compo-
sition

. Alin
(335)  Uf): @ien(DY) 5 @ian(C5W) L g, (C2P) T @10, (Da ).

lin

Here « is the inverse of the linearization of @;p..e, and @" is the linearization of ¢,.

Noting that 7'is equivariant with respect to o’ QL ()

— QO o(w)—-1 35 @ is so by Lemma

3.3.2| (3), so to prove statement (3) here, it suffices to check that 7 factors through fﬁ,

To see this, one can simply take f to be the map induced by g ), then it is clear that

wf)elk . O
Recall that in we have constructed an algebraic zip datum
w = (grdt PJw7FU/(Jw)7 U/ : ij — ZO'/(JU)))'

In this paper, we are mainly interested in structures related to Z,,. One can pass easily
from the tuple (I,1; 4,I; —,7) constructed in Proposition m to a certain structure
related to Z,,. More precisely, we take

(3.3.6) Ly:=I, x% G I, =T, x%wP; I, :=1I,_ x%cw 1P,
and

IO U S LU
be the isomorphism induced by . The following statement is straightforward.

Corollary 3.3.7. The tuple (I, +,1, —,¢) is a Qrdt -zip of type Jy, over k.
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Remark 3.3.8. Notations as in the previous proposition, let e (resp. grdt) be the image

of # (resp. g) in I, (resp. G§%). Let Ez, be the zip group attached to Z,, and E; be the
Ez, -torsor attached to (I, I 4,1, —,¢) (see e.g. our discussions after Definition |1.1.5)).
Then

#" o (g) Y € Ea(k),

——xdt
and its image in GE% is o(g)

3.4. The EO stratification in a KR stratum.

3.4.1. The conjugate local model. Let G'/k((t)) and G'/k[[t]] be as in subsection
(after Remark [2.1.10). In particular, w (resp. Adm({x})) is identified with an element
(resp. a subset) in the Iwahori Weyl group of G’, which will be denoted by the same
symbol. Let

My = |J LYG\LTGwL'G, and Mij:= ] L'Go(w)'LTG/LTG.
weAdm({u}) weAdm({u})

As in the right quotient case (cf. Corollary, My is a reduced closed subscheme of
L*TG'\LG' of dimension dim(My). Noting that M§, with the reduced scheme structure,
is the image of MY under the homeomorphism LTG'\LG' — LG'/L*G',z s o(x)7!,
so it is also of dimension dim(Mp). Moreover, as in the proof of Lemma M§ is a
subscheme of Gr(V). The scheme M will be called the conjugate local model.

We come back to notations introduced in[3.3:3] We start with the local model diagram

3
N
) My,

which is obtained from the local model in Theorem by taking the special fiber. We
will look at a different map

¢ S — Gr(Ve), f f YDy C Vo).

One sees easily that ¢¢ factors through Mg at the level of k-points, and hence factors
through Mg, as .9 is reduced. The induced morphism %5 — Mg will still be denoted

by ¢¢, and the diagram
o
RN
0 M5

will be called the conjugate local model diagram. One of our main tasks in this subsection
is to study basic properties of the conjugate local model diagram.

Theorem 3.4.2. The morphism ¢ : % — MG is smooth.

Proof. We will show that, for each closed point x € #(k), denoting by Ogﬁo’x the

attached complete local ring, there is a section ¢ : Spec O}O . = 570 such that the

composition Spec O}O - 4 % LN M§ induces an isomorphism of complete local rings.
Let Rg and R be as in the discussions after Lemma 2.3.7, and Rgo and Ry be

their reduction modulo p. Then there is an isomorphism O(/}O’x = Rg,o such that
Alp™]los, = Blrg,, where B is the versal p-divisible group over R determined by
0:® ’

the Dieudonné display (Mg, Mg, 1,¥) as in loc. cit. Let C! € Mg, and Dy C Mg,
be the Hodge filtration and conjugate filtration respectively. We fix an isomorphism
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t: Vkv — MR, respecting tensors, and view it as an isomorphism over Ry by base-
change. The filtration ¢~!(Dg) C Vj induces a morphism Spec Ry — Gr(V4).
Let mp, be the maximal ideal of Ry, then by Remark [2.3.10| (2), we have

(t ' (Do) C V) = ((u-t (Do) C Vi)
over Ry/ mQRO. So Spec Ry — Gr(V%) is an isomorphism at the level of complete local

rings, and hence the induced morphism Spec O% - BN % 1 MG is an isomorphism onto
its image after taking completion. Noting that ./, and M§ have the same dimension,
the above morphism induces an isomorphism of complete local rings. U

Recall our notations in Let Go = G ® k and ggdt be the maiimal reductive
quotient of Gp ® k. Then it is a reductive group defined over IF,,. Let B be the image

in ggdt of I and T be a maximal torus of B. For w € XWX which is a minimal length
representative of a member in Adm({u})x, we set

o' =coAd(w), and J,=JgNAd(w ) (Jg),

where Jg C W is the set of simple reflections in Wi. Let L, C GE% (resp. P, C GEdt)
be the standard Levi subgroup (resp. parabolic subgroup) of type J,,, and ZU/( Jw) C g{)dt
(resp. PU/( Ju) C Gidt) be the standard Levi subgroup (resp. parabolic subgroup) of type
0'(Jw). Then we have a natural isogeny L, — Ly (z,) which is again denoted by o’.
The tuple

Zy = (gédt,?Jw,FU/(Jw), o ij — Za’(Jw))

is an algebraic zip datum. Set
Ez, = (L1,)oUs, X Us(s,));

where Uy, (resp. Uy(y,)) is the unipotent radical of Py, (resp. Pyr(g,)). It has a left
action on G4, and hence induces a quotient stack [Ez, \GEY].

Since we will work over k£ and with a fixed KR stratum .7}", sometimes we will simply
write Ly, (resp. LO'/(Jw)7 Py, Pa’(Jw)) for Z]w (resp. fgl(Jw), PJw, ﬁgr(Jw)). We will
construct a morphism

Cu 75" = [B2,\Go™)-
As explained in it is equivalent to construct a Qédt—zip of type J,, over .7;". We
will also assume, from now on, that ./} # ), as otherwise, ¢ exists automatically. In
subsection Corollary for each x € .7 (k), we have constructed a Gi4-zip of
type Jy. Here we will need a family version. -

To construct gadt—zips, we will slightly change the notations and write 1= - We

start with the local model diagram

ji
N
20 Mo,
where 7 is a Gop-torsor and ¢ is Gp-equivariant. The Go-orbit My’ C My induces a Go-torsor

IY = ¢~ (MY) :my&u

over .7;". We have the induced diagram

']Iw
N
S MY
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We get a Gidt-torsor over .7 by simply taking
(3.4.3) v =¥ x% gidt,

We remark that I is the pull back to .7’ of the g{)dt—torsor I:=T x% ggdt - .%.

Noting that w is an element in M¥ (k), we consider ¢~ (w), the fiber of w in Iv. We
also consider the variation of the structure defined in Proposition m (1), i.e. we set

I¥ .= Isom y ((C3, 5), (C*, sar)) C I

Lemma 3.4.4. We have ¢~ (w) :ﬁ$ which is a Gy -torsor over #”. Here Gy C Go
1s the stabilizer of w as before.

Proof. The natural morphism ’]fi — ¢ Y(w) is a closed immersion, as they are both
closed subschemes of I“. For z € ("(k), we set I¥ _ and ¢~ '(w), to be its fibers in
Eﬁ and ¢~ !(w) respectively. It is easy to see that ﬁ$z(k) = ¢ Y(w).(k), and hence
I¥ = ¢ Yw) as q_l(w~) is a smooth variety.

The G -action on IY is by definition faithful and free, so to see that it is a G ,-torsor

over .7, we only need to check the flatness of 7w iﬁ — 7;". Noting that they are both
smooth varieties, we only need to check that
dim(I%) = dim(.#) + dim(I¥ ),  for all z € (k).
We have
dim(.#) = dim(MY), dim(T¥ ,) = dim(Go,,) and dim(T%) = dim(MY) + dim(Go..,),

where the second equality follows from Proposition m (1), so the above equality is
clear. O

The group Go is smooth, and hence its image in ggdt lies in Py, , as it is so for
k-points. We get as in (3.3.6) a Py, -torsor by taking

(3.4.5) I¥ = g~ (w) x%ow Py, =T x%w Py .
Remark 3.4.6. Let us consider the composition
1% = My = Go/Go.w — G5/ Py,

It is equivariant with respect to the action of Gy on T% and that of Qadt on gg;dt /P,

and hence induces a Gi4-equivariant morphism

qp 10 =T" x% Gt — Grdt/ Py, .
One checks immediately that IY = q; (w), where W is the image of w in G§*/P;, .

Similarly, we can consider the conjugate local model diagram

i
N
7 M.

Let Mg" be the Gp-orbit of the point w corresponding to the filtration DY. Then we
have I¥ = ¢%~1(Mg"). We also have ¢>~!(w), the fiber of  in I and
™= Isom g ((Dy',5), (De, Sar)) C v

Based on Theorem and Proposition [3.3.4] (2), the same proof of Lemma
implies the following.

Lemma 3.4.7. We have ¢> Y(w) = 1% which is a Go,0(w)-1-torsor over ¢". Here
Go,0(w)—1 C Go is as in the second paragraph of.
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We get, as above, a Py, )-torsor by taking
(3.4.8) 1% = ¢o Hw) xToo =t Py =T x%oew=t Py,
Moreover, the composition

T — M§™ = Go/Go o (w)-1 = G/ Por(
induces a Gi4-equivariant morphism
a4 1° =T x® G§¥ = G P,

and we have T¥ = q;g_l(ﬁ), where 75 is the image of @ in G5/ P,/ (;,)

Notations as in Proposition n, we consider the map

1G5 Tsom (@8, (DY), @i gr,(D.)

defined as in .
Lemma 3.4.9. © induces an isomorphism 'ﬁw’(p)/gU’(p) — ﬁ?/gga(w)_l which is equi-

variant with respect to the isomorphism o’ go @ _, go o(w)-1"

Proof. By Proposition [3.3.4] (3), the induced map (by 7) on the sets of k-points factors

through Hw/go o(w)-1 C Isomg (@ gr;(DY), ®; gr;(Ds)), so does 7. By the same reason
as in the proof of [loc. cit], 7 is equivariant with respect to the isomorphism o', and
hence is an isomorphism. O

As in the pointwise case, the following statement is straightforward.

Corollary 3.4.10. Let ¢ : w’(p)/U(p) — 1% /Uqr(z,) be the isomorphism induced by .
Then the tuple (I, 1%, 1%,1) is a Qrdt—zip of type Jo.

The tuple (I, I'Y, 1", ¢) then induces a morphism of stacks

Co s I3 = [Bz,\G"],

whose fibers are precisely the EKOR strata in .7j" by our previous discussions in
and [L.3.6

Theorem 3.4.11. The morphism (, is smooth.
Proof. Let E¥ be formed by the following cartesian diagram:

o o,
o 10 1y ey,

where the first map of the bottom line is the relative Frobenius map. Then EY is an
Ez, -torsor over .. In particular, E* is smooth over k. The morphism (,, is equivalent
to an Ez, -equivariant morphism

¢hEY — Gy,
and the smoothness of (,, is equivalent to that of C# , which is, furthermore, equivalent
to the surjectivity of the induced map on tangent spaces for all points of E¥ (k). Noting
that Cff is E'z,-equivariant, we only need to show that for any y € ./;"(k) with some
lifting z € E¥(k), the induced map of tangent spaces
TzEw SN T grdt

is surjective.
Let (A, m) be the complete local ring of .7;" at y. The Ez, -torsor E becomes trivial
on Spec A, and hence EY = Ez_ x; Spec A once we fix a section of it. Let D, be the
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Dieudonné module of the p-divisible group at z, and ¢ : VZV — D, be an isomorphism
P

respecting tensors such that the linearization of Frobenius is of the form goo(w), where
g € G(Z,) is certain element. We denote by 7 (resp. g*4') the image of ¢ (resp. g) in
I (resp. Gi). By our choice, z := (7', g™ . 7!} is in E¥(k), and its image in G}4t(k)
fo Hrdt

is g"“".

By Remark [2.3.10| (2), viewing z as a section over A, the morphism

q}% : Ez/mg >~ Fz, X Spec A/m? — gédt

is given by (h, §) — h-(§%g*%), here g is the image in G(A/m?) of the element g~ in [loc.

cit], and g% is the image of § in G'4(A/m?). Let Uj. C G4t be the unipotent radical
of the opposite parabolic subgroup of Py, . The natural morphism My — dit /Py, is a
smooth covering, and hence the induced map on tangent spaces at identities is surjective.
In particular, identifying U} as an open subscheme of Q(r)dt /Pj, containing the (image
of) identity, g** induces a surjection m/m? — Lie(U; ). Noting that o’ : Lj,, — Lg/(y,)
is trivial on elements of the form id + Lie(L s, ), by the last paragraph of the proof of [92]

Theorem 4.1.2], the induced map on tangent spaces T,E* — Trar Qédt is surjective. [

Now we can state many properties of EKOR strata. Recall that we have the surjection
FAdm({p}) - Adm({u}) k-

Theorem 3.4.12. For z € KAdm({u}), the corresponding EKOR stratum % is a
locally closed subscheme of %y, which is smooth of dimension {(x). Moreover, for

w e Adm({n))rc (cf.

(1) there is a unique EKOR stratum, namely YOK“’K with Kwg as z'n in Sy°
which is open dense. This is called the w-ordinary locus,

(2) there is a unique EKOR stratum, namely 7y, in /3" which is of dimension
{(w). Here x, is just w but viewed as an element of ® Adm({u}). This stratum
is closed in 3", and is called the w-superspecial locus.

Proof. For x € K Adm({u}), the non-emptiness of the EKOR stratum .7 follows from
Corollary (1), and the smoothness follows from Theorem To compute the
dimension, we have, by Theorem again, dim(.y") = dim(.3") — codim(gédt’f),
where T € 7*W is the element corresponding to z. We also have dim(.7) = ¢(Kwg)
by Corollary m (3), and codim(Gy*™) = dim(U,,) — () by Theorem m Here
Uy, is the unipotent radical of the standard parabolic P, C Qédt of type J,,. Noting that
dim(U,) = £(yo) for yo the longest element in /W, we have

dim(.55") = (M wi) = Uyo) + £(T) = L(w) + U(T) = {(z).
Statements (1) and (2) follow from the above results. O

Remark 3.4.13. (1) We can also define the ordinary locus 7™ to be the union of
EKOR strata .#s with ¢(x) = dim(.#). It is clear by definition that

K
A 6) R H A 0 wKa

weAdm({u})f,

(K wg)=dim(H)
and it is open in .7y. Moreover it is dense in % by the smoothness of the
morphisms (,,w € Adm({u})x (Theorem [3.4.11). By Proposition the
elements in the index set of the above disjoint union are of the form ¢, where
1 runs over elements in the Wy-orbit of p with e Kw.

(2) We can define the superspecial locus to be the EKOR strata .7, where 7 is

as in Then ] is the unique closed EKOR stratum in %5, and it is of
dimension 0.



EKOR STRATA FOR SHIMURA VARIETIES WITH PARAHORIC LEVEL STRUCTURE 41

Corollary 3.4.14. Let v be the Newton map as in and v € KAdm({u}) be
o-straight, then

(1) the EKOR stratum 7 is a central leaf. In particular, it is contained in the New-

ton stratum Yoy(x), and hence each Newton stratum contains an EKOR stratum;

(2) the dimension of S/ is (v(x),p), where p is the half sum of positive roots. In
particular, central leaves given by o-straight elements in a fixed Newton stratum
are of the same dimension.

Proof. Statement (1) follows directly from the commutative diagram before

We have dim() = £(z) by Theorem [3.4.12) and ¢(z) = (v(z),p) by [1.2.10, In

particular, (2) follows. O

Remark 3.4.15. Statement (2) recovers W. Kim’s formula for central leaves attached to
o-straight elements, cf. [34, Corollary 5.3.1].

3.5. Change of parahorics and further properties. It is sometimes helpful to look
at the relations between EKOR strata for different parahoric subgroups. We will need
sometimes the axioms (especially axiom 4 (c)) introduced by He and Rapoport (see
subsection . We remind the readers that, as we have remarked in in the
current setting, by the work [95] of Zhou, all the axioms except for surjectivity in axiom
4 (¢) hold under our assumption , and if in addition Gg, is residually split, axiom
4 (c) also holds.
We start with the following result of He and Rapoport.

Proposition 3.5.1. (|31, Proposition 6.6)) For w € W, there is a subset
EK(IU) C WgwWg N KW
such that

e K (w)
Moreover, if w € KW, then Yr(w) ={w}.

As a consequence, one has the following. Fix a sufficiently small KP and let K = K K?
K’ = K'KP for parahoric subgroups K/ C K. Assume that %k and %k are constructed
by the same Siegel embedding, then by [95, Theorem 7.1], there exists a morphism
Tk K Sk — Sk satisfying He-Rapoport’s axiom 1.

Proposition 3.5.2. ([31, Proposition 6.11], [95]) Let K’ C K be standard parahoric
subgroups with induced morphism mw k : Sk 0 — k0. Then
(1) forz € K,Adm({,u}), we have
TK’ K yK/ H ylgo

YEX K (2)
In particular, for x € KAdm({u}) viewed as an element in X Adm({u}), we
have T/ k (Fr0) € SR o
(2) if He-Rapoport’s axiom 4 (c) holds, we have equalities in the above statement.

As applications, one deduces the following.

Corollary 3.5.3. For % and x € KAdm({u}), we have

(1) the EKOR stratum /¥, is non-empty;
(2) ([31, Theorem 6.15]) if He-Rapoport’s axiom 4 (c) holds, the closure of SR in

K0 s Hy<K o S o Here <k is as in .
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Proof. We only need to check (1). Since the prime to p level K? is fixed, here and in the
following, to simplify the notations we write .7 o for #k o, and similarly for the Iwahori
level. Viewing x as an element of ZTAdm({u}) = Adm({u}), we have, by Proposition
3.5.2| (1), that 77,k (ST) C Sk - As we have remarked in non-emptiness of .7},

O

has been proved by Zhou in [95], and hence 5”;@70 is non-empty.

To go further, we need compatibility of local model diagrams. More precisely, we
will use the following commutative diagram. We use the above conventions. Let Z be a
parahoric model of G corresponding to I.

10
o I
10 S1.0 X7 G My
ﬂI’Ki \ \Lg \LQI,K
K0 m T kK0 Mk 0
TK \L dK
K0

where the map 57170 — 571,0 xT0 Gy is induced by the natural map Zy — Go.

Lemma 3.5.4. For x € KAdm({u}) viewed as an element of Adm({u}), qrx induces
a morphism M7, — M o which is a finite étale covering onto its image.

Proof. Let G' (resp. Z') be the parahoric (resp. Iwahori) group scheme over k[[t]]
attached to K (resp. I). We have

fo=LtT2LtT /LT = LTI /(LY naL™T2™"), and

ko= L"TeL*G /LG = LY /(L*T' naL*G'z™") C LTG'2 LG /LT G = My,
By the same proof as in Lemma the quotient maps Zj — M7, and Zy — Mi
are both smooth coverings. In particular, a g M7= Mg, isa smooth covering. We
also have, by [T4, Proposition 2.8 (ii)], that dim(M7 ) = ¢(z) = dim(MZ ), and hence
q7 k 1s an étale covering.

To see that g7 ;- is finite, we only need to check that it is proper. Let Mf’a and MféB
be the closures of Mfo and Mf{,o respectively, endowed with the reduced subscheme
structures. Then ¢ g induces a proper morphism

qrx s Mpy — arx(Mpg) = Mg,
Noting that M7y = [T,.<, Mf, and g7 x(Mf) is cither M, or disjoint with it, we
have
QI,K(M?/U) NMfo =0, forany 2’ <z with 2’ #
since dim ¢qr g (M%’O) = {(z') < dim M o = £(z). In particular, ¢7 j is the base-change
to M, of q?’;(, and hence is proper. O

Theorem 3.5.5. For x € KAdm({u}) viewed as an element of Adm({u}), the mor-
phism 7] i+ STy = Fg o induced by Ty k is finite étale. If in addition He-Rapoport’s
aziom 4 (c) is satisfied, 7 ;c is a finite étale covering.

~

Proof. For a point z € #},(k), we fix an identification VZV = D(A,[p™]) respecting
’ P

tensors and consider its image t € %,o(k). Let Oy, (resp. O7F ) be the complete local
ring at z of S (resp. ijo), and Ry (resp. Rrp) be the special fiber of the ring Rp
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(resp. Rg) in the discussions after Lemma then Oy, = Rrp, and it induces an
isomorphism

Alp™llo;.. = Bilr;

where By is the (special fiber of the) versal p-divisible group as in loc. cit. Let V! C V
be the Hodge filtration of A/.#7, and u be restriction to M7 ; of the universal element

of Gr(V;)(Rp) at the point corresponding to t =1 (V1) C V,Y, then u-t € %g(sz), and
it induces, by pulling back the Hodge filtration, a morphism Spec O7 , — M7 ,. By our
choices as in loc. cit, Spec O7 , — M7 ; induces a bijection of tangen{spaces, and hence
is an isomorphism at the level of confplete local rings. s

For 2" := m k(2) € Ff ¢, let wy the KR type of = (equivalently, 2’) and t' € Sk (k)
be the image of . With 1’ defined similarly, we have v’ -t € %(VO(O}”&,), and it induces
a morphism Spec O%fz, — MF#, which is an isomorphism at the level of complete local
rings.

Let O% ., be the complete local ring at 2’ of the EKOR stratum, then we have a
commutative diagram

T ut T
Spec OLZ —Mj,

lﬂ—I’K i(H,K

we Wt w
Spec Of(yz,(—> Spec OKTZ, — M.

The morphism Spec O7 , — Spec O}*,, is a closed immersion by Lemma and
it factors through Spec O% ,,. Noting that Spec sz and Spec Of(’z, are of the same
dimension, the morphism 77 g : Spec Of . — Spec Of; ,, is an isomorphism. O

Remark 3.5.6. Notations as above, and let M C M}”(”fo be as in Lemma One can
prove, without using smoothness or dimension formula, that (u'-t')~! (M%) = Spec O% .

3.5.7. Quasi-affineness of EKOR strata. Let us recall some facts about quasi-affineness
and ampleness. The following lemma can be found easily in text books and hence and
we omit the proofs and references.

Lemma 3.5.8. (1) Let X be a scheme, then X is quasi-affine if and only if Ox is
ample.
(2) Let X andY be schemes that are separated and quasi-compact, L be a line bundle
onY.
(a) Let f: X — Y be a composition of immersions and finite morphisms. If L
is ample, then f*L is ample.
(b) Let g : X — Y be faithfully flat, then L is ample if g*L is ample.

Theorem 3.5.9. Every KR stratum in 7 is quasi-affine. If in addition aziom 4 (c)
is satisfied, every EKOR stratum in Sk o is quasi-affine.

Proof. Notations as before, for x € K Adm({u}) viewed as an element in Adm({x}), the
morphism 7y — % is a finite étale covering if axiom 4 (c) is satisfied, and hence by
Lemma it suffices to show that .77}, is quasi-affine for all w € Adm({u}).

We work with a symplectic embedding Z — GSp(Vz,,?) as in Remark the
induced morphism

f 10 = Fuo(GSp, SF)

is finite. Let V! C V be the Hodge filtration attached to the universal abelian scheme
on .7 o(GSp, SF), then w := det(V!) is ample, and hence f*w = det(]ﬂym) is ample.
Let PY be the stabilizer in GL(V}) attached to the filtration C3, it is well known that
w comes from a character of P°, denoted by n. The induced character of Zg ,, factors
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through the quotient I{ﬁf) = 734" which is a torus (over k and defined over F,) denoted
by T.
The Zyp-zip on 5”}:’0 induces a morphism

Cr: 1o = [T\ T,

and f*w|gw is the pullback via (7 of the line bundle £, on [T,/\T] induced by the
character 17’: T — Gyy,. Noting that f*w| Sy is ample, to prove that f;f’o is quasi-affine,
it suffices to show that £, € Pic([T,/\T) is of finite order.

The action of T on itself is induced by the homomorphism h : T — T, z +— o' (x)/x.
Let H := Ker(h), we have an isomorphism of stacks [T,/\T'] = [H\Spec k]. So it suffices
to show that Pic([H\Spec k]) is finite.

Recall that o’ = o o Ad(w), under the invertible substitution z = w=tyw, h : Ty — T
becomes y — o(y)/(wlyw). We compute its tangent map at the identity. Let
m : T xT — T be the multiplication map, and ¢, : T — T be the isomorphism
induced by y + (w~lyw)~!. Then

dh’e = d(m o (Ua 'Lw)) = dm|(e,e) ° d(U, iw)|e = d0|e + diw‘e-

Noting that i, is an isomorphism, so diyle is invertible, while do|. = 0, so dh|. is
invertible. In particular, H = Ker(h) is finite étale.

The (trivial) action of H on Spec k induces the trivial action of H(k) on k* = O(Spec k)*.
By the second exact sequence of [40, Theorem 2.2.1], Pic([H\Spec k]) = H;lg(H, k),

where H;lg(H7 kX)) c HY(H(k),k*) is the subgroup of classes of cocycles induced by a

morphism H — G,, ;. Noting that H'(H(k), k*) = Hom(H(k), k*) as we are using the
trivial action, we have Hallg(H, kE*) = X*(H). So Pic([H\Spec k]) = X*(H), and hence
is finite.

O

Remark 3.5.10. The element £, € Pic([Ez, \G5"]) is not of finite order in general, since
otherwise the whole KR stratum (which is the whole special fiber if K is hyperspecial)
would be quasi-affine, which is absurd.

3.5.11.  We can also talk about the relations between KR strata for different parahoric
subgroups. Consider the projection morphism 7y g : .70 = k0. Let w € Adm({u})x

which we view as an element of XWX . Then
-1
”I,K(yf(u,o) = H ZTo-
c€WgwWgNAdm({u})
Thus we get an induced morphism

H STo — LKoo = H y}%,()'

r€WrwWiNAdm({u}) yEWgwW i NEW
Note that by Theorem WxwWi NEW ¢ KEAdm({u}) = Adm({u}) N KW, thus
WrwWgk N K/V[\; C WrgwWi N Adm({u})

By Proposition [3.5.2] we have

o for x € WxwWi N KW, 111 (FF0) C S

o for x € WrgwWr NAdm({u}) N WrgwWgk N KW, 7r17K(5’I’f0) C HyeEK(w) y}%o-
If axiom 4 (c) holds, then both inclusions above are in fact equalities.
3.6. Affine Deligne-Lusztig varieties. In this subsection, we discuss the local coun-

terparts of our previous constructions and some local-global compatibilities of our con-
structions.
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3.6.1. We turn to a general local setting to discuss affine Deligne-Lusztig varieties.

Let (G, [b],{u}) be a triple where G is a connected reductive group over Q,, {u} is

a conjugacy class of cocharacters p : Gm@ — G@ , [b] is a o-conjugacy class such
y=p P

that [b] € B(G,{u}). Fix a representative b € G(Q,) of [b] and a parahoric subgroup
K C G(Qp). Let K c G(Qp) be the associated parahoric subgroup. We get the
associated affine Deligne-Lusztig set

Xk ={g € G@Q)lgbolg)e  |J  KwK}/K,
weAdm({uh)x

which admits a geometric structure as a perfect scheme over k = F,, by [03] and [1]. See
also the following On the other hand, for any w € Adm({u})x, consider

Xuw(b)x = {9 € G(Qy)| g~ bo(g) € KwK}/K.

Then we have the KR decomposition

Xk =[] Xe®x.
weAdm({p}) K

We remark that in the above decomposition it can happen that some X,,(b)x is empty.
We view X (u1, b) ¢ as a perfect scheme over k. Let M'°¢ = Uweadm® ({u}) KwK /K which
we view as a perfect scheme over k, cf. the following [4.1] By construction, we have a
tautological (“local model”) diagram (cf. [69] p. 299)

X(M? b)K

AN
X(p, bk Mloe,

Therefore, for any X,,(b)x # 0, we can view it as a locally closed perfect subscheme of
Following [11] 3.4 and [12] 1.4, for z € KW we set

Xra(b) = {9 € G(Qy)| g "bo(g) € K o [2]}/K.
Then we have the EKOR decomposition

X(wb)k= [ Xxa)
z€X Adm({p})

which is finer than the above KR decomposition.

3.6.2. Now we come back to the setting as in the beginning of this section. Let (G, X)
be a Shimura datum of Hodge type. After fixing an element [b] € B(G,{u}) and a
representative b € G(@p) of [b], we have the affine Deligne-Lusztig variety X (u,b)x as
above. Our construction in subsection has a local analogue for X (u,b) g, so that for
each non empty KR stratum X,,(b) -, we have a gédt—zip on it and thus a morphism of

algebraic stacks
Cu Xw(b)K - [EZw\gédt]pf‘

Here [Ez,\Gi4P/ is the perfection of the quotient stack [Ez,\Gi%], see [84] Appendix
(and also the following 4.4). This gives us a geometric meaning for the above EKOR
decomposition. In the case that K is hyperspecial and X (u,b)x is isomorphic to the
perfection of the special fiber of a formal Rapoport-Zink space, there is a related con-
struction in [77, Theorem 7.1].

Fix a sufficiently small K? and write /) = Sk with K = KKP. Let Yé’ be the
Newton stratum attached to [b]. Now the links between the local and global KR and
EKOR strata are as follows.
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Proposition 3.6.3. We have:

(1) Xu(b)x # 0 & (k) NS (k) 0
(2) Xiwlb) # 0 & F(k) N AL (k) 0.

Proof. For (1), we have
Xob)g #0 < KwK N[ #0

by definition. By [95, Theorem 8.1], the map Yx : (k) — C(G,{u}) is surjec-
tive. Let C* and C® be the inverse images of w and [b] under the natural surjections
C(G,{p}) = Adm({u})x and C(G,{n}) — B(G,{u}) respectively. Then the surjectiv-
ity of T g implies that

FEE)N S (k) £ D= CNCP £ 0.
Finally, one sees easily that
CYNCY#0 e KwK N b # 0.

The proof for (2) is similar. O

Fix a point 79 € .7¢(k) and assume further either G is residually split or [b] is basic.
Then by [95, Proposition 6.5], there exists a unique uniformization map

Lo - X, D) g — (k).

One can check directly the following local-global compatibilities under the uniformiza-
tion map:

Corollary 3.6.4. The above morphism iy, induces

(1) for any w € Adm({p})x a map
Xu(b)x — L5 (k) NS (k),
(2) for any x € KAdm({u}) a map

Xr2(b) = FE(k) N AL(EK).

4. EKOR STRATA OF HODGE TYPE: GLOBAL CONSTRUCTIONS

In this section, we will give some global constructions of the EKOR strata by adapt-
ing and generalizing some ideas of Xiao-Zhu in [84]. More precisely, we will introduce
the notions of local (G, p)-Shtukas and their truncations in level 1: the so called (m, 1)-
restricted local (G, u)-Shtukas, generalizing those in [84] in the case of good reductions.
We will construct a smooth morphism from the perfection Yé’f) of Sk to the moduli
stack of (m, 1)-restricted local (G, u)-Shtukas, such that its fibers give the EKOR strata
on 5’3&’8. This global construction will enable us to prove the closure relation for the
EKOR strata, which is independent of the He-Rapoport axioms in [31I]. In the hyper-
special case, see [85] for a different construction of the EO stratification using classical
affine Grassmannians.

4.1. Local (G, u)-Shtukas and their moduli. We return to the setting of subsection
Let G be a reductive group over Q,, and G be a parahoric group scheme over Z,
with generic fiber G. Let K = G(Z,) C G(Q,) be the associated parahoric subgroup.
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4.1.1. Witt vector affine flag varieties. Let k = F, and Affzf be the category of per-

fect k-algebras. We will work with the fpqc topology on Aﬁif , and we refer the
reader to the appendices of [93] and [84] to some generalities on perfect algebraic ge-
ometry. Recall that we have the Witt vector loop groups LTG, LG, and the Witt
vector affine flag variety Grg, such that for any R € Aﬁﬁf , LTG(R) = G(W(R)),
LG(R) = G(W(R)[1/p]) = G(W(R)[1/p]), and

Grg(R) = {(&,8)| € : G-torsor on W(R), B : E[1/p] = &[1/p]}
where & is the trivial G-torsor.

Let p : Gm@ — G@ be a cocharacter and {u} be the associated conjugacy class.
1=p P
After choosing a Borel subgroup B of G@ , we may assume that g is dominant with
P

respective to B. Recall that we have the finite subset Adm({u})x C Wx\W /Wk. For
any w € Wi \W /Wy, we have the associated affine Schubert cell Gr,, C Grg. Let

M= |J Gr,CGrg
weAdm({u})x

be the closed subscheme associated to Adm({u})x. In subsection it will be the
(perfection of the) special fiber of the Pappas-Zhu local model.

4.1.2. Local G-Shtukas in mized characteristic. Motivated by [76] Definitions 11.4.1 and
23.1.2 and [59], we have the following generalization of local Shtukas in mixed character-
istic of [84, Definition 5.2.1]. Recall that we write o : W(R) — W (R) for the Frobenius
map, as in subsection

Definition 4.1.3. Let R € Affif. A local (G, p)-Shtuka (or, a local G-Shtuka of type
p) over R is a pair (&, 3), where

e & is a G-torsor over Spec W(R),
e [ is a modification of the G-torsors ¢*€ and & over Spec W(R), i.e. an isomor-
phism
B 0" Elspecw(R)[1/p] = ElSpec W (R)[1/p]>
such that for any geometric point = of Spec R, we have Inv(5) € Adm({u})x. Some-
times we will also write the modification 5 as 8 : c*€ --+ £.

The last condition may need a few explanations: take any trivializations o : &y, 5 o0&,
and v : & = & 4, then the composition v o 3o « defines an element g € G(W (k(z))g).
For different choices of o’ and 7/, we get ¢’ = hyghs for some hy, hy € G(W (k(z))). Thus
the modification S defines a well defined element

Inv,(B) := [g] € GW (k(2))\G(W (k(x))e) /G(W (k(x))) =~ K\G(Qy)/K ~ Wi\W /Wi

The above condition is that for all geometric points x of Spec R, we require the elements
Inv,(B) to be in the finite subset Adm({u})x.

Let Shtiff}( be the prestack of G-Shtukas of type u. To describe it, first recall that
by construction we have Grg = LG/L™G. In the following we will need to consider the
o-conjugation action of LTG on LG: for any R € Affif,g € LG(R) = G(W(R)g), and
h e LTG(R) = G(W(R)),

h-g:=hgo(h™') € LG(R).
Similar to [84] (5.3.7) and [94] (4.1.1), we can describe Sht}ff}( as follows.

Lemma 4.1.4. We have the following isomorphism of prestacks

loc,c0

Shtif’CK ~ [m} ,
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where M C LG is the pre-image of M'°¢ C Grg = LG/L*G, which is stable by
the o-conjugation action of LG on LG, and the quotient means that we take the o-
conjugation action of LG on M2,

Proof. This is similar to [94] 4.1. We briefly sketch the arguments. First we note M
is stable under the o-conjugation action of LTG. Let ShtloCD denote the Lt G-torsor
over ShtIOC classifying local (G, u)-Shtukas together with a trivialization € : £ ~ &.
Then the composition € o 3 o o(e) defines an element g € M!°“>® and induces an
isomorphism ShtIOC H ~ Mlecoo ynder which the LtG-action on ShtlOC J is identified

with the o- conJugatlon action of LT G on M'°%“*_ This gives the desured isomorphism of
prestacks. O

Recall that inwe have introduced the set C(G, {,u}) KAdm({,u})K/K Since
k=T, we get LtG(k) = G(W(k)) = K, M>>(k) = KAdm({u})K. In particular, by
Lemma [4.1.4 we have

Sht,5 (k) = C(G, {n})-

4.1.5. An alternative description. Let (€, ) be a local (G,

g o= , then (&, B) is equivalent to the following data (v :

—
o y: & --» ?(_is a modification of G-torsors over Spec W(R) of type p,

)Shtuka Set € o*€&,
?, ), Where

1
<_
E -
Y O'*? ~ & is an isomorphism of G-torsors over Spec W (R).

Consider the assoc1ated local Hecke stack H k:}f‘}( for any R € Aﬂ'if , H k}f‘}{ (R) classifies

the modifications 7y : 5 -3 ? of G-torsors over Spec W(R) of type pu. We have the
isomorphism of stacks

Hk05 ~ [LTG\M"].
Let BLTG be the stack of L*TG-torsors, and

T HES, — BLYG  (resp. T : HK — BL*G)

%
be the functor which sends v to £ (resp. ?) Then we have the following cartesian
digram

1
Sht!2% HES,
BL*G 1 _ BL*G x BL*G.

For later use, we will also view the functors t and t in the following way. Recall that
Mloeo MIOC is a L+G-torsor. Then ¢ is given by the LTG-torsor

M — [LTG\M"] = Hk)%,
. .
and t is given by the L™ G-torsor

[L+g\Mloc,oo] N [L+Q\Mloc,oo/L+g] — [L+g\Mloc] — Hkloc

4.2. Moduli of (m,1)-restricted local (G, u)-Shtukas. To construct EKOR strata,
we need “truncation in level 1”7 of local (G, p)-Shtukas.
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4.2.1. (o0, 1)-restricted local Shtukas. Consider the reductive 1-truncation group L'~ 4G,
ie. for any R € Affzf,

LM G(R) = G5 (R).
Let
LrgM-rdt . ker(LTG — L-Tdtg)
and
ploc,(1)—rdt — LG/LJrg(l)frdt

be the image of M©°%* C LG under the projection LG — LG/LtGM~rdt Therefore,
the natural morphism LG/L+Q(1)_rdt — LG/L*G induces a morphism

Mloc,(l)frdt N Mloc
which is a Gi4-torsor. Motivated by Lemma we consider the prestack

_ [Mloc,(l)—rdt} |

loc(o0,1)
Sht,, Ad.L7G

Let ngdt be the stack of gédt—torsors. To describe Shtf(}goo’l), let us first note that

there are morphisms
(T L HES - BGY x BLYG,
- n
where t is given by the L™ G-torsor
M"° = [LYG\M"*] = Hk,

< . .
t 1714t is given by the Gi¥*-torsor

and
[L+g\M10c,(1)7rdt] N [LJrg\Mloc,(l)frdt/gédt] — [LJrg\Mloc] — Hk?}?’(}(

Then we have a similar cartesian digram

loc(o0,1) loc
Sht 058 HE!S,
i i?lrdtxresfoo?
ox1
Bgadt Bgédt % ngdt7

where
ress® : BLTG — BGEY

is the map induced by the composition of projections LTG — L'G = Gy — ggdt. In

particular, Shtl:(}goo’l) has the following moduli interpretation. For any R € Aff? / ,

Shtich({oo’l) (R) classifies

e a modification g : ? --» ? of G-torsors over Spec W(R) of type p, i.e. an
element 8 € Hk:if‘}((R),

e an isomorphism 1) : a*(?) rdt ~

%
E |54 of Gidt-torsors over Spec R.

Unfortunately, Shtifclgoo’l) is not algebraic, since LG is infinite dimensional.
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4.2.2. (m,1)-restricted local Shtukas. We need some variants of the above construction.

For any integer m > 1, consider the m-truncation group L™G, i.e. for any R € Affﬁf
L™G(R) = G(W,(R)). We have the natural projection morphism

1—rdt
Tmi—rdt : LG — LG,

Before proceeding further, let us note that the action of LtG on M factors through
L™G for some sufficiently large integer m. Indeed, recall M°¢ = UweAdm({u})K Gry, and
for each w € Adm({u})x, we have

Gry ~ LYG/(LTG NnuLtGnyb),

where n,, € LG(k) are some representatives for all the w € Adm({u})x. Consider the
intersection ﬂweAdm({#})K LTYGNn,LtGn,t. Let

LTG0 = ker(LtG — L™G).
Since the descending chain of subgroups LTG™ forms a topological basis of neighbor-
hoods of the identity, we find that for some sufficiently large integer m,
L+g<m> C ﬂ LTGn nwLJrQn;l,
weAdm({u})k
i.e. the action of LTG on M factors through L™G.
Let mg be the minimal integer satisfying the above. Take any integer m > mg + 1.

Now we consider the Adg-action of L™G on MM =rdt: for any R € AffP/, g € L™G(R)
and x € M'oe(M)—rdt(R)

9@ = g2o(Tm,1-ra(9)
Definition 4.2.3. For any sufficiently large integer m, set

Shtloc(m ) |:Mloc ,(1 )rdt:|

Ad,L™G
This is an algebraic stack over k.
Let m be as above and H kloc(m) [L™G\M™°], which is called the m-restricted local
Hecke stack. Similarly as before we have morphisms
(?1 —rdt _>) Hk‘loc(m N Bgrdt % Bng
where ? is given by the L"*G-torsor
Mloc [ng\Mloc] — Hk}?%o

which we denote by ?| D,,, and 1 1t is given by the Qrdt torsor

[ng\Mloc rdt} [ng\Mloc (1) rdt/grdt] [ng\Mloc] Hk}z%m)y

which we denote by 5 \Eilt. Then we have a similar cartesian digram
loc(m,1) loc(m)
Sht K HEk e
\L l?lrdtxres?{‘o?
1
Bg(r)dt oX Bg(r)dt % Bgadt,

where res]" : BL™G — Bg‘”dt is the map induced by the projection L™G — grdt.

Shtif;gm’l) has the following moduli interpretation. For any R € Aff} f Shtloc(m 1)(R)
classifies

e a point of Hk:loc(m)(R),

e an isomorphism ¥ : o* ?\ Dy )[4 ~ T %4¢ of Gidt-torsors over Spec R.
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Lemma 4.2.4. For any m sufficiently large as above, we have homeomorphisms of
underlying topological spaces

Shtl 0% | [Sht!25™ V|~ K Adm({}).
Proof. As always, set k = F,. Let K1 be the pro-unipotent radical of K , then by
definition LTGM (k) = K. Since M'°%®(k) = KAdm({u})K, we have
MW=ty — KAdm({u})K /K.
Then 5 oo 5 5
Shtloc(oo,l)(k) _ KAdm({fL})K/Kl _ KvAd{n({:u}v)K

wK K, K, (K x K1)

By Theorem (works of Lusztig and He), we have
KAdm({p) K /K, (K1 x K1) ~ Adm({p})X n W = KAdm({u}).

This gives a bijiection

Sty "] = X Adm({y.}).
To show it is a homeomorphism of topological spaces, we apply [24, Proposition 3.5]
(see also loc. cit. page 3248, paragraph 3.5), which implies that the closure relation on
\Shtichgoo’l)| is exactly given by the partial order <k . Since for any m sufficiently large,
the Ad,-action of LTG on M'e(M)=rdt factors through L™G, we have the homeomorphism
[Shtie | o~ [She 5™V, 0

loc

Consider the 1-restricted local Hecke stack H k:

write it as Shtloc(

= [Go\M'"¢]. Sometimes we also

L0 The underlying topological space is
|[Go\M ]| = Adm({p}) x
We have natural maps
ShtloSe — Shtl%* — Sntl2™ Y T [Go\M1ee].
Proposition 4.2.5. All the arrows above are perfectly smooth.

Proof. The first arrow is perfectly smooth, since M©0©° — pfloci-rdt jq o p(1)-rdtg

torsor; the morphism Shtlocl({Oo SNNN ShtIOC(m 1)
loc(m 1) 7rK

is a LM G-gerbe, thus it is perfectly
smooth; the morphism Sht — [Go \M 10“] is a composition of a godt torsor and a
ker(L™G — LG = Go)- gerbe thus it is also perfectly smooth. O
When K = I is an Iwahori subgroup, then by [31, Corollary 6.2], the morphism
- Shtloc(m 1) = [Go\M™]
induces a homeomorphism of underlying topological spaces

St 5™V 22 [[Go\ M| = Adm ({1}).

The following proposition gives the links between moduli stacks of (m, 1)-restricted
local (G, j1)-Shtukas and Git-zips. For any w € Adm({u})x, recall that in subsection

We have the algebraic stack ggdt-Zip 7, of ggdt—Zips of type Jy,. Let ggdt-Zip% be its
perfection.

Proposition 4.2.6. For any w € [Go\M'°°|, there exists a natural perfectly smooth map
of algebraic stacks

T (w) — Go-Zip)

inducing a homeomorphism of the underlying topological spaces ‘71'[_(1(10” o~ \dit—Zipf'}ﬂ.
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Proof. For any w € [[Go\M?]| = Adm({u})k, let Gr, — Gr, be the Gdt_torsor
induced by Mee:()—rdt _y prloc gyer Gr,, € M ¢, Then we have
Gry }
-1 w
T (W) = | ——— .
K (W) [Ado-ng
Let Jy, be as above. We get parabolic subgroups Py, and P, (;,) of gg;dt with corre-
sponding unipotent radicals Uy, and Uy, ) as in Let Lj, be the common Levi
subgroup of Py, and Py (z,). Then similar to [84, Lemma 5.3.6], we have a perfectly
smooth morphism
— pf
Groy = [(G5" /U, X G5 [Upr(,)) /Lt
which intertwines the L™G-action on the left hand side to the Qédt—action on the right
hand side. Hence we get a perfectly smooth morphism

)

(E}/ pf .
ddpg) GG U < G U ) L] = G52,
which induces a homeomorphism between the underlying topological spaces by
Here the last equality comes from [66, Theorem 12.7]. O
When K is a hyperspecial subgroup, then |[Go\M IOCH consists of a single point, thus
we have 7' (w) = Shtif'}gm’l), and the above proposition recovers [84, Lemma 5.3.6].

4.3. Application to affine Deligne-Lusztig varieties. Let (G, [b], {1}) be a triple as
in subsection Fix a representative b € G (@p) and a parahoric subgroup K C G(Q).
Let G be the parahoric model over Z, of G corresponding to K. We get the associated
affine Deligne-Lusztig variety X (u,b)x as in subsection This is a closed subscheme

of Grg which can be described as follows. For any R € Affzf , we have
X(u,b)r(R) ={(&,8) € Grg(R) |V geometric point x of Spec R,
Inv, (B o (B)) € Adm({u})k}.

Fix an element w € Adm({u})k, then the locally closed subscheme X, (b)x introduced
in can be described similarly: for any R € Affif , we have

Xuw(b)x(R) ={(&,B) € Grg(R) |V geometric point x of Spec R,
Inv, (B~ 0o (B)) = w}.
The KR stratification in this setting is the following
X, bk = H Xuw(b)k-
weAdm({u}) K

The element b defines a local (G, p1)-Shtuka by the modification
b: 0'*5() = 80 - 50.
For any point (€,8) € X(u,b)k(R), we get another local (G, u)-Shtuka by the modifi-

cation
B o (B) : 0 E -5 €.
In this way we get a natural morphism of prestacks
X (1, b) — Sht)2%-.

Fix an integer m which is sufficiently large as in the last subsection. Composing the
above morphism with the restriction map Shtiffk — Shtizclgm’l), we get a morphism of
algebraic stacks

vt X (b)) — Shticl({m’l),
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which interpolates the morphisms (, in [3.6.2] when w varies. The fibers of vg are
then the EKOR strata of X(u,b)x. This gives a geometric meaning of the EKOR
decomposition in [I1] 3.4 and [12] 1.4.

4.4. Application to Shimura varieties. Now we come back to Shimura varieties and
the setting at the beginning of section 3| Let (G, X) be a Shimura datum of Hodge type,
and .7k = 7k (G, X) be the integral model introduced in[2.2with K = K, K?, K, = G(Zy)
and G = G°. We are interested in the special fibers #k g of #k, and we consider its
perfection

Shi := (Fi,0)" = lim Fic .

In the following, since KP? is fixed, we will simply write Shk as Shg, and the subscript of
related morphisms with source Shx will also be written simply as K. By [76], Corollary
21.6.10] and [30, Theorem 2.15], the perfection of the special fiber of the Pappas-Zhu
local model can be identified with the closed subscheme M in subsection 4.1l As
usual, we get the conjugacy class of minuscule characters {u}.

Proposition 4.4.1. There exists a G-Shtuka of type p over Shy . In particular, we get
a morphism of prestacks
Shy — Sht)%-

Proof. Recall that in [2.3.11| we have the display (M, M, ¥) attached to the p-divisible
group A[p>] |4, and by Proposition [2.3.12| there is a tensor s, € M ®. For any

R e Affif , by Corollary
& = o Isomyy gy ((LY,5) @ W(R), (M, s04))

is a G-torsor over W (R). Then ¢*€ is also a G-torsor over W(R), and the linearization
of the Frobenius on M induces a modification 8 : 6*€ --» £. The local model diagram
over k implies that for any geometric point = € Spec R, we have Inv, () € Adm({u}) k-
Thus we get a G-Shtuka of type p over Sh.

U

Now consider the moduli stack Shtl:’C[gm’l) of (m, 1)-restricted local (G, j1)-Shtukas as

in Definition for the current setting.

Lemma 4.4.2. The minimal m for the definition of the above Shtif(}gm’l) s m = 2.

Proof. We will prove that the left action of LTG on M$®()=1dt factors through L2G,
and the Ad,-action is similar.

For any m > 2, as before, let LTG(™) = ker(L*G — L™G). We need to check that
LTG® acts trivially on MM —1dt  Thig comes from the fact the LTGM) acts trivially
on M™° since by construction of the Pappas-Zhu local model, the action of L1tG on
M factors through Gy. B

More precisely, let k = [, and g be the Lie algebra of Gy (1, then LTGM (k) = 14p™-g
for all positive integer n. The action of L+G™) on M€ is trivial, so for any w € Adm({u})x,

LYgW(k) cw- LTG(k) - w!,
and hence p - g C wgw~'. In particular, we have
LG (k) c w- LYG™ (k) - w™, for all positive integer n and all w € Adm({u})k.
We use the notation in the proof of Proposition [£.2.6] For any w € Adm({u})x,
Gro(k) = KwK /Ky = LTG(k)wLtG(k)/LTGW (k).
For any g € LYG®)(k),w € Adm({u})x and g1,92 € LTG(k), we have

g qrwge = giwgs - (g1wg2) "' - g - grwgo.
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Noting that LTG® ¢ LG is normal, we see by the above inclusion that g - giwgs is
of the form gjwgs - g3 for some g3 € LYGW (k) ¢ LTGM 4 (k). This proves that the
usual action of LTG® on Mloc(D)—rdt ig trivial. O

Fix an integer m > 2. Composing the morphism Shy — ShtI:fK in Proposition m
with ShtlOC — Shtloc(m 2 , we get a morphism of stacks

Vi : Shg — Shti?(}gm 1).

Recall that by the local model diagram, we have the morphism of stacks
A : Shyg — [Go\M™ ],
which is perfectly smooth.

Theorem 4.4.3. The following diagram commutes:

Shy VK Shtloc(m 1)
P
(Go\ M,

Moreover, vk is perfectly smooth.

Proof. The above commutative diagram comes from the fact that the perfection of the
special fiber of the Pappas-Zhu local model can be identified with the closed subscheme
M™¢ in subsection by [76, Corollary 21.6.10] and [30, Theorem 2.15].

Now we prove that vg is perfectly smooth. The arguments in the proof of [84]
Proposition 7.2.4] apply here. For the reader’s convenience, we recall how to adapt
the arguments of loc. cit. to our situation as follows. First, similarly as in the proof

of Lemma |4.1.4] let Shtloigm 1.0 be the L™G-torsor over Sh‘cloc(m 1 such that for any

R € Affif , Shtlicl((m s D(R) classifies the trivialization e ?] Dm(R) == €0,D,m(R), Where
D, (R) = Spec Wy, (R). Then standard arguments show that

loc(m,1),0 _ 7 rloc,(1)—rdt
tloem D0 o e 1)

such that the L™ G-action on the left hand side corresponds to the Ad, L™ G-action on the
right hand side. On the other hand, we can consider the L"*G-torsor Sh( Ho over Shg

such that for any R € Affpf Sh(m Ho (R) classifies the trivialization e : ?|Dm (R) == €0,Dpn(R)-

Clearly we have

loc(m,1),0

Shggnvl)D — ShK X 1oc(m 1) Shty K

Sht

Let w(m,1) : Sh(Km’l)D — Shg be the projection, which is a L™G-torsor. Consider the
composition map

g(m, 1) : Shi*V" 5 Shey™ V) o pyloe(-rdt,

Then the map vk : Shg — Shtloc(m i equivalent to the following diagram
Sh{mH-
w(m,1) W
Shy Mloc,(l)—rdt’

which is L™G-equivariant for the actions of L™G on Sh%n’l)D and Mlec(D)—rdt o9 ahove.
To prove vy is perfectly smooth, we need only to show g(m, 1) is perfectly smooth.
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Let 29 be a k-point of Sh&?’l)m with image « € Shx. Then we can find an étale

neighborhood a : U — Shg of x such that the pullback of the L™G-torsor ?| D,, toU
is trivial. Fix such a trivialization e : ?] D =~ &0.D,,, Which is equivalent to a lifting
a™ U — Shy(n’l)tI of a. Then the map
a? U x L™G — ShY™ VP (u,g) — (alw), ge)
is étale and gives an étale neighborhood of z". It suffices to show the composition
a”(m,1) = q(m,1) 0 a™ : U x L™G — Sh{"D — pploe:(D)-rde

is perfectly smooth. We can make the above map more explicit. Consider the composi-
tion
a(m,1) = q¢(m,1) 0a™ : U — Shgzn’l)D — Moo ()=t
Then for any (u,g) € U x L™G, we have
a”(m, 1) (u, g) = ga(m, 1)(w)mm,1—rat(o(g) ).

The perfection of the local model diagram over k gives us

ShilO
wy w)
Shy ]\4loc7
with Shg’o)D = Shg := (%{p)pf,ﬂ'(l,()) = 7Pf and ¢(1,0) = ¢?/. The morphism
a™ U — Sh%n’l)EI naturally induces a morphism a) : U — Sh%o)m. The local model

diagram implies that the composition
(1,0)00 1
U — Shy, — M°¢
is étale. Now we have the following commutative diagram

a9(m,1)

U x LG Mloc,(1)—rdt

| |

U Mloc’

where U x L™G — U is the natural projection. Since the bottom line is étale, to show
a(m, 1) is perfectly smooth, it suffices to show the induced map

—_——

CLD(m, 1) U % ng S U X pfloc Mloc,(l)—rdt

is perfectly smooth. Note that the left hand side is a trivial L™G-torsor over U, the
right hand side is a Q(r)dt—torsor over U, and the above map is morphism over U.
Let L;'G be the usual Greenberg transform of G ® Z/p™Z, then L™G is the perfection

of L;'G. The morphism a : U — M loc¢ descends to an étale morphism a’ : U’ — M™©c,
Let U'(M be the trivial G§%-torsor over U’. Then (U W)Pf ~ U x pp0c MPS(1=1dt anq

the above morphism a“(m, 1) is the perfection of

FrUxLG UM (u,g) — ga(m, 1)(u)mm1—wat(o(9) ™),
which is a morphism over U’. It suffices to show this morphism is smooth over U’.
Noting that L;'G is smooth and that U '(M) is smooth over U’, we only need to show that

for each = € U'(k), the induced map on fibers f, : L;'G — UXY is smooth. On the level
of tangent spaces, we can ignore the action of o(g) and the infinitesimal action induced
by fz is identified with the projection L;'G — ggdt. So f and hence f is smooth.

O
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Consider the morphism of stacks

vk : Shg — Shti?(}gm’l).

By Lemma |4.2.4 \Shtizi((m’l)| ~ KAdm({u}) and by Proposition [4.2.6} the fibers of v
are then the EKOR strata of Shx. Note that we have the identification of underling
topological spaces

[Shrc| = |Zk,0l
Since by Theorem [£.4.3| v is perfectly smooth, we get the closure relation for EKOR
strata on .#k o, which is independent of the axioms of [31] (compare Corollary (2)):

Corollary 4.4.4. For any x € ®Adm({u}), the Zariski closure of the EKOR stratum
FK o 18 given by
FZo= 11 Ho
' <K,oT
5. EKOR STRATA OF ABELIAN TYPE

In this section, we will extend the construction of the EKOR stratification to Shimura
varieties of abelian type.

5.1. Some group theory.

5.1.1. Let a : G; — G2 be a central extension between connected reductive groups
over Q, with kernel Z. Then « induces a canonical G1(Q))-equivariant map

a, : B(G1,Qp) = B(G2,Qyp).

Let x € B(G1,Qp) with associated group schemes Gy , and G7 .. Set y = a.(x). Then o
extends to group scheme homomorphisms

a gl,z — g2,ya (07N gix — giy-

Let Z be the schematic closure of Z in G7 .

Proposition 5.1.2. ([37, Proposition 1.1.4]) Suppose that G1 splits over a tamely ram-
ified extension of Q, and that Z is either a torus or is finite of rank prime to p. Then
Z is smooth over Z, and it fits in an exact sequence

1= 26/, —G,—1

of group schemes over Z,. If Z is a torus which is a direct summand of an induced
torus, then Z = Z° is the connected Neron model of Z.

In particular, if G splits over a tamely ramified extension of Q,, Z = Zg is either
a torus or Zgder has rank prime to p, for z € B(G,Q),) with associated integral model
g =g°, gad =g /Z is connected, and it can be identified with the parahoric model of
G@‘i attached to 224, i.e. Gad = gade,

5.1.3. Let G be a connected reductive group over QQ, with a parahoric model G over
Zy. Let {p} be the conjugacy class of a cocharacter p : Gm,@p — G@p. As in we get

the associated {u}-admissible set Adm({u}) C W. Let K = G(Zy). We have also the
sets KAdm({u}), Adm({u})x together with the surjection X Adm({u}) - Adm({u})xk.

Let (G*, {1®1}) be the associated adjoint group with the induced conjugacy class
of cocharacter. Let K3 = G#4°(Z,), then we have the associated sets Adm({u2d}),

Adm({#*}) jeaa and K™ Adm({p4}).
Lemma 5.1.4. The natural map (G, {u}, K) — (G*4, {24}, K24 induces bijections

(1) Adm({u}) = Adm({p*}),
(2) Adm({u})x = Adm({p*}) gaa,



EKOR STRATA FOR SHIMURA VARIETIES WITH PARAHORIC LEVEL STRUCTURE 57
(3) HAdm({u}) = K™ Adm({p*}).

Proof. Let W and Wad be the Iwahori Weyl group of G' and G2 respectively. Then
the natural map G — G2 induces a map W — W24, which restricts to a bijection
on the affine Weyl groups W,(G) = W,(G?Y). By definition, Adm({u}) C Wa(G)r,
Adm ({2} € W,(G24)72d with the elements 7 and 784 attached to {u} and {24} in
1.2.5| respectively. Since WO(GQP> ~ Wg(G(a@i), one sees that W, (G)T = W, (G*d)rad

restricts to a bijection

Adm({u}) 5 Adm({™}),

On the other hand, the natural map K — K2 induces a bijection on finite Weyl groups
Wi = Wiaa. Thus we get a bijection

WK\WKAdm({M})WK/WK :> WKad\WKadAdm({Mad})WKad/WKad.

The maps W — Wad and Wi = Wy induce a map W — K*W. Thus we get a
map
Adm({u}) VKW — Adm({*}) N KW,

which is a bijection since the two sides admit surjections to Adm({x})x and Adm({p}) gaa
respectively, but we have just shown Adm({u})x ~ Adm({p})gaa, and the above
map induces bijections between the fibers on both hand sides. We can conclude since
KAdm({u}) = Adm({g}) N KW and similarly ©** Adm({z*?}) = Adm({p*}) N KW
by Theorem [1.2.2 O

5.2. The adjoint group action on KR strata. In this and the next subsection, let
(G, X) be a Shimura datum of Hodge type such that G splits over a tamely ramified
extension of @, and the center Z = Zg is a torus.

5.2.1. Fix a Siegel embedding
i:(G,X) = (GSp,S%)

as in subsection Fix a point x € B(G,Qp). We write G = G, for the Bruhat-Tits
group scheme attached to z. We assume G = G°. Then gad — gade 4nq G%?p) = G%‘(j;’)
(cf. p.1.1). Let K) := G(Zp), for KP C G(A%) small enough, we set K := K,KP. Let
K,, C GSp(Qy) be the stabilizer of the lattice V7, as in For K? above, we can find
an open compact subgroup K'P C GSp(A?) and set K’ = K, K P, such that we have a
morphism of schemes over Op
tSﬂK(CTYv)() — yK'(GSpasi)OE7
which induces a closed embedding Shx (G, X) < Shyx/(GSp, S*)r on generic fibers.
Taking the limit over K?, we get a morphism ./, (G, X) — YKZ/)(GSp, Si)oE.
By [37, Lemma 4.5.9], we have the following diagram

ad
tSﬂ[{p(GY? X)
T
Ik, (G, X) Mg
where 7 is a G*-torsor, and ¢ is G*-equivariant. The G24-torsor z%dp(G, X) is induced
from the G-torsor %(p(G,X) in Theorem [2.2.3| by the natural map G — G2, For any

sufficiently small K?, the induced map yf%i (G,X)/KP — Mlc‘;’CX is smooth of relative

dimension dim G24,
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5.2.2. By [37] subsections 4.4 and 4.5, we can describe the action of G*¥°(Z,)) ™ = G*4(Z,))*
on Yk, (G, X) as follows. Let v € Gad(Z(p))+ and P the fibre of Gz, — G%‘(ip) over 7.
Then P is a ZGZ( )—torsor. The element v induces a morphism on generic fibers

p

v : Shy (G, X) — Shye (G, X).
Let T' be a Op-scheme and z € .k, (G, X)(T'). As in [37] 4.5.1, we get a triple
(Az; Az, €8)
by the morphism .k, (G, X) = Sk, (GSp, S*)o,, where A, is an abelian scheme over
T up to Z,)-isogeny, equipped with a weak Z,-polarization A;, and
el € %}F(T, Tsom(Vys, VP(Az)g))-

Then by [37] Lemmas 4.4.6, 4.4.8 and 4.5.4, we get another triple (Af,)\f,egp), and
by loc. cit. Lemma 4.5.7, the assignment

(Ag, Mg, €0) — (.A73 AP 5P’P)

[ AR b R
induces a map
v pr(G,X) — pr(G,X)
whose generic fibre agrees with the map induced by conjugation by ~.
Combining the G*4(Z,))T-action with the natural action of G(A}) on Jk, (G, X)
induces an action of & (G, ) (cf. 2.4.2) on Sk (G, X).

Now, following [37, Lemma 4.5.9], we explain how to lift the Gad(Z(p))Jr—action on

Yk, (G, X) to an action on %i}‘i (G, X). Fix a Galois extension F'|Q such that P admits
an Op ) = O ® Z,)-point 7. We have an isomorphism of abelian schemes

ay 1 AL ® O = Ay ® Op,

which is Op-linear for the natural Og-actions on both side. Passing to the de Rham
cohomology, we get an Op-linear isomorphism

az!: Hig(Ar/T) @ Op = Hig(A7/T) @ Op.

Let (2, f) € Sk, (G, X)(T) be a point which lifts = € ., (G, X)(T). Then

f:Vg, ®O0r = Hig(A./T)
is an isomorphism with f®(s,) = sq,ar. The composition

-1
-
azlo(f®©1): V. ® 0r ® O '3 Hig(A/T) © O 2 Hip(AL/T) ® O

induces a well defined element in %%‘;(G, X)(T) (cf. the proof of [37, Lemma 4.5.9]),
which depends only on the image of (z, f) in %%dp(G, X)(T) and on 7.
Proposition 5.2.3. Let .y be the special fiber of Sk, (G, X) over k = F, and K = K,,.
Consider the KR stratification %y = [, aam(uy)x 70 - Then each KR stratum S4° is
stable under the action of Gad(Z(p))Jr on Ap.

Proof. Let ?@d and My be the special fibers of %%i(G,X ) and MlGOCX respectively.
Consider the following diagram

ad
7

7N

20 M
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induced from that in on the special fibers. By the above, the Gad(Z(p))+—action on

S can be lifted to an action on ,57(?‘1. Let G4 (Zy)) " act trivially on Mg. Then 7 and
q in the above diagram are Gad(Z(p))+ -equivariant. Therefore each KR stratum 7" is
stable under the action of Gad(Z(p))Jr on 7. O

5.3. The adjoint group action on Zips. As before, let . be the special fiber of

Yk, (G, X) over k. We change our notations slightly and write [=.% and I? = 575“1.

Consider the following diagram
Tfad
0 My

introduced in and in the proof of Proposition As Gdd-torsors over .7, we
have ﬁad =1 Xgo go/Zk.
We write K = K),. Fix an element
w € Adm({p})x = Wk \WrAdm({u})Wk /Wk = [Go\Mo](k),
and consider the associated KR stratum .7;" C /). Let
- 7%, and Y - AP
be the pullbacks of I — % and I* — .%, respectively under the inclusion of the KR
stratum .7’ C .%. As in we get the map
v — 7,
which is a G ,,-torsor. Set ggﬁu = Go.w/Z), and

Jad,w _ qw gO,w ad
L = I X0 Goy-

Then ﬁid’w — SV isa ggﬁu—torsor )
By Proposition |5.2.3] we have a Gad(Z(p))+—action on .73’. We get an induced
Gad(Z(p))+—action on 1?4 which is by definition f +— a;l o(f®1), for f e adw,
Similarly, we can consider the conjugate local model diagram on special fibers (cf.

3.4.1))
ﬁad
0

which is G*4(Z,)) T -equivariant (where G*!(Z,))" acts trivially on M§). Similarly as
above, we get

C
Mo,

¥ — ¥, and P 20
Consider the universal abelian scheme A — .7 and its de Rham cohomology HJp (A/.7).
The F-V-module structure on H}g(A/.7") induces an isomorphism

~ . T ) U7 T
C PP Gl S TG
which is equivariant with respective to the isomorphism
U, ~
gO,w/goﬂgp) — gO,a(w)*l/g(l)],a(w)*l’
where gé{ w» and gg o(w)-1 ATe the groups defined in Proposition (3). Passing to gg;dt

and gédt’ad we get a gédt—zip of type Jy, over ;" (cf. Corollary [3.4.10)):
(]valia]ll—ua L)a
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and a g(r)dt’ad—zip of type J,, over .7
(Pdw P Py,

In particular, as in the proof of Theorem [3.4.11] we get a diagram

Eadﬂﬂ gédt,ad
<5ﬂ0 [EZ‘ld \grdt ad]7

with E2dw — " an B zaa-torsor, where Zad is the algebraic zip datum induced from
Zy by Gt — grdt 24 By Proposition Gz ()T acts on S,

Proposition 5.3.1. The Gad(Z(p))+—actz'0n on S lifts to an action on E¥*. More-

over, the above diagram is Gad(Z(p))+—equivariant, where Gad(Z(p))+ acts trivially on
grdt,ad
5

Proof. Notations as in Lemma we work with the tuple (ﬁw,ii,if,ﬂ. Let E¥ be
formed by the following cartesian diagram.

Ev v

L

0,0(w)—

Iy — T — T g — T /gy

There is a morphism E¥ — Gy induced by (f+, f-) — ¢ where g is the unique element
in Gp mapping fi to f_. Passing to quotients by Z, we have (ﬁad’w,ﬁid’w,ﬁid’w,?d),
and hence EA% with a morphism to G34 := Gy /Z}..

It suffices to show that the G4 (Z(p))+—action on .7y" lifts to an action on IEad’w, and
the above morphism is G*(Z ;) "-equivariant, where G*(Z,))" acts trivially on G§9.

For v € Gad(Z(p))+, T a scheme over .j" and (z, f) € I¥(T) with = € L30T,
notations as in [5.2.2] we have an isomorphism of abelian schemes

a5 : AL ® Op — A, ® Op,

which is Op-linear for the natural Op-actions on both sides. Passing to the de Rham
cohomology, we get an Op-linear isomorphism respecting Hodge-Tate tensors

1 HiR(AL/T) ® Op 5 Hig (AT /T) @ Op.
Moreover, (v(z), oz;l o(f®l)) e I¥(T ® Op) descends to an element in 1*4*(T') which
depends only on the image of (z, f) in fad’w(T) and on 7.

The isomorphism a;l is induced by an isomorphism of abelian schemes, and hence

commutes with Frobenius and Verschiebung. So, if (z, f) € iﬂﬁ(T), then
(v(z), 05" o (f® 1)) € (T ® Op)

descends to an element in ]Iad "(T). The same holds if we change + to —. Moreover, as
7 is induced by Frobenius and Verschiebung, we have a commutative diagram

w ad,( 72d Tad,w
/gO w — 1= /g([){g'(w)_l

—1 —1
l% l%

ad,( d =54,
w ) /go — I w/gga(w)*l’
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and hence a G4 (Zy)) *-action on E2dw_ Noting that

Ew(T) 2 (1’, er,f,) = (/7("1")7 O";l 0 (f+ ® 1)a a;l 0 (f* ® 1))
via 7, they have the same image in G4, as it is the unique g € G&4(T) such that
frog=f_ogin I,
O

5.4. EKOR strata of abelian type. We return to the setting of subsection Let
(G, X) be a Shimura datum of abelian type such that

e cither (G2, X24) has no factors of type D™,
e or G is unramified over @, and K, is contained in some hyperspecial subgroup

of G(Qy).
We take an associated Hodge type datum (Gi,X;) as in Theorem [2.4.6] (3) or (4)
according to the above cases. We will apply the constructions in the last two subsections
to (Gl, Xl)

54.1. Let x € B(G,Qp) and 71 € B(G1,Q,) such that 22 = 234 € B(G*,Q,). We
denote the model of G (resp. G1) defined as the stabilizer of x (resp. x1) by G (resp.
G1), with connected model G° (resp. G7). As in the proof of [37, Theorem 4.6.23], we can
and we do choose (G1, X1) and x; such that Zg, is a torus and G; = G7. We have group
schemes GZ(,,), G%(p) and GI,Z(p) over Z,) corresponding to G, G° and Gy respectively.

Write K, = G(Zy), K, = G°(Zp) and K1, = G1(Zp). By the discussion in we have

ado __ ,vad
GZ(p) T LZ,)

as group schemes over Z,. In particular, we have G*°(Z,))™ = Gi4(Z,))", and

P)
go,rdt,ad _ gado,rdt o gad,rdt o grdt,ad
0 =% =Y10 T Y10
as reductive adjoint groups over k.
Let ks 0 (resp. Sk, ,0 ) be the special fiber of ks (G, X) (resp. Sk, ,(G1,X1))
over k = F,. Recall that we have (cf. [2.4.3)
Sl
S50 = 1750 % @ Ca) )V (G, )]
and the following diagram (cf. Theorem [2.4.6] (3))

ad
S K30

/ \
loc
K30 MET x, 0

where 7 is a dio = gi‘%—torsor and q is ggdo—equivariant.

Corollary 5.4.2. We have the KR stratification yKﬁfo = HweAdm({u})K y[?;,o’ such
that for each w, the stratum .  is non empty, smooth, equi-dimensional of dimension
p7

dim Y;é’;p = ((Fwg).

Proof. Since MIGOf x,0 only depends on the associated adjoint datum, and the Qi%—

orbits on M1G°f7X170 are parametrized by Adm({,u‘i‘d})Kﬁ = Adm({u})x, the above dia-

gram gives a KR stratification sz‘?vO = HwEAdm({u})K Y}é’;’o, with each stratum Y}é’;p

(Kwg).

Moreover, for w € Adm({u})x = Adm({u3}) Kad, we can make the link between
P

the KR strata S o and 73 o Let " C 7 be the pullback of S
p? P P P \D

smooth, of equi-dimension with dim .7}, ; = ¢
p’
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to the connected component YI}F 0 C LK1 ,0- By Proposition the G34(Z o) t-

action on .7 + .0 Stabilizes S + .00 We get an extended action of o (G1 Zy)° onit. The
construction 1n m gives us

7]
7+ (o]
TR0 = L7500 > MGZ@)M/MGLZ@) J"
We get the non emptiness since each 5” 0 is non empty. U

5.4.3. Consider the diagram

ad,w rdt,ad
E K1, g

|

w
yKl’p,O

for the KR stratum 7% L0 88 in the paragraph above Proposition (see also the
proof of Theorem [3.4.11). Here Ead’z = K, 0 15 an Ezpa -torsor, with Z, the

algebraic zip datum induced from Zi,, by Ql — grdt 2 We get

ad,w,+ w,+
EKI — YKlp’O

ad,w

L <5”K 0 along the inclusion 5” 0 C YKl o Since the
Gad(Z(p)) -action stabilizes YK .07 by Proposition we have a lift of this action

to E?gf:+ Then we get an induced action of M(GLZ(M)O on E??ll;ﬂr Set

by pulling back E-

» . 11
B = {[Elgf,p7+ x o (Gz,) )|/ (Grz,) }

p

By (the proof of) the above Corollary we get a diagram

ad,w rdt,ad
Ej:” — Gi%

|

w
o 0
K20

Here E?g&w — 5”}("0 0 18 an Ezaa-torsor, with Z2d the algebraic zip datum induced from
Z, by G1 — G2, We have go" "4 = grdt 24, zad = 22, and thus Ezaa = Ezpa . In
particular, as in [3.4] we have a morphism of stacks ’

Cw : yKO 0 [Ezad\grdt ad]

from which we can define an EO stratification to get the EKOR strata in %, ,. Letting
p?
w € Adm({u}) i vary, we get the EKOR stratification on S o

5.4.4. By Lemma [5.1.4) we can identify the sets Adm({u})x = Adm({,uld})Kad and
KAdm({p}) = K'» Adm({p1}). For w € Adm({n})x, we have the following diagram

,+
y;éjl,p,o ‘y;a,p,o [Ezl w\grdt]

| |

y;{ug% - ;(Ug 0 [Ezad\grdt ad]
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where yﬁltﬂ — .7 w;’m is a pro-étale cover and
w?+ —_ w7+
yK;;,o = yKl,p,o/A7
with
A= ker(%(Gl,Z(m)o — M(Gz(p))o).

The map [Ez, ,\GI{] — [Ezgd\g{dot’ad] is a homeomorphism. For z € K Adm({u}), we
have also a pro-étale cover
T, + x,+ T,+ x,+
L0 = .07 yK;;,O = yKLp,O/A’

and 7]
Fgo = |50 0 % @Gz, | (Grz,)°| -

Therefore, we can deduce results for EKOR strata of abelian type from those in the
Hodge type case. We summarize the results as follows.

Theorem 5.4.5. Let (G, X) be a Shimura datum of abelian type such that (G2, X24)
has no factors of type D™. Let K = Ky K?P and S = Hx 0.
(1) We have the EKOR stratification

SH= I A
€K Adm({u})

where for each x € KAdm({u}), the stratum 7§ is a non-empty, locally closed
smooth subscheme of %y, which is equi-dimensional of dimension ¢(x). More-
over, we have the closure relation
x/SK,Jr
(2) Every KR stratum in /7 is quasi-affine. If in addition aziom 4 (c) is satisfied,
every EKOR in Sk o is quasi-affine.
(3) For x € KAdm({u}) viewed as an element of Adm({u}), the morphism

x . T T
Tk LTo = Ko

induced by 7y is finite étale. If in addition aziom 4 (c) is satisfied, 77 ;- is a
finite étale covering.

We believe that our global constructions in section 4| can be generalized to the abelian
type case, except we should work with the associated G24°-torsors instead, as [37] sub-
section 4.6. In case of good reductions, see [50] and [78] for some related constructions.
We leave the general case to the interested readers.

5.5. Relations with central leaves and Newton strata. We continue the assump-
tions and notations of the last subsection.

5.5.1. Recall that in subsection [3.1] we have defined

Tk, + rr, (k) = C(Gr, {m})
and

Orc1, + Sk, (K) = B(Gr, {pa}).
The fibers of Tk, , and 0k, , are called central leaves and Newton strata respectively,
both of which are the sets of k-valued points of some locally closed reduced subschemes
of .¥ K1,p,0-

By the method of [78] sections 3 and 4, we can define central leaves and Newton strata

for the abelian type case Sk 0. More precisely, consider the composition of T, , with
the natural map

C(Gr, {m}) = C(GI4, {ui}).
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We call the fibers of
Ty, (k) = C(GH, {u3})

adjoint central leaves, which are finite (set theoretically) disjoint unions of the central
leaves defined above, by the following lemma. Therefore, we may consider them as
locally closed reduced subschemes of yK17p707 which we will also call adjoint central
leaves.

Lemma 5.5.2. We write simply G = G1, G = G1 and gad — g?d. The natural map
C(G) — C(G™) is finite to one. If Zy,, the closure of Z¢ in G, has connected fibers,
then it is bijective.

Proof. Recall that we always assume that Zz,,, is smooth. Let h € G(Qp) with image
h2d e G24(Q,). Denote by [h] and [h*]] the associated classes in C(G) and C(G*9).
Up to a—f(—conjugacy, we can assume that h = gw with g € K and w € W. Then
h?d = g2dw2d, The preimage of [h*4] under the map C(G) — C(G*9) is the set

9

{[zhl] 2 € Zz,(Zyp)}-

If Zz, has connected special fiber, for any m > 1, consider the level-m Greenberg
transformation Z,, of Zz,, which is a connected smooth scheme over F,. Noting that
Zm is connected, the morphism

Om : D —> Ly, T+ xila(x)

is a finite étale cover. Let ¢, : Z! — Z,,+1 be the pullback of ¢, : Z,, — Z,, under
the natural projection Z,,+1 — Z,,. Since the following diagram

Zm+1 —Zm

¢>m+ll \L¢m

L1 —> Zm

is commutative, we get a morphism ¢p+1.m : Zm+1 — Z,, such that ¢pr1 = @, 00m+1.m-
The morphisms ¢,,+1 and ¢), are both finite étale covers, thus so is ¢p41,m. We de-
duce that for any z € ZZP(ZP), there exists = € ZZP(Zp) such that z = x7lo(z).
Therefore the set {[zh]| z € Zz,(Z;)} consists of one class. On the other hand, by Stein-
berg’s theorem G(@p) — Gad(@p) is surjective if Zz, has connected generic fiber, and

K — K is surjective since Zyz, is smooth. We conclude that if Zz, has connected
fibers, C(G) — C(G*) is bijective.
In general, let Z; C Zz, be the neutral connected component. Then Z7 (Zp) is of

finite index in Zz, (Z,). From the above paragraph we deduce that C(G) — C(G*?) is
finite to one. O

5.5.3. Adjoint central leaves and Newton strata of abelian type. Consider the map
T, (k) = C(GH, {1i?})

as above. For each ¢ € C(G24, {p39}), let S .0 be the fiber of the above map at ¢, con-

sidered as a subscheme of S, . Consider the connected component 5”;{1 0 C LK1 ,.0-
R 2l P
Let

c,+ c
LK 0 C TR0

be the pullback of the adjoint leaf .7 .0 under the inclusion 5”;{1 0 C SK 0

Proposition 5.5.4. The G?d(Z(p))Jr-action on 171'("1 0 Stabilizes YICQJFP 0-
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Proof. For x € Yk, ,0(k), we denote by D, the Dieudonné module of the p-divisible

group at z, and I, the set of trivializations respecting the crystalline tensors. In

particular, I, is a Kj-torsor. Let & : VZV — VZV ? be the the isomorphism given by
P P

v®k+—v®1®k, then the assignment
(o)
tes () = (V) =5 v B plo) 25 p, B v

P

induces a Ki- equ1var1ant map [, — G1. Here <phn is the linearization of ¢, and the
Kj-action on Gy is via o-conjugacy.
When z varies, we have a diagram

€K ,,0(k)
yKl,;no(k)
which, after passing to adjoint, induces
Sad . H 72d Yad éz{d
N x

1‘6(5”[(1’1”0(]6)

i

Sk ,0(k).

We claim that the G39(Z,)) T-action on .k, , o(k) lifts to S, and Tad js Gad (Zpy)*-

equivariant. Here é?d is equipped with the trivial G?d(Z(p)ﬁ—action.
Notations as in [5.2.2] we have an isomorphism of abelian schemes

oz AL ® O — A, ® OF,

which is Op-linear for the natural Op-actions on both sides. Passing to Dieudonné
modules, we get an Op-linear isomorphism respecting Hodge-Tate tensors

Oéﬁ_l : D, ®Op = D,y(x) ® Op.

Noting that o@l commutes with Frobenius, we have a commutative diagram

VY 8 0r —= 1" 5 0p X7 D 9 0p 2 D, © O VY © 0r

Zp Zp
—1
lin

P (e
()®0F£>D ® Op.

The images in Cv}?d of t and ~(t) are precisely the images of the two compositions of
isomorphisms from left to right, and hence coincide. This proves the claim, and the
proposition follows formally as before. O

Therefore, we can extend the G54 (Z,)) T-action to an action of A (G1,z,)° on Yf(;rp 0-
Recall that Gado = gad {24} = {124} and thus C(G24°, {124}) = C(G2, {u39}). For
any ¢ € C(G2°, {u*1}), we define the associated adjoint central leaf of abelian type

7|
y[C(;D: [chr 0 XW(GZ( ))}/%(Glz(m) ,
with
7+ J— 7+
Sty = ST oA,
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where as before A = ker(#/(G1z,))° = #(Gz,)°). In particular, we have a map

Frg(k) = C(G* {1},

which is surjective.
Since B(G, {u}) ~ B(G*, {121}) ~ B(G1, {u1}) (cf. [43] 6.5.1), for each b € B(G, {u})

(which we identify with an element of B(G1,{u1})), we consider the associated Newton

strata of Hodge type on the connected component 5’[?13;70 C y;fp,o’ By the above

Proposition [5.5.4] the G‘i‘d(Z(p))J“—action on y;iwo stabilizes Y[l?;wo. We can then ex-

tend it to an action of & (G1yz,)° on yqu o> and define similarly Newton strata of
»p?
abelian type
1]
b, o
ylb(;;,o = [yK:p,O X ‘Q{(Gz(p))}/d(Gl,Z(m) ’
with
b+ b+
ng,o = YKW,O/A,
for the above A. We have then a map
ok + Skg(k) = B(G, {n}),
which factors through the above Sk (k) — C (G2d° {p*1}) under the projection

C(G*, {u*"}) - B(G™, {p*'}) = B(G, {p}).
We get the following decomposition
_ b
TR0 = H LKs.05
beB(G{n})

which we call the Newton stratification of yK;,O-

5.5.5. Let K = K. By Lemma we have KAdm({u}) = K Adm({p*1}). The
map

vk + S (k) = EAdm({u})
factors through C(G24°, {11}). We get the following commutative diagram

B(G,{n})
=
s (k) —= C(G*%, {11*1})
N
KAdm({p}),
and the composition
Akt Fics (k) — K Adm({jz}) — Adm({u})x
gives the KR stratification. Recall the subset of o-straight elements
KAdm({p})g-str = Adm({p})o-str N KW C K Adm({u})

was introduced in[I.2.10] By Theorem[I.3.5 we have the following analogue of Corollary
B.414
Corollary 5.5.6. (1) For z € KAdm({u})o-strs SEo o is an adjoint central leaf.

P b

(2) For any b € B(G,{u}), the Newton stratum .#%. , contains an EKOR stratum
S
S0 o such that x is o-straight.
p7
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5.5.7. Fully Hodge-Newton decomposable Shimura varieties. We will change our setting
to include also our results in section 3. Let (G, X) be a Shimura datum of abelian type,
K = K,K? C G(Ay) an open compact subgroup with K? C G(Afc) sufficently small
and K, C G(Qp) a parahoric subgroup. Let z be a point of the Bruhat-Tits building
B(G,Qp), with the attached Bruhat-Tits stabilizer group scheme G = G, and its neutral
connected component G° = G2, such that K, = G°(Z,). We will consider the following
cases:

e (G,X) is of Hodge type and G = G°.

e (G, X) is of abelian type such that (G*!, X#) has no factors of type DH.

e (G, X) is of abelian type such that G is unramified over Q, and K, is contained

in some hyperspecial subgroup of G(Qy).

We write /) = %k o for the special fiber of the associated Kisin-Pappas integral model.

Recall that the notion of fully Hodge-Newton decomposable pairs (G, {u}) is intro-
duced in [12]. Roughly speaking, it says that for any non basic element [V'] € B(G, {u}),
the pair ([0'],{u}) satisfies the Hodge-Newton condition. We refer the readers to [12]
Definition 2.1 for the precise definition of a fully Hodge-Newton decomposable pair
(G,{p}) and loc. cit. Theorem 2.5 for a complete classification of all such pairs. Under
the assumption that the pair attached to the Shimura datum is fully Hodge-Newton
decomposable, with our geometric constructions at hand, we have the following results
(see also [12] section 6, where the results are conditional on the He-Rapoport axioms),
which generalizes the corresponding results of [7§] in the good reduction case.

Theorem 5.5.8. Let the notations be as above. Assume that the attached pair (G,{p})
1s fully Hodge-Newton decomposable. Then

(1) each Newton stratum of %y is a union of EKOR strata;

(2) each EKOR stratum in a non-basic Newton stratum is an adjoint central leaf,
and it is open and closed in the Newton stratum, in particular, non-basic Newton
strata are smooth;

(3) the basic Newton stratum is a union of certain Deligne-Lusztig varieties.

Proof. With our geometric constructions of EKOR strata at hand, the above statements
(1) and (2) follow from [12), Theorem 2.3], see [78] section 6 for example (which also works
in the parahoric level case).

The assertion (3) also follows from [12, Theorem 2.3], but we use the informal version
(5) as in loc. cit. Theorem B and the paragraph above 4.11 there. Indeed, in the Hodge
type case, we can use the uniformization morphism constructed in [95, Proposition 6.4]
(see also our Proposition to prove that all irreducible components of the basic
Newton stratum are certain Deligne-Lusztig varieties. For the general abelian type
case, one can use arguments as in [77] section 6 and [37] subsection 4.6 to deduce it from
the Hodge type case. O

In fact, by [I2] Theorems 2.3 and 6.4, the above assertions (1)-(3) are equivalent to
each other, and any of them characterizes the condition that (G,{u}) is fully Hodge-
Newton decomposable.

6. EKOR STRATA FOR SIEGEL MODULAR VARIETIES

In this section, we shall discuss the case of Siegel modular varieties in more details.
Namely, we consider the Shimura variety attached to (GSpy,, S* K) with K = KK?
and K C GSpy,(Qy) a parahoric subgroup. In the case g = 2, we describe explicitly the
geometry.

6.1. Moduli spaces of polarized abelian varieties with parahoric level struc-
ture. Let g > 1 be a positive integer, p a rational prime, and N > 3 an integer with
(p,N) = 1. For a primitive Nth root of unity (y € Q, let Ay 1¢, be the moduli
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space of g-dimensional principally polarized abelian varieties with a symplectic level-V
structure over F,. This is a smooth connected scheme over F,. We have the following
decomposition

yK(N),O(GSPQW Si) = H Ag1ins
(N

where 7k (n),0(GSpay» S*) is the special fiber (over ) of the canonical integral model of
the Shimura varieties associated to (GSpy,, 5%, K(N)) with K (N) the principal level- N
congruence subgroup, and (n runs through the set of primitive Nth root of unity. From
now on, fix a choice of primitive Nth root of unity (5 € Q C C and fix an embedding
Q= @p. We simply write Ay 1 v = Ag1,¢,. More generally, for any integer d > 0, we
can consider Ay 4 , the moduli space of g-dimensional abelian varieties with a degree
p? polarization and a symplectic level-N structure over Fp.

Let I := {0,1,...,g9}. Let A; denote the Siegel moduli space with Iwahori level
structure over Fp with respect to (. It parametrizes the equivalence classes of objects

(AO & Al g & Ag7)‘07)\g777)a

where

e cach A; is a g-dimensional abelian variety,
e « is an isogeny of degree p,
e )\o and ), are principal polarizations on Ay and Ag, respectively, such that
(a9)* g = pAo.
e 7) is a symplectic level-N structure on Ag with respect to (.
Put o :=mn, n; == aumj—y for ¢« = 1,...,9, and A\j_1 = a*\; for ¢ = ¢g,...,2. Let
A, = (A4, \i,n;). Then A; parametrizes equivalence classes of objects

(Ag = 4 5 - 5 Ay,
where Ay € Ay 1 n, and for @ # 0,
A€ Algmg_i’N ={Ac A, 0 y|ker A C Alp] }.

For any non-empty subset J = {ig,...,i,} C I with ig < --- < i;, let A; be the
moduli space over [F, parameterizing equivalence classes of objects

A B A 5.0 5 4,
20 11 Lr

where A; € Ay n if ig =0, and Aij € .A'g ) for others which satisfies the natural

g*ij ,N
compatibility condition. The moduli space A is the Siegel moduli space (over F,) with
parahoric level structure of type J. For Jy C Ji, let

TJy,Js " AJl — A]2

be the natural projection, which is proper and surjective.
We also write A as A, if we want to emphasize that it is relative to the choice of
Cn. When ( varies, we get a similar decomposition as above

yKJKP(N),O(GSPng Si) = H Agins
CN

where Kj C GSp2g(Qp) is the parahoric subgroup corresponding to the lattice chains
of type J, KP(N) C GSp2g(A1}) is the principal level-N congruence subgroup outside p,
and YKJKP(N)’O(GSpQQ,Si) is the special fiber (over F,) of the integral model of the
Shimura varieties associated to (GSp,, S*, K;KP(N)) defined by the moduli problem
as [T, chapter 6] (see also the following appendix).

In the following we fix our choice of (v as before. We will study the geometry of

Ay = Ajey.
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Theorem 6.1.1.
(1) The ordinary locus AFY C Ay is dense.
(2) Ay is equi-dimensional of dimension g(g+1)/2.
(3) Ay is irreducible if |J| = 1, and for |J| > 2, Ay has (k1+1) ... (k.+1) irreducible
components, where kj :=1; — i;_1.
(4) Ay is connected.

Proof. For statements (1)-(3), see [9,57, [87] and also see [90, Theorem 2.1]. (4) It suffices
to show that A; is connected because the map 7y ; is surjective. The moduli space A
is a union of 29 irreducible components and each irreducible component is the closure of
a maximal KR stratum, because every maximal KR stratum is irreducible [87]. Since
the closure of every maximal KR stratum contains the the minimal KR stratum, every
two irreducible components intersect. It follows that A; is connected. O

6.2. The KR and EKOR stratifications. Let (V' = @12)9 ,¥) a symplectic space of
dimension 2g, where the alternating pairing ¢ : V xV — Q, is represented by Qf 1;‘;’]
g
and fg = anti-diag(1,...,1). Let G := GSpy, C GLgy and T' C G be the diagonal
maximal torus. Let W := Na(T)(Qp)/T(Zyp) be the Iwahori-Weyl group of GSp,, with
respect to T. The torus T is contained in the diagonal maximal torus Ty of GLog
and the cocharacter group X, (7T is contained in X, (Tp), which is equal to Z?9. Then
Xo(T)r = {(u;) € Xu(To)r = R | ug +ugg = -++ = ug + ug+1 }. We fix a base point
in the apartment corresponding to the maximal torus 7" and identify it with X, (7)g.
Then W = X, (T) x W, where W is the Weyl group of G. We fix the base alcove

a:={(u) € Xo(T)r | 1 +u1 > ugg > -+ > uUgp1 > Ug },

and let sg, ..., sy be the simple reflections with respect to the facets of a. The affine Weyl
group W, then is the Coxeter group generated by so, ..., s, and we have W= W, % €,
where © C W is the stabilizer of a. The length function and Bruhat order on W, are
naturally extended to those on w.

Let ¢ = (19,09)) € X,(T) be the standard minuscule coweight. We denote by
Adm(p) := Adm({u}) C W the set of p-admissible elements. Let 7 be the unique
minimal element in Adm(u). We have

si=(i+1)29+1—-4,29g—14), i=1,...,9—1,
Sg = (g7g+1)7 S0 = ((_1707"'707 1)7(1>29))7
7=((0,...,0,1,...,1),(Lg + 1)(2,9 + 2) ... (9,29))-
For any non-empty subset J C I, let

Ay = H AJ,y
yEAdm(p) 5
be the KR stratification, where Adm(u); := Wye\Wje Adm(pu)W e /Wye is the image
of Adm(y) in Wye\W /We under the map W — Wye\W/Wje and Wye C W is the
subgroup generated by s; for i € J¢:= I — J. Put 7 Adm(u) := Adm(p) N7“W, where

J°W C W is the set of minimal length coset representatives for Wjye\W. Let

(6.2.1) A= JI A3

z€/ Adm(p)

be the EKOR stratification. If J = I, then A} = A; , and (6.2.1]) is the KR stratification.
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Theorem 6.2.1. For all x € Y Adm(p), one has the following statements.

(1) The corresponding EKOR stratum A% is quasi-affine, smooth and equi-dimensional
of dimension £(x). Every point in A% has the same p-rank.

(2) If the EKOR stratum A% is not supersingular (not contained in the supersingular
locus of Ay), then it is irreducible.

(3) Every non-supersingular KR stratum Aj,, where y € Adm(u)s, is irreducible.

Proof. (1) The case where J = I is proved in [57] and [16, Theorem 1.5]. Since
71,g © Arz — A% is finite, étale and surjective, the stratum A% also share the same
properties.

(2) For the case where J = I the irreducibility of A;, is proved in [16, Theorem 1.4
and Theorem 1.5]. For arbitrary J, since Aj, is irreducible and 77 ; : Aj, — A% is
surjective, A% is irreducible.

(3) This is [14, Proposition 4.4]. We give a different proof using EKOR strata. The
KR stratum A, is a union of EKOR strata, and by Theorem (1), it contains a
unique maximal EKOR stratum, called the y-ordinary locus, which is open and dense in
the KR stratum Aj,. Since this EKOR stratum is non-supersingular, it is irreducible
by (2). Therefore, the KR stratum A, is irreducible. O

6.3. Geometry of Siegel threefolds. We restrict ourselves to the case g = 2. Let
Ky C G(Qp) denote the parahoric subgroup corresponding to the lattice chains of type
J. The group K is conjugate to Kyv in G(Qp), where JY := {g — j|j € J}. Thus,
one can only consider the cases J = {0},{1},{0,1},{0,2},{0,1,2}, which correspond
to hyperspecial, paramodular, Klingen parahoric, Siegel parahoric and Iwahori open
compact subgroups, respectively.

Recall that the p-rank function is constant on each KR stratum of Aj, so it induces
a map p-rank : Adm(p) — Z>o. For each integer 0 < f < g =2, set

Adm’ (p) := {z € Adm(p) | p-rank(z) = f}.
We denote by = (z); the image of x € Adm(u) in Adm(u)y, and
[z] = [z];:={z € Adm(u) | 2 =T} = WieaWye N Adm(u).

By abuse of notation, we also write A, for the KR stratum A z. Foreach0 < f < g = 2,
let Af; C Ay (resp. A?f C Ajy) be the subvariety consisting of objects with p-rank f
(resp. p-rank less than or equal to f). For any locally closed subvariety X C A, denote
by X the Zariski closure of X in Aj. Let Sy = Spoy C A2 = Ay be the supersingular
locus of As. Note that for ¢ = 2, the Newton strata coincide with the p-rank strata.
The relationship between the Newton strata and EKOR strata can be described by that
of the p-rank strata and EKOR strata.

(1) Case J =1 ={0,1,2} (Iwahori level). In this case the EKOR strata coincide
with the KR strata. The following are the elements in the set Adm(u) together with
the Bruhat order (cf. [89, Section 6] and [90, Section 4.1]):

ST ————» 50817 —————————» 5051507
/ 91807_ ><

S08251T

» 1T S0S2T
5150827

81897
§98182T

So851T —
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Here we write z — y for two elements x,y € W,7 if z < y in the Bruhat order. Using
the p-rank formula [57] we obtain

Adm2(u) = {508150T, S1S0S2T, S251S2T, S0S281T },
(6.3.1) Adml(u) = {sps1T, s1S2T, S281T, S1S0T},

Adm®(p) = {7, s17, s0T, $aT, S0S27}.

In the following we shall write s;,,.. ;. for the element s; s;, ---s;, in the affine Weyl
group Wj,.

Proposition 6.3.1.

(1) The p-rank two stratum A3 is smooth of pure dimension 3. It is a disjoint union
of 4 irreducible components indexed by So10T, S1027T, S212T and Sgo17. It is the smooth
locus of Ar. The closure A% 18 equal to A; and is connected.

(2) The p-rank one stratum A} is smooth of pure dimension 2. It is a disjoint union

of 4 irreducible components indexed by so17, s12T, so17 and s1o7. The closure A} of A}

18 connected. One has the decomposition A?l = .A} [T A7,s007- In particular, the p-rank
one stratum A} C .Algl s not dense.

(3) The supersingular locus Sy = AY C Ay consists of one-dimensional components
(the closure A, ) and two-dimensional components (the closure Ag,,, ). Each connected
component of As, is isomorphic to P, and each connected component of Asy,. is
isomorphic to P x P1. The supersingular locus St is connected.

(4) The projection morphism S; — Sa C Ay is not finite. Therefore, the morphism
A; — As is proper but not finite.

Proof. Statements (1), (2), (4) and the first part of (3) follow directly from Theorems
[6.1.1) and [6.2.1] (6.3.1)) and the Bruhat order. (3) The second part follows from the
description of Sy; see [89, Theorem 8.1]. We show the connectedness of Sy. By [16], The-
orem 7.3], the union As <1 := Uyp)<1Ar. of KR strata of dimension < 1 is connected.
The supersingular locus Sy is the union of A < and Sy s,,-. Since each connected com-
ponent of As s, - is quasi-affine, its closure in A; is proper and intersects with Ay <.
Thus, Sy is connected. O

Remark 6.3.2. Proposition m (3) rules out the possibility of equi-dimensionality of
p-rank strata and of Newton strata. Proposition (2) shows that the p-rank strata
(and the Newton strata) do not form a stratification on Az, that is, the closure of each
stratum is a union of strata.

(2) Case J = {0} (hyperspecial level) and W ;e = (s1, s2). In this case the EKOR
strata coincide with the EO strata and the whole moduli space is a KR stratum. Using
Ts9 = soT and 7§ = s17, one easily computes the set 7 Adm(yu) with closure relation

J Adm(,u) = {T, S0T, S01T, 801()7'}, T — 80T — S01T7 — S0107-

Proposition 6.3.3. Let J = {0}.
(1) There are 4 EKOR strata. The p-prank two stratum A3 is smooth and irreducible.
The p-prank one stratum .A% is smooth and irreducible. The supersingular locus Sy is

connected and each irreducible component is isomorphic to PL.
(2) We have

AT for € Adm?(p);

6.3.2 v =
( ) 71,7(Arz) {ASJOlT for x € Adm! (),
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and

71,7 ( Al sor H Apsyr) = AP,
(6.3.3) TFI,J(AI,T HAI,SN') = A7,
7rI,J('AI,SOQT) = }H‘Affoq—'

Proof. (1) The connectedness of S follows from Proposition[6.3.1] (3). The other results
are well-known. See Katsura-Oort [33] for a detailed description of S;.
(2) Since the map 7y s preserves p-ranks, the first relation follows. The second relation

follows from the explicit description of the supersingular locus Sy; see [89, Theorem
8.1]. O

Remark 6.3.4. By Proposition the intersection 7 (A7) NA 55 is nonempty and

wfﬁ(A}) does not contain the KR stratum Ay s,,,. Therefore, the preimage W;}(A})
of A7 is not a union of KR strata.

(3) Case J = {0,1} (Klingen parahoric level) and Wjc = (s3). Using 752 = soT,
we get

KR types EKOR dim p-rank
[T]s = [soT]s = {7, 82T, S0T, S027 }, T, ST 0,1 0,0
[s17]s = [s107]s = {817, S107T, 8217 }, s17, 8107 1,2 0,1
[s127]7 = [s1207]7 = {127, S1207, S2127 }, S127, S1207 2,3 1,2

[s017]s = [s0107]s = {8017, 50107, 52017 }, s017, So10T 2,3 1, 2.
By [31] Theorem 6.15], we obtain the closure relation for EKOR strata:

(6.3.4) s0T 5017 50107
T —> 81T S$10T

NN

$12T —> 51207

Notice the new EKOR order so7 — s127 because of 32(507')52_1 = $o7 < $197 in the
Bruhat order. The KR closure relation is as follows:

(6.3.5) [s1207]7

e

[s07]s — [5107]s

.

[s0107]J-
There are 8 EKOR strata and 4 KR strata.

Proposition 6.3.5.

(1) The p-rank two stratum A% is smooth and has two irreducible components which
are the EKOR strata A% and A5°7; they are properly contained in the KR
strata Ajgg 71, and A7), Tespectively.

(2) The p-rank one stratum AY is smooth and has three irreducible components which
are the EKOR strata AT'", A7°T and A%>"; they are properly contained in the
KR strata Afgg, 71,5 Afsyor]; and Als ,r),, respectively.

J?
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(3) The supersingular stratum Sy is connected and it consists of two types of irre-
ducible components: those in AT = A, (“horizontal” ones) and those in A"
J [l J
(“vertical” onesﬂ. The intersection Sy N Apg, 7, s equal to the EKOR stratum
57, which consists of open “vertical” components of Sj.

(4) The union Algy, 71, U A7), 5 the smooth locus of Aj.

(5) Two irreducible components Apg or), and Afg0r), are smooth and they inter-
sect transversally at an irreducible smooth surface, which is equal to the closure
Als1o7], 0f the KR stratum Ajg 7,

(6) (The transition relation) We have WI,J(Af) = A% for all z € 7 Adm(p),

(6.3.6) 7T[7J(A§212T) = Af]mm, WI,J(A?O”) = ASJONT, ﬂ'LJ(A?”) = Af}lm,
and

1 (A7) = HAJ , T (APT) = AT,
WJ,{O}(AGHAJ ‘A{O}a TFJ{O}(A )= A?%;

Proof. Statements (1), (2) and (3) follow directly from the EKOR stratification and
their relation with p-rank strata; see also [90], p. 2346] and [88, Proposition 4.5] and for
the description of S;. (4) From the closure relation of KR strata (6.3.5]), the comple-
ment Ay, 71, of Afsg07], U Alsia07], 18 contained in both irreducible components, and
hence it is the singular locus of the moduli space A;. (5) This follows from Theo-
rem 3 of [79]. (6) The transition relation follows from 77 j(A7"") = Afs 5071,
71, 7(AP"T) = Alsoior, and w7, 7(A7'T) = Apgr),- The relation follows from
the description of the supersingular locus Sy and Sy; see [89, Theorem 8.1] and [88],
Proposition 4.5].

(6.3.7)

O

(4) Case J = {0,2} (Siegel parahoric level) and W = (s1). Using 751 = s;17,
we get

KR types EKOR dim p-rank
(7] = {7, s17, soT, Sp27 }, T, 80T 0 0
[8217']] = [SQT]J = {SQT, 8217, S12T }, ST, S21T 1, 2 0, 1
[3017']] = [S[)T]J = {807’, $107, S01T }, ST, S01T 1, 2 0, 1
[s0217) 7 = [s027]7 = {S027, S0217, S1027 }, S027, So217 2,3 1,2
[s2127]7 = {s2127 }, 89127 3 2
[so107]7 = {s0107 }, 50107 3 2.

By [31, Theorem 6.15], we obtain the closure relation for EKOR strata:

(6.3.8) 501T 50107

/\\

5027 —> 50217

\//

5217 52127

3We refer to [88, Remark 1.3] for a detailed description of the role of horizontal and vertical compo-
nents of Sy.
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and the KR closure relation:

(6.3.9) [s017]7 — [s0107]J
/ \[ |
80217

\ /

[8217] 7 — [s2127] .
There are 9 EKOR strata and 6 KR strata.
Proposition 6.3.6. Let J = {0,2}.

(1) The p-rank two stratum A% is smooth and has three irreducible components. Two
of them are ATV" = Algy,7, and ATT = Ay 071, and the other is AT*'7,
which is properly contained in the KR stratum Ay, ), -

(2) The p-rank one stratum A§ s smooth and has two irreducible components. They
are EKOR strata AT'" and A7?'", which are properly contained in A and
Als17],, Tespectively.

(3) The supersingular locus Sy has pure dimension 2. It is contained in the 3-
dimensional closed KR stratum Ay, 71,. Each irreducible component of Sy is
isomorphic to Pt x PL.

[so17].s

4) The zero dimensional stratum A consists of points (A LNy , where Ag is
(7l 0 0
superspecial.

(5) The union A, ,r), U Alsoror]; U Afsozr], 8 the smooth locus of A;.

J

(6) We have mr,(A%) = A% for all x € 7 Adm(u) and
FI,J(A§102T) — ASJO2IT’ 7TI7J(A§12T) — Aj?lT’
7T]7J<.A;107) — A:S’]017'7 71'[7](./4;17) — -AG

Proof. Statements (1), (2) and (5) follow directly from the closure relations (6.3.8)) and
(6.3.9). The supersingular locus Sy is the union of A7'" and A7*°". The transition map

~

77,7 gives an isomorphism A" — S;. Thus, we can describe S; by A7°", whose
description is included in [89, Theorem 8.1]. From this, statements (3) and (4) follow.
(6) The first three relations follow from the relations

TrLJ(.A?OQT) C .A[S(mT]J, WI,J(A§12T) = A[Sng]J, WI,J(AiloT) = A[sng]J‘
The last one follows from the description of S; via (3) and (4). O

(6.3.10)

In fact, in the moduli space A; with Iwahori level structure, we have
81 = Asppir N A8102T'
These two components are mapped, through the transition map 7 ;, onto the compo-

nent A[

51027—] J*

(5) Case J = {1} (paramodular level) and W = (s, s2). Using 7s2 = so7 and
TSy = ST, wWe get

KR types EKOR dim p-rank
[T]J E {7’, ST, 80T, S02T } = W{O,Q}T T 0 0
[S 7‘] W{O 21517 U W{O}SloT 81T, S10T 1,2 0,1
1027)7 = UWigys127 U s1027 $12T, 81207 2,3 1,2
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and the closure relation for EKOR strata and KR strata:
(6.3.11) T — 81T — 8107, 8127 — S1207, [T]J — [81207’]J.

There are 5 EKOR strata and 2 KR strata. We have the follow result (cf. [00, Theorem
4.4]).

Proposition 6.3.7. Let J = {1}.

(1) The p-rank two stratum A% is smooth and has one irreducible component. This
component is the EKOR stratum A" and it is properly contained in the maz-
imal KR stratum Apg,,r),-

(2) The p-rank one stratum AY; is smooth and has two irreducible components. They
are the EKOR strata A%°" and A%2" properly contained in the mazimal KR
stratum Al 7], -

(3) The supersingular locus has pure dimension 1. FEach irreducible component is
isomorphic to P'. The intersection SN Als1007]; 8 the smooth locus of S;.

(4) The zero dimensional stratum A, is the singular locus of Ay, and it is also
the singular locus of Sy.

(5) The stratum Apg,g,7), is the smooth locus.

(6) We have

(ASJ”OT for x € Adm?(p);
AT for @ € {s10T, s21T };
(6.3.12) 1, (A7) = S AT for x € {s127, 5017}
AT for @ = si7;

A7 for x € Wigoy7.

Proof. Statements (1)-(5) follow from the closure relation and the description of the
supersingular locus Sy [88]. (6) We only need to show the case of p-rank one strata.
Using the geometric characterization of KR types [90, Section 4.2], for a p-rank one point
(A, ) in AL, the kernel ker \ is isomorphic to p, X Z/pZ if (A, \) € A2, or is local-local
if (A, \) € A%°7. From this, we obtain w7 ;(A7'") = A%°" and 77 (A7) = A%*7. O

APPENDIX A. HE-RAPOPORT AXIOM 4 (C) FOR SHIMURA VARIETIES OF PEL-TYPE

In this appendix we verify He-Rapoport’s axiom 4 (c) ([31] 3.3) for Shimura varieties
of PEL-type in the case where the parahoric level subgroup K at p is the stabilizer
group, i.e. K = K°. This extends earlier results of Zhou [95] and He-Zhou [32] mainly
in the ramified cases and the case which contains a simple factor of type D. This also
improves our main results (Theorem [C] (2) and Theorem [D) for the PEL-type case.

We follow Rapoport-Zink [71] for the construction of the “naive” integral model with
“parahoric” level structure.

A.1. Moduli spaces of PEL-type.
Definition A.1.1. A PEL-datum is a tuple (B,*,V,1,h), where

e (B,x) is a finite dimensional semi-simple Q-algebra with a positive involution,

o (V,4) is a finite faithful non-degenerate Q-valued skew-Hermitian B-module, and

e h: C — Endp,(WR) is an R-algebra homomorphism such that h(z)' = h(z) and
(x,y) == (h(i)z,y) is a positive definite symmetric form, where Br := B®qR,
Ve :=V @qR and’ is the adjoint with respect to the pairing 1.

For each PEL-datum, we associate an algebraic Q-group G = GUpg(V, ) of unitary
similitudes on (V, ). Let X be the G(R)-conjugacy class of h : S := Resc/r Gmc — Gr.
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For each open compact subgroup K C G(Ay), denote by Shk (G, X) the Shimura, Varietyﬂ
defined over the reflex field E, whose C-points are given by

Shi(G, X)(€) = GQ\X x G(Af)/K,

even G may not be connected, i.e. if its adjoint group contains a Q-simple factor of type
D. When there is no confusion, we simply write Shy for Shy (G, X).

Recall that the canonical model Shi (G, X) is constructed using a moduli interpreta-
tion. Indeed, one first constructs an E-scheme M of finite type using a moduli interpre-
tation (see below) and obtains the inclusion Shk (G, X)(C) C Mk (C) (the inclusion may
be strict due to the failure of the Hasse principle, see [42] section 8, which holds in the
current setting; see also the proof of Proposition . Then one defines Shk (G, X)
to be the corresponding E-subscheme of M. Using the main theorem of complex mul-
tiplication, one shows that Shk(G, X) is the canonical model of the complex Shimura
variety Shk (G, X)(C); see [3] for more details.

Let p > 2 be a prime. Assume that there exists an order Og C B which is stable
under * and maximal at p, i.e. Op, := Op ® Z, is a maximal order in By, := B ® Qy,
and we fix such an order.

Suppose that there exists a self-dual Op, -lattice in V), := V ® Q,. Choose an Op-
lattice A in V' such that A, = A ® Z, is self-dual. Let

K = StabG(Qp) (Ap)7 and Kp C Stabg(A?)(A ® Z(p))

be a sufficiently small open compact subgroup, and put K = K KP.

Let v|p be a place of E over p, and Op the ring of integers of the v-adic completion
E = E, of E. Using the modular interpretation, we construct the naive integral model
over Op denoted by MRV, It classifies the isomorphism classes of tuples (A, A, ¢, 7)),
where

e (A, )\, 1) is a prime-to-p degree polarized O g-abelian variety of dimension % dimg V,
e 77 is a KP-orbit of O ® Z®)-linear isomorphisms

n:A@ZP = 1w (A) = T Tu(A)
t#p

which preserve the pairings for a suitable isomorphism Z®) ~ Z®)(1).

We also require that objects (A, A, ¢,7) in Mﬁai" satisfy the Kottwitz determinant con-
dition, cf. [7I] chapter 6 or [42].

We have defined an Og-scheme M. By construction, it is an integral model of My
over Og. In particular, this gives an inclusion

Shk(G, X)p := Shy (G, X) @ E € MY @0, E.
Define .k as the flat closure of Shx(G, X)g in M’&ai".

A.2. Parahoric data at p. We define the notion of self-dual multichains of lattices £
in V), following [71]. This allows us to extend the above level subgroup K at p to more
general forms.

To simplify the notation, we write (B, x,V, ¢, Op) for (B, *,V}, v, Op,) in this sub-
section.

Definition A.2.1. Suppose that B is a simple Q,-algebra. A chain of Op-lattices in
V is a set of totally ordered Op-lattices L such that for every element x € B* which
normalizes Op, one has

AelL — zAe L.

4Since the group GG may be non connected, we have to modify a little the formalism of Shimura
varieties in [4] to include the current setting.
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Explicitly, suppose we write B = M, (D) and let Op = M,,(Op), where D is a division
Qp-algebra and Op is the maximal order of D. The group Ngx(Op) of normalizers of
Op in B* is equal to I1* GL,(Op), where II is a prime element of Op. Then L is a
chain of Op-lattices in V if and only if £ is totally ordered and for any member A € L,
one has II*'A € £. If we fix a member Ay € £, then there is an unique integer r > 1,
called the period, and a sequence of lattices {A;}o<i<, such that

AgC AL C ... A =TT1A,,

and every member A € L is II"A; for some n € Z and some i with 0 < i < r. We extend
the set of lattices by putting A; i, = I[I"'A; for 4 € Z and we have £ = {A;};cz. So L is
determined by the period r and the sequence {A;}o<i<, of 7 + 1 Op-lattices.

In general, let B =By X --- x By, and O = Op, X --- x Op, , where B; = M, (D;)
and Op, = M,,(Op,) for some division Q,-algebra D; whose maximal order is denoted
by Op,. With respect to this decomposition, one has a decomposition V=V, ®---®V,,
and for each Op-lattice A in V a decomposition A = A1 & --- P A,,. Let eq,..., ey be
the central primitive idempotents of B. Write pr;A = ;A = A;.

Definition A.2.2. (1) A set L of Op-lattices in V is said to be a multichain of
Op-lattices if there exist a chain of Op,-lattices L; in V; for each i =1,...,m
such that for any member A € L one has pr;A € L; for alli=1,...,m.

(2) A multichain of Op-lattices L is called self-dual if for every member A € L, its
dual lattice AV also belongs to L, where

A ={z eV |y¥(z,A) CZy}

For a multichain of Opg-lattices L, let G = G, C HA€£ Ga be the group scheme over
Z, whose S-valued points, for each Z,-scheme S, are the S-points (ga) € Go(S) which
are compatible with all transition maps, where G, is the integral model of G, defined
by the lattice A. Put K = K := G(Z,) = NaecKa, where Ky = GA(Zy) C G(Qp).
Denote by G° the connected component of G, which is the maximal open subscheme
whose fibers are all connected. Put K° = K7 := G°(Z)).

Note that £ is not determined by Li,...,L,,. Therefore, the input datum £ is not
determined by K, in general.

A.3. Moduli spaces with parahoric type £. We retain the notation as in subsec-
tion Let AV denote the category of Op-abelian varieties up to prime-to-p isogeny.
The objects of AV consist of pairs (A, ), where A is an abelian variety and

t:0B® Z(p) — End(4) ® Z(p)

is a ring monomorphism. For any two objects A; = (A1,¢1) and A, = (Ag,t2), the set
of morphisms from A, to Ay is Homay (A;, Ay) := Homoy (A1, A2) ® Z,). If there is no
risk of confusion, we write A for A.

Suppose p : A1 — Ay is an isogeny in AV. Then p, : A1[p™] — A3[p™] is an Op, -
linear isogeny. With respect to the decomposition Op, = Op, X --- x Op,, one has the
decomposition

(A.3.1) kerp, = Hy x --- x Hy,
as the product of finite flat group schemes H; with Op;-action. The height of p is the
(height) function h = hy : {1,...,m} — N given by
h(i) = hu (i) = log,(ord(H;)),
where ord(H;) denotes the order of the finite group scheme H;.

Let A = (A,t) be an object in AV. The dual abelian variety is defined to be
At = (A0)" = (A1), where JM(b) := 1(b*)" for b € Op ® Z,). For any element
a € Npx(Op ® Z(p)), the normalizer of Op ® Z,) in B*, define A* = (A,:*), where
1%(b) = t(a~'ba) for all b € Op ® Z(py- The multiplication by a gives a quasi-isogeny

>]
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a:A* — Ain AV. A polarization on A in AV is a quasi-isogeny A : A — A! in AV
such that the morphism nA comes from an ample line bundle on A for some n € N.

Definition A.3.1. Let £ be a multichain of Op,-lattices in V,. A L-set of abelian
varieties over a Zy)-scheme S is a functor
L— AV,
A— AA,
A CA,'—)[)AJ\/ : Ap _>AA’
satisfying
(a) For any A C N in L, write pypr : HPE(Ap)S) — HPE(Ap/S) for the in-
duced map on de Rham homologies, then locally on S for the Zariski topology,
the Og-module HPR(An//S)/pan HPE(AA/S) is isomorphic to (A'/A) ® Og as
Op ® Og-modules.
In particular, the morphism py nr : Ax — Apr is an isogeny of height
h(i) = log, |pr; A’ /pr;Al.
(b) For any element a € B* N (Op ® Zy)) which normalizes Op ® Z,) and any

member A € L (so ah C A), there exists an isomorphism 0qa @ A% — Aaa
such that the following diagram

AaﬂA
AT~ al

a
\ lpaA,A

An
commutes.
The map 0, A is unique if it exists, and it is functorial in A.
Definition A.3.2. Let L be a self-dual multichain of Op,-lattices in V,, and

Az = ((Aa)rec; paa)
be an L-set of abelian varieties over S in AV. Define an L-set of abelian varieties
Az = ((Ar), panr) over S in AV as follows: for each A and A C A" in L,
o Ay = (Apv);
o o= (pavav)t: Ay = ALy — Ay = Al;
o Oy = [0y 1 )" (Ap)* =5 Agy.

We explain the last item. One easily computes (aA)Y = (a*)"tAV. Also,
(1) (b) = o' (a” ba) = (a"b* (@) )" = [T (0] = [T 0.
This shows that (Ag\av*)il)t = (AL,)* = (Ap)* and Agp = (Ag.-1pv)". By definition,

0,.a is the inverse of the isomorphism aéa*)*l,AV D (Agy-1av)t = (A%:)il)t.

Definition A.3.3. Let L, A= A, and A=Ay be as in Definition .
(1) A polarization on A = (Ax) is a quasi-isogeny A : A — A, (i.e. there exists
n € Nsg such that nApy : Ay — A is an isogeny in AV for all A € L) such that
for all A € L, the composition

A ~ (Paav)?t
Ny Ay =2 Ay = AL, s Al
s a polarization on Ap.
(2) A polarization X\ on A in AV is called principal if Ay is an isomorphism in AV

for all A € L.
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Suppose L contains a self-dual member Ag, then Ay, : Ay, — ARO is an isomorphism
in AV, i.e. there exists n € N5, (n,p) = 1 such that nA,, is a polarization on A, in
the usual sense. For A, A’ € £, we have the following commutative diagram

PA,A

Ap Ay

J,)\A l)\A/
(parv av)t

AL, R AL

Therefore, a polarization A is uniquely determined by A for one member A € L.
Let K? C G(AI}) be a sufficiently small open compact subgroup. Let M}V denote

the moduli scheme over Op classifying the objects (Az, A, 7)s, where

o Ar = (Ap)aec is an L-set of abelian varieties over S in AV
e A =0Q* - \is a Q-homogeneous principal polarization on A;
e 77 is a (9, §)-invariant KP-orbit of isomorphisms

n: VoAl =5 VP (A

which preserve the pairings to up a scalar in (AI})X. Here for simplicity we
assume that S is connected.

Put K = Ky, K=K - KP and K° = K°KP?. Similarly as before, M%ai" is an integral
model over OF of the rational moduli scheme My (which is defined over E), and one has
M%ai" ®op E D Shy g. Let S = 77" be the flat closure of Shyk g in M%ai". As K° C K,
we have the natural cover Shxe — Shk over E. We define .#ko as the normalization of
¢ in Shgo. If G splits over a tamely ramified extension of Q,, then the main results
of Pappas-Zhu [65] subsection 8.2 imply that .#ko fits into a local model diagram.

Let £ be another set of self-dual multichain of Op,-lattices in V}, containing £. Put
K':= K and K" := K},. Then K' C K, K' C K, K’ C K° and K" C K°. Since Shy:
and Shy are dense in .7 and ., respectively, the morphism 7/ k : Mf’}i" — MILlaiV
maps Zy into ¥, and we have the following commutative diagram:

Shy- L MY
lﬂ—KI’K lﬂ—K/’K \LFK,’K
Shk Sr Mrﬁlaiv.

Definition A.3.4. Let k be an algebraically closed field containing the residue field
k(v) of E. Let x € M2V (k) be a k-point. Denote by C3V(z) C M¥V(k) the subset
consisting of the points y € Mﬁai"(k:) such that the associated L-set of p-divisible groups
Ay c[p™] is isomorphic to Ay £[p™], where Ay o (resp. Ayr) is the L-set of abelian
varieties in AV corresponding to the point x (resp. y) in M%¥V (k). The set C3Y(x)
is locally closed in M%ai" ®oy k and we regard it as the locally closed subscheme with
the induced reduced scheme structure, and call it the central leaf passing through z in
Mrz:aiv ®OE k.

If v € S¢(k), then write Ce(z) for the intersection C3Y (x) N (S ®oy k) and call it
the central leaf passing through z in ./, ®o, k.

It is known that C2*"(x) is smooth and quasi-affine. The smoothness follows from the
properties that C%V(z) is reduced and the completions Cﬁai"(x)g at all y € CPV () (k)
are isomorphic. The quasi-affineness follows from that of central leaves in the Siegel mod-
ular varieties. It follows that if = lies in . (k), then the subscheme Cr(z) C ., ®o, k
is smooth and quasi-affine.

Proposition A.3.5. Let k be as in Definition ' € (k) and x be its image in
Zr(k). Then the morphism myr k : Cpr(z") — Cr(x) is surjective with finite fibers.
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Proof. We first show this statement for the morphism m k : CEY(2') — C2V(x). Let
' = [((Apr)arecr, A\, 77)], where \ is a principal representative. Then

z = [((Ar)aecs A 7).

Let y = [((Ba)a, A, 7B)] € C3V(x), where Ap is a principal representative. We fix an
isomorphism

((Ba)a, A)[p™] = ((An)a, A)[p™]
of L-sets of p-divisible groups. Then there is an extension ((Bar)as, Ag) such that

((Bar)ars AB)[P™] 2= ((Aar)ars A)[p™].
It is enough to extend (By:)prepr for A/ € L0, where
LY ={Ael'|AcC A cp A},

and use the periodic property to extend (Ba:)ps for all A € £'. Choose A € L
such A Cc A’ for all A’ € £™. Suppose A’ ¢ L£. We define By as the quotient
Bar/Hy/, where Hyr C Bp[p™] is the finite flat subgroup scheme which corresponds
to the finite subgroup scheme ker (pa a/[p™] : Ax[p™] — An/[p™]) via the isomorphism
Bp[p™] ~ Ax[p™]. As explained, the polarization Ap is uniquely determined by Ap A
for one member A € L£’. Therefore, there is a unique extension of the polarization
A on (Ba)aerr. So we construct a member ((Bas)arerr, Ag,7p) such that there
is an isomorphism ((Ba+), Ap)[p™°] =~ ((Aas), A)[p>]. This shows the surjectivity of
TK/ K * C?f}iv(%/) — CEaiV(.T).

Let Lgsp denote the set of Zy-lattices in £ by ignoring the Op, -module structure,
and let Ao denote the Siegel moduli space over O with parahoric level Lggp at p.
For any z € A, (k), we denote by Crqq (2) the central leaves passing through z in
A g, @ k. Forgetting the endomorphism structure gives a finite morphism

. naiv
fﬁ : Mﬁ — A'C'GSp

[86, Proposition 1.1]. Similarly, we have a finite morphism f,/ : M%?i" — Aprgg, and a
commutative diagram

naiv Fer
MEI > AL/GSp

M2aiv i) A'CGSp'
Restricting the forgetting morphisms fy and f, to the central leaves we have the fol-
lowing commutative diagram

. frr
Ca(a) — £ Cop, (for(a'))

naiv S
Cr (z) *gcﬁc;sp(fﬁ(x))-

Note that the morphism WS,SE is finite [31, Section 7] and so is the composition

WS,S’B o frr. From the above commutative diagram, any fiber of mks i is contained in a

fiber of the finite morphism wg,sg o frr, which has only finitely many elements. Thus,

the morphism g/ k : C3Y(2') — C2V(z) has finite fibers. It follows that the morphism
Cr(2') — Cr(z) has finite fibers. It remains to show the surjectivity.

Note that the generic fiber of Mr}:ai" is the disjoint union of ShS)E =Shkg,..., Sh&mg,
where m is the cardinality of the finite set ker’ (Q, G) := ker (HY(Q, G) — [[, HY(Qy, G)),
for each 1, ShEzE = Sh&) Qe F, and Sh&) is the corresponding model of Sh&) (C) in the
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decomposition M3V (C) = [, Shg) (C). This is described in [42] Section 8] under the
unramified setting but because this is a statement in characteristic zero and we have
assumed p # 2, it also holds for the present setting. Similarly, M‘E}i" QE=11", Sh(l,) B

and the transition map sends Sh&,{ Pl Shié’)E.

Let y = [((Ba)a,AB,7B)] € Co(x), and ¢ = [((Ba)ar; AB,7iB)] € CEY(2') be a
point we constructed over y as before. As z’ € .Z/(k), one fixes a lifting &’ € .7/ (R)
of 2’ over a complete DVR R with residue field k; the base change f’FraC( R) lands in

Shi/(Frac(R)). By the Serre-Tate theorem, deforming abelian varieties is the same as
deforming the associated p-divisible groups. Thus, the way of lifting 2’ to ' produces
a lifting ¥’ € MEV(R) of y' over R. Since its image mx k(y') =: ¥ is a lifting of y
over R, the point Ypy,c(r) lands in Shk. Therefore, the point %rac( R) lands in Shks and
y € Cpr (l‘/) ]

Suppose that K’ = K" and K = K°, which are parahoric subgroups by definition.
Put .k := 7 and S = .7z. Let k =F,. For each point x € #k(k), there exists an
O, ®z, Qp-linear isomorphism

M(Ax,[\) ®@p = V®@p

which preserves the pairings up to a scalar in @;, where M (Ag A) is the covariant
Dieudonné module of A, 5, for one A € L. Transporting the Frobenius map on M (A, A)

to V®@p, we obtain an element G (@p), which is well-defined up to - K-conjugate. Thus,
we have defined a map

Tk : Fk(k) = G(Qp) /Ky,
whose fibers are the central leaves introduced in Definition Similarly, we also
have a map Yk : (k) = G(Qp)/K/ and have the following commutative diagram:

S (k) — G(Qy)/K,

J/WK/’K lﬂ,G

Filk) — G(Q)/K,.

Proposition confirms axiom 4 (c) of [3I] for the canonical Rapoport-Zink integral
models .¥, under the assumption p > 2, K’ = K’° and K = K°.
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