DE RHAM F-GAUGES AND SHIMURA VARIETIES

XU SHEN

ABSTRACT. We study F-gauges for de Rham cohomology of smooth algebraic varieties
in characteristic p. Applying to good reductions of Shimura varieties of Hodge type,
we recover the Ekedahl-Oort stratifications by constructing universal de Rham F-
gauges with G-structure. We also study the cohomology of de Rham F-gauges on
these varieties. In particular, in the PEL type case and when the weights of the flat
automorphic vector bundles are p-small, we determine the F-gauge structure on their
de Rham cohomology by the associated dual BGG complexes.
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1. INTRODUCTION

Shimura varieties are certain algebraic varieties which play a very important role
in the Langlands program for number fields. These algebraic varieties admit very rich
arithmetic and geometric structure. In this paper, we study the mod p geometry and co-
homology of these varieties by the theory of F-gauges, as initiated by Fontaine-Jannsen
[17], Drinfeld [8, 9, 10], Bhatt-Lurie [5, 6, 4] et al. In fact, we mainly restrict to the sim-
plest version of the theory: de Rham F-gauges, which are roughly enhanced coefficient
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objects for the de Rham cohomology of smooth algebraic varieties in characteristic p.
This theory already reveals new information on the good reductions of Shimura varieties.

Let p be a prime. Kisin [29] and Kim-Madapusi Pera [28] (for p = 2) have constructed
smooth integral canonical models for Shimura varieties of abelian type at p. For sim-
plicity, we restrict to the Hodge type case. Let X be the geometric special fiber over
k = F, of the integral canonical model constructed in [29, 28] of a Hodge type Shimura
variety with hyperspecial level at p. Then by the works of Moonen-Wedhorn [44] (in
the PEL type case, see also [54] and the references therein) and C. Zhang (in the Hodge
type case, [57]), there is a basic stratification

x=J] xv,
wel W
called the Ekedahl-Oort stratification of X, generalizing previous works of Ekedahl,
Oort, and Goren-Oort in the Siegel and Hilbert modular varieties case. Here the index
set YW is certain subset of distinguished elements in the absolute Weyl group of G, the
group defining the Shimura variety, which we consider as a reductive group over F,. The
Ekedahl-Oort stratification has nice properties, which lead to better understanding on
the arithmetic geometry of X, for example see [54, 19, 56].

To construct the Ekedahl-Oort stratification, one applies the theory of F-zips with
additional structure developed by Moonen-Wedhorn [44] and Pink-Wedhorn-Ziegler [48,
49], by first constructing the universal G-zip of type p (the Hodge cocharacter) over X,
then showing that the induced morphism

¢: X — G-Zip"

from X to the moduli stack G-Zip" of G-zips of type u is smooth. By [48] section 6,
there is a partial order < on YW, and we have a homeomorphism of topological spaces
|G-Zip#| ~ ("W, <). The Ekedahl-Oort stratum X" is defined as the fiber of ¢ at w.

Let S be a scheme over F,. An F-zip over S consists of a tuple (£, C*®, D,, ¢), where

e & is a finite locally free Og-module (i.e. a vector bundle over S),

e (" is a decreasing filtration on &,

e D, is an increasing filtration on &,

o p: Frigro€ 5 grp€ is an isomorphism of the associated graded vector bundles
up to pullback by the absolute Frobenius F'rg of S.

Such a structure arises naturally from the relative de Rham cohomology (with constant
coefficient) of a proper smooth morphism f : Y — S, once we assume that the Hodge-de
Rham spectral sequence degenerates and the relative Hodge cohomology sheaves are locally
free: fix an integer i > 0 and set & = Hi(Y/S), let C* be the Hodge filtration on &, D,
the conjugate filtration, and ¢ the morphism induced by the Cartier isomorphism, cf.
[44] section 7 for more details. In particular, F-zips are closely related to the Dieudonné
theory of 1-truncated p-divisible groups ([44, 49]). One has a natural extension of the
notion of F-zips to G-bundles, known as G-zips. In the case of the mod p Hodge type
Shimura variety X, we consider the relative de Rham cohomology of the abelian scheme

A— X,

which is induced from a fixed Siegel embedding. This gives us an F-zip over X. To
construct the universal G-zip, one takes care about the Hodge cycles, and makes trivial-
ization of the F-zip with respect to the standard one constructed from the Siegel datum,
for more details see [57].

The motivation of this paper comes from the following question: what is the relation
between the Ekedahl-Oort stratification of X and the F-zip structure on the de Rham
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cohomology' H éR(X /k)? Apparently, both of them reflect some perspective of the mod
p Hodge structure of X.

Here, to formulate the question one has to be careful. First, to make sense of the
F-zip structure on the de Rham cohomology Hy(X/k), one has to prove that the
Hodge-de Rham spectral sequence degenerates, which is nontrivial in characteristic p.
Next, in the setting of Shimura varieties, it will be more natural to consider de Rham
cohomology with coefficients. The theory of automorphic vector bundles provides plenty
of flat vector bundles (V, V) over X, coming from algebraic representations of G. Then,
it will need furthermore efforts to make sense of the F-zip structure on the de Rham
cohomology

Hig(X/k, (V. V)),
since in the previous work of Moonen-Wedhorn [44] only de Rham cohomology with
trivial coefficients were considered. At this point we are naturally led to the notion of
de Rham F-gauges, which are roughly enrichments of F-zips by adding an additional
datum of a flat connection V, with necessary compatibility conditions. It turns out the
theory of de Rham F-gauges unifies and strengthens the two structures on X: Ekedahl-
Oort stratification and the de Rham cohomology.

Let S be a smooth scheme over F,. A de Rham F-gauge (see Definition 3.1) over S
consists of a tuple (£,V,C*®, D,, ), where

e (£,C% D,,p) is an F-zip over S,

e V is a flat connection on &, such that it satisfies the Griffith transversality
condition with respective to C*®,

e the filtration D, is horizontal with respective to V, and the induced connection
on grp€ has zero p-curvature,

o let Oy = groV be the graded Higgs field on gro€, and ¢y : grp€ — grpé€ ®
Frgﬁ}g the morphism induced by the last condition on p-curvature, then we
require the isomorphism ¢ : Frigro€ = grpé to be compatible with 6y and
Yy: it induces an isomorphism ¢ : Frgfy ~ ¢y.

By a classical theorem of Katz ([26] Theorem 3.2), such a structure also arises natu-
rally from a proper smooth morphism f : Y — S, under the same condition on the
degeneration of the Hodge-de Rham spectral sequence and locally freeness of the Hodge
cohomology sheaves. In particular, the natural connection V on & = Hiz(Y/S) is
given by the Gauss-Manin connection, fy is then the Kodaira-Spencer map, and ¢y the
induced p-curvature map. See also [46] Remark 3.19 for some generalized versions of
Katz’s theorem. On the other hand, one can show that this explicit definition is equiv-
alent to the modern stacky approach of Drinfeld [9] and Bhatt-Lurie [4], where a de
Rham F-gauge can be defined as a vector bundle? over the special fiber of the syntomic
stack S%Y", cf. Theorem 3.8. Another theory of de Rham F-gauges also appeared in the
work of Fontaine-Jannsen (cf. [17], especially subsection 8.2). It would be interesting
to explicitly compare the definition here and the version in [17].

Let F-Gaugeyr(S) be the category of de Rham F-gauges over S. One can study the
cohomology of a de Rham F-gauge (£,V,C*®, D,, @) over a proper smooth morphism
of smooth schemes Y/S: under the above condition that the Hodge-de Rham spectral
sequence degenerates and the relative Hodge cohomology sheaves are locally free, the de

n [56] Wedhorn-Ziegler studied the cycle classes of Ekedahl-Oort strata in the Chow ring of X*°"
(smooth toroidal compactification of X), showing that they generate the same subring as that generated
by the Chern classes of automorphic vector bundles. However, this does not address our question yet.

20ne can consider more general perfect complexes or even general complexes in the stable co-derived
category of quasi-coherent sheaves on the syntomic stack, as in these references. Here we only restrict
to the simplest version of vector bundles.
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Rham cohomology Hiy(Y/S, (€, V)) carries a natural structure of a de Rham F-gauge
over S, by combining the results of Katz [26] and Moonen-Wedhorn [44], cf. Proposi-
tion 3.6. Here, we just mention that to study the conjugate filtration on the de Rham
complex, we make use of the conjugate filtration N® on the sheaf of PD differential
operators Dyg, cf. [46] subsection 3.4. The graded sheaf gr ~Dyys is a canonical split
Azumaya algebra, which essentially reduces the study of conjugate filtration on de Rham
complexes to that on the associated p-curvature complexes, cf. Proposition 3.5.

If So/Wy is a lift of S/k over the truncated Witt ring Wo = Wa(k), we have another
closely related category MF [zm—?} (S2/W3), the category of p-torsion Fontaine modules
(M, V,Fil, @), introduced by Faltings in [14] (as a generalization of the previous work of
Fontaine-Laffaille in the case S = Spec k). Here the precise definition of (M, V, Fil, ®) is
a little technical, in particular there is a “strongly divisibility condition” on the Frobenius
® and the Hodge filtration Fil. Using the Cartier transform functor constructed in [46],
Ogus-Vologodsky gave a reformulation of this category in loc. cit. subsection 4.6. The
link between this theory and de Rham F-gauges is as follows, cf. Proposition 3.3. There
is a natural functor

MUF (82 /W2) = F-Gaugegp(S),

which is fully faithful, with essential image the de Rham F-gauges (£,V,C*®, D,, ) of
nilpotent level < p —1, i.e. w%_l = 0. We note that this functor was already implicitly
discussed in [46] subsection 4.6. Here, it deserves to note that contrary to the category of
p-torsion Fontaine modules, we do not need any lift of S/k to define de Rham F-gauges.

We have also a similar notion of de Rham F-gauge with G-structure of type p (or for
simplicity: de Rham F-gauge with (G, pt)-structure), for a reductive group G over F,
with a cocharacter p. There is a natural forgetful functor

F—GaugedGé”(S) — G-Zip"(9)

from the category of de Rham F-gauge with G-structure of type u to the category of
G-zips of type u over S, which is an equivalence of categories if S = Speck. From
here one sees that the natural morphism between the corresponding stacks induces a
homeomorphism of underling topological spaces.

In a recent paper [10], Drinfeld has studied the moduli stack® BTlG # of de Rham
F-gauge with G-structure of type u, with p minuscule. He shows that this is a smooth
algebraic stack of dimension zero, and the forgetful map

BT — G-Zip"

is an fppf gerbe banded by a finite group scheme Lau§. The stack BT lG # should be
the special fiber of a smooth algebraic stack living over Op, see [10] Conjecture C.3.1
(which has recently been proved, cf. [18] Theorem A). If G = GLj, and {u} is given by
(14,0"=4) for some integer 0 < d < h, Drinfeld also conjectures that the stack BTlG’“
is isomorphic to the stack of 1-truncated p-divisible groups of height A and dimension
d, cf. [10] Conjectures 4.5.2 and 4.5.3. Recently, Gardner and Madapusi announced
a theorem which says that there is an equivalence between the category of truncated
p-divisible groups of height h and dimension d over S and the category F' -Gaugegl’%“ (S)
(cf. [18] Conjecture 1 and the paragraph below it). In particular, this equivalence im-
plies Drinfeld’s conjecture.

3In Drinfeld’s paper [10], the cocharacter u is defined over F,. But one checks that with necessary
modifications, his construction works for y defined over a finite extension of Fp, as in the setting of
[48, 49]. Moreover, the stack BT " is exactly introduced to study the mod p geometry of Shimura
varieties.
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Back to Shimura varieties and let S = X. The first main result of this paper is as
follows. It allows us to make the link between de Rham F-gauges and Ekedahl-Oort
stratification of X.

Theorem 1.1 (Theorem 4.1). Let X be the geometric special fiber of the integral canoni-
cal model of a Hodge type Shimura variety with hyperspecial level at p. There is a natural
de Rham F-gauge with (G, p)-structure over X, which induces the universal G-zip of
type p given by (. The induced morphism & : X — BTlG’“ is smooth. In other words,
we have a commutative diagram of smooth morphisms of algebraic stacks over k:

X S Brér

N

G-Zipt.

This theorem can be viewed as a strengthen of the main result of [57]. Roughly, the
natural de Rham F-gauge with (G, u)-structure over X is found by adding the Gauss-
Mannin connection to the universal G-zip of type u, which essentially comes from the
universal abelian scheme over X. The smoothness of the morphism & can be proved sim-
ilarly as the smoothness of ¢ ([57]). But this is more complicated. Roughly, we identify
the tangent spaces of X with those of the stack BTSH (using the work of Ito [23], see also
[22]) and the fact that BTZ" — BT is smooth ([18]), where BTZ" = lim BT is

the limit of the stack BT* introduced by Drinfeld (in [10] Appendix C) and studied by
Gardner-Madapusi in [18]. With some extra efforts, one can extend the above theorem
to the abelian type case (cf. [40, 52] for some constructions of this type). Recently there
have been works to construct a mixed characteristic version of the morphism &, which
is certainly more difficult (see the introduction of [18] and [22]).

We have also a Tannakian definition of de Rham F-gauge with G-structure. Thus by
the above theorem, we have a functor

Rep G — F-Gauge p(X).

Therefore, for any A € X*(T)4 such that V) is defined over F,, we have an enrichment
of the flat vector bundle (Vy, V) into a de Rham F-gauge (V),V,C*, D,, ). Consider
the de Rham F-gauge associated to the dual representation VY. In the second main
result, we study the F-gauge (= F-zip) structure on the de Rham cohomology groups

Hag (X, VY) = Hig(X/k, (XX, V).

It turns out that if A satisfies a small condition with respect to p, this F-gauge structure
is determined by the dual BGG complex? BGG(VY), cf. [13, 50, 43, 33], which is a
basic construction in the setting of Shimura varieties and closely related to the de Rham
complex DR(VY, V).

Theorem 1.2 (Theorem 4.11). Suppose that X is of PEL type. For simplicity, assume
moreover that X is proper, and the reductive group G defined by the PEL datum is
connected. Let n = dim X. Assume® moreover 2n < p and max(2,r,) < p whenever
there is a local factor Sps,. appearing in the decomposition of Gy, arising from the PEL
datum. Then we have

At is interesting to note that the set W appears once again in the construction of the (dual) BGG
complexes. The two appearances of 7T (in EO stratification and dual BGG complexes) is in fact the
original motivation of this work.

This additional condition, and the condition in part (1) that A is p-small with || < p, are imposed
to apply the constructions and results of [35] to ensure the associated Hodge-de Rham spectral sequence
is degenerate. These can be removed once one can prove the degeneracy by other methods. On the
other hand, if we work less explicitly with complexes and derived categories, then we would not need
any degeneracy results on the Hodge-de Rham spectral sequence.
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(1) For any 0 < i < 2n and A € X*(T)4 such that X is p-small with |\ < p, V)
is defined over Fp, there is a natural F'-zip structure on HQR(X, VX), which is
induced by the cohomology of the de Rham F'-gauge (VY,V,C*, Ds, ¢).

(2) For the above A, the F-zip structure on Hy(X,VY) is determined by the dual
BGG complex BGG(VY) as follows. Let H € X.(T) be the element defined by
the conjugacy class of p. For each a € Z, by the construction of dual BGG
complezes, we have

Hi(X,grgBGG(vX)): P T OE W),
wEJW
w-A(H)=—a

Then there is a commutative diagram of isomorphisms

% . Lpa .
Frigrt, Hap (X, V) grp Hag (X, VY)

5 B

FriH (X, gt BGG(WY) ) = Hi( X, g1 Fri BGGOY) ).

For the notion of p-small weights A and the notation w - A and |A|, see subsection
4.4 and 4.7. The sheaves WI\S \ are also automorphic vector bundles on X, but without
connection, see subsection 4.1. Here we restrict to the PEL type case, in order to use
the theory of Kuga families [35] to deduce that the Hodge-de Rham spectral sequence
is degenerate (see also [31, 36]). For the second part of the theorem, on the Hodge
filtration side, it is already known that the inclusion of graded complexes

gre BGG(VY) = gre DR(VY, V)

is quasi-isomorphic by the key properties of dual BGG complexes. We observe that the
p-curvature complex together with the conjugate filtration associated to (VY,V) can
be realized from a complex of Verma modules, cf. Proposition 4.8. In particular, we
apply the crystalline description of the p-curvature, see [46] Proposition 1.7, to achieve
this construction. This is similar to the case of de Rham complex with Hodge filtra-
tion, which can be constructed from the standard complex of Verma modules. Then we
show the conjugate filtrations of the dual BGG complex and the de Rham complex are
compatible, and the induced map between the graded complexes is a quasi-isomorphism.

We briefly review the structure of this article. In section 2, we recall various related
notions on flat connections in characteristic p. In particular, we review the works of
Ogus-Vologodsky [46] on non-abelian Hodge theory in characteristic p, the notion of
p-torsion Fontaine modules of Faltings, as reformulated in [46], and the theory of F-
zips and G-zips due to Moonen-Wedhorn [44] and Pink-Wedhorn-Ziegler [48, 49]. In
section 3, we study basic properties of de Rham F-gauges, their cohomology, and the
theory with additional structure. In section 4, we apply the previous theory to good
reductions of Shimura varieties of Hodge type. We first construct universal de Rham
F-gauges with G-structure and show the smoothness of the induced map £. Then we
study the cohomology of de Rham F-gauges on these varieties. In the PEL type case and
when the weights of the flat automorphic vector bundles are p-small, we determine the
F-gauge structure on their de Rham cohomology by the associated dual BGG complexes.
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2. PRELIMINARIES

Let k be a perfect field of characteristic p and X/k a smooth k-scheme. In this section,
we review some background on the non-abelian Hodge theory on X. We first fix some
notations on Frobenius morphisms: let Frx : X — X and F'ry : Speck — Speck be the
absolute Frobenius maps, 7 : X’ — X the pullback of X under F'rj, and Fxp: X —
X' the relative Frobenius map, so that Fry = mx o Fx /i, and we have the following
commutative digram

X ™ ox

N

Speck I Speck,

where the square is cartesian. Later, we will also denote X' = X®) for compatibility
of notations. In the following, most results hold more generally in the relative smooth
setting for X/S, with S a scheme over F,. For our later purpose, we will mainly restrict
to the case S = Speck.

2.1. PD differential operators and stratifications. Consider the diagonal embed-
ding X < X xj X with ideal sheaf I. Then we have Q% = Qﬁ(/k ~ [/I? as O x-modules.
Let Px = Px/; denote the PD envelope of the diagonal embedding X — X x; X and

Px = Pxyi its structure sheaf. Let Jx = Jx/; the ideal of X in Px. Consider the

completion of Px with respect to the PD powers J)[?]: Px = @n PX/J)[?]. For any
integer n > 0, denote

PL =Py /I,

For n = 1, we have a natural isomorphism Q% ~ Jx/J )[?} and a split exact sequence of
O x-modules

0— QY — PY — Ox — 0.

We recall the basic notions of PD differential operators and PD stratifications as in
[3] section 4. For Ox-modules £ and F, a PD differential operator & — F of order
< n is an Ox-linear map Py ® & — F, and an HPD differential operator £ — F is an
Ox-linear map Px ® € — F. A PD stratification on £ over Px is a collection (e5,)n>0
of isomorphisms

En: Py ®E— ERPY
such that g = idg, each ¢, is P%-linear, when n varies these €, are compatible under
the projections between P%, and for all m and n, a cocycle condition holds; see [3]

Definition 4.3 for the precise meaning of this condition. An HPD stratification on £
over Px is a Px-linear isomorphism

e Px®E — ERPx

such that e reduces to the identity mod Jx and the cocycle condition holds.
Let Dx = Dxy;, be the sheaf of algebraic differential operators generated by Ox and
the tangent sheaf Tx = T/, subject to the module and commutator relations

° 81'(92*82'81: [81,82], 81,82 ETX.
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In other words, Dy is the envelope algebra of the tangent Lie algebroid 7x. One can
check that Dy coincides with the sheaf of PD differential operators on Ox as defined
above. The sheaf Dx carries a natural increasing filtration F, = D)S(' by the degree of
differential operators Dx = {J,, D)S(", with D)S(O = (QX,D)%”H = D)S(" +Tx - D)S(". As
in the case of characteristic zero, one can check that the associated graded sheaf can be
described as the symmetric algebra of Tx:

grpDx ~ SymTx.

The sheaf Dy is dual to 73X in the sense that we have perfect pairing Dx X 73)( — Ox,
which induces an isomorphism of Ox-modules

DX" = Hom(P%,Ox), Dx = limHom(P¥,Ox),
n
where we use the left Ox-module structure on Pyx.

2.2. Flat vector bundles in characteristic p and p-curvature. Let £ be a vector
bundle over X, considered as a locally free sheaf of finite rank. Recall a connection V
on £ is given by a k-linear map of sheaves

Ve EROk,

satisfying the Leibniz rule

V(fs) = fV(s) +s®df,
for sections f, s of £ and Ox respectively. The connection V is called flat (or integrable),
if

VioV=0:&—E®O%,
where V7 : E@Q% — £®0% is the induced map given by Vi(e®w) = e®dw —V(e) Aw,
for sections e, w of £ and Qk respectively. In this case, we call (£, V) a flat vector bundle.
The datum of a connection V on £ is equivalent to an Ox-linear morphism of sheaves

Vi Tx — Endy(E),

and V is flat if and only if the map V : Tx — &Endi(€) is also a Lie algebra homo-
morphism, cf. [25] section 1. We can generalize the above definition to more general
quasi-coherent sheaves. Let MIC(X) be the category of quasi-coherent Ox-modules
with flat connections. We have the following equivalent description of this category.

Theorem 2.1 ([3] Theorems 4.8 and 4.12). Let £ be a quasi-coherent Ox -module. Then
the following structures on &€ are equivalent:

(1) a flat connection V : £ — € @ QL
(2) a quasi-coherent left Dx-module structure on &,
(3) a PD stratification on E.

The flat connection V is quasi-nilpotent (in the sense of [3] Definition 4.10) if and only
if the stratification is HPD.

In particular, we have
MIC(X) = QCoh(Dyx).
We view Px as an Ox-module from the right, which carries a canonical HPD stratifi-
cation. Let Vp be the integral connection on Px corresponding to this stratification.
Then Vp(J )[?]) cJ )[? g QL. Moreover Vp induces an integral connection V5 on Px.

Remark 2.2. The datum (€, V) of a quasi-coherent Ox -module together with a flat con-
nection can be also described as a quasi-coherent sheaf over the de Rham stack (X /k)*?
attached to X/k. This perspective is due to Simpson. See Theorem 3.8 for a similar
statement for certain related objects with much richer structure.
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As we are working in characteristic p, there is a concept of p-curvature attached to
each flat connection (€, V), which plays a very important role in the theory. First note
that if 9 is a section of Tx, then so is its p-th iterate 8®, which can be checked by
viewing 0 as a k-derivation on regular functions and using the Leibniz rule. Now, for a
flat vector bundle (£, V), its p-curvature is defined as the map of sheaves

Yy Tx — Endp(E), 9+ V()P — V(8W)).

Therefore 1y = 0 if and only if the map V : Tx — End(€) is a p-restricted Lie algebra
homomorphism. In the general case, by [25] Proposition 5.2, 1y is p-linear. Therefore,
as FryTx = F% /k’TX/, the datum vy is equivalent to an Ox-linear map

If dim X = n and U C X is an open subset which is étale over A} with coordinates
Z1,...,Zp, then over U, the p-curvature 1y is determined by the endomorphisms of &|y:

Yy (01), -+, ¥v(On),
where 0; = a (1 <i < mn) is the induced base of Tx over U. Note that 8(p) = 0 for all
1<i<n, thus Yy (0;) = V(9;)P.
Let QCoh(X') be the category of quasi-coherent O xs,-modules. Recall the following
classical Cartier descent:

Theorem 2.3 ([25] Theorem 5.1). The functor H — ( X/kH,VC‘m) induces an equiv-
alence of categories
QCoh(X") = MIC(X)¥v=0,
where MIC(X)¥v=0 is the full subcategory of MIC(X) consists of (£,V) with zero p-
curvature. The quasi-inverse of the above functor is given by
MIC(X)¥v=" — QCoh(X’), (&,V)— EV.
In [25], a flat connection (£, V) on X is called nilpotent of level < N if the map
by € = E@ (Fx )N
induced by the p-curvature 1y is zero. One can check that this notion is equivalent to
the notion of quasi-nilpotent above ([3] Definition 4.10). By [25] Corollary 5.5, (£,V) is
nilpotent of level NV if and only if there exists a decreasing filtration of length IV
E=FilO>Fil' > >FiIV ' SFilN =0
which is horizontal with respect to V, such that the associated graded connection on
grp; € has zero p-curvature. Flat connections of geometric origin are nilpotent:

Example 2.4 (Katz, [25] Theorem 5.10). Let f : Y — X be a proper smooth mor-
phism between smooth algebraic varieties over k. Then for each i > 0, the relative de
Rham cohomology R’ f1r.Oy admits a canonical flat connection, called the Gauss-Manin
connection, which is nilpotent.

Let n = dim X. For a flat vector bundle (£,V), we have the de Rham complex
DR(E, V) = (£ @ O%,d°).
More explicitly, this is the following complex of Ox-modules

0o Deogal Lot . el o,

where d° = V and for 0 <i < n,
die®@w)=e®dw+ (—1)'V(e) Aw
sections e,w of £ and le respectlvely Note that although the differentials d* are

not Ox-linear, they are L Ox-linear (note also Oy is locally free of rank p™ over

X/k
X/k:OX') As a result, the complex of Oy/-modules Fy/, DR(E,V) is Ox-linear.
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Following Grothendieck, the de Rham cohomology of X/k with coefficient in (£,V) is
defined by the hypercohomology of DR(E,V)

On the other hand, one can check that the p-curvature ¢y satisfies an integral condition
(cf. [45]): let ¥ = 1), and for 0 < i < n let ¥* be the composition of

€@ Fy i "8 € @ Fy 0k © F Qi "4 € 0 Fy 03,

then 1) 0 9)*~1 = 0. Therefore, we have the p-curvature complex
K(E,0) = (€ ® Fi Q%0 6°)
in the following form

wo * 1 wl * 2 1/’2 ¢n71 * n

Note that in case of ¥y =0, e.g. (£,V) = (Ox,d) the constant connection, the associ-
ated p-curvature complex has trivial differentials. Sometimes it is useful to consider the
Ox-linear p-curvature complex Fx /i, K (€,1) on X', which by the projection formula
has the form

wO 1 wl 9 ¢2 wnfl n

Since k is of characteristic p, the differentials of Fly/;.(2% are Ox/-linear. If z is a
local section of Ox, then dr% () is a local section of %,. One checks that there exists
a unique homomorphism of Ox/-modules

C Q% = H (Fy/Q%)
such that C~1(dn%(z)) is the class of 2P~ 'dz. Recall the following classical theorem

due to Cartier:

Theorem 2.5 ([25] Theorem 7.2). For all i > 0, there exists a unique isomorphism of
Ox/-modules

Cit Q% 5 H (Fyypa Q%)
such that

Co'()=1, Ci'=0C"", Clli(waw)=C w) ACT (W),

for local sections w and w' of QE(, and Q&, respectively.

We discuss a little more about the inverse Cartier isomorphisms. First, for each i,
the original inverse Cartier isomorphism

Cz‘_l Oy o HU(QY)
is p-linear (cf. [26] 7.1.4 for some discussions on the original Cartier isomorphism and
the version above). Therefore it is equivalent to an Ox-linear isomorphism

Ol T H(Fry.0%).
Next, as Q%, = 7% Q% we can rewrite C’i—1 as

Ty > H (Fx/e %)
We have the natural decreasing Hodge filtration C'** on the de Rham complex % with
0,‘ j<i
Y, 7>

%) = {

and
groQy = Qx[—i].
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On the other hand, we have also the increasing conjugate filtration De on Fly ;2% with

| (P <
Di(Fx /%) = 1<i(Fxie2% ) =  ker(Fx ey — Fx Q¥"), j=i
0, i

and
e Fx /i ¥ = H' (Fx/pa Q2% ) [
The inverse Cartier isomorphism C;~ 1 can be rewritten as

Ol miert 0y gr%FX/k*QB(.

2.3. The Azumaya algebra property and the conjugate filtration of Dx. In
characteristic p, the sheaf Dx has a large center Z(Dx) (contrary to the characteristic
zero setting). To study the center, sometimes it is convenient to consider Fy /., Dx
instead of Dx. Note that as Fx, is affine, the direct image functor Fly/;, induces an
equivalence of categories:

A key observation of Bezrukavnikov-Mirkovié-Rumynin is

Theorem 2.6 ([7]). (1) The p-curvature map ¢ : Txr — Fx/iDx,v = vP — v(P)
factors through the center Z(Fx1.Dx) of Fx/«Dx, and induces an isomor-
phism

SymTxr >~ Z(Fx/pDx)-

2dim X pper SymTy:.

(2) The sheaf Fx . Dx is an Azumaya algebra of rank p
By adjunction, we have then
FrxSymTx = Fy,SymTxr = Zp, (Ox) < Dx,

where Zp, (Ox) is the centralizer of Ox in Dy, and for the second isomorphism see [7]
section 2. One checks easily that Dy is locally free of rank p3™X over Zp, (Ox). The
proof of Theorem 2.6 (2) actually shows that

F)*(/kFX/k*DX ~ EndZDX 0x)(Dx).
Following [46] section 3.4, we introduce a decreasing filtration N*® on Dx by ideals
--~CJ§(C---CJXCDX,
where
Ix = Jx = (Fx;Sym'Tx)) - Dx, T = (Fx,Sym'Txs) - Dx
are ideals of Dx generated by the corresponding one of F§ /kSym’TX/. More precisely,
this filtration is induced from the deceasing filtration N* on F§ /kSym’TX/ by ideals

e C /)Z( C---C IxC F)*(/kSymTX/, with /)Z( — F}/ksymiTxu
Then we have
gr N Fy ), SymTx: ~ Fy , SymTx.
The natural inclusion
F ) SymTx: — Dx

given by p-curvature preserves the filtrations by construction.
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Proposition 2.7. The associated graded gryDx can be described as®
gryDx ~ (Dx/Jx) ®ox Fx/SymTx,
which is a canonically split tensor Azumaya algebra, with
Fy /o Fx /i Ox ®ox Fy,SymTx
the graded splitting module.

Proof. This follows from [46] the paragraph below Lemma 3.18. In fact, by [2] Proposi-
tion 2.2.7, we have

Dx/jx ~ gndF);/lkOX/ (Ox) >~ 8nd@X (F;(/kFX/k*OX)
Therefore, we have an isomorphism
(Dx/Jx) @ox FxjSymTx: ~ Endpy, | symTy, <F)*(/kFX/k*OX ®0x F}Z/ksymTX/)
O

Hence we get an equivalence of categories
Cx : QCoh(gryDx) — QCoh(Fy /,SymTx),

M > Homge, b (Fi o FxieOx @0y FipSymTxr, M).

The quasi-inverse Cy' : QCoh(F)*(/kSym’TX/) — QCoh(gryDx) is given by

& € 8y snyr (FiiFx/isOx @0y FipSymT ) = € Qoy Fi o Fx/ieOx.
In fact, we have an equivalence of derived categories

Cx D(Mod'(gr NDX)> D (Mod°(F;g/kSymTX/)),

where D(M od®(gryD X)> is the derived category of graded grDx-modules, and simi-
larly for D(Mod® (Fy ; SymTx) ).

2.4. Higgs bundles and flat vector bundles. Let Y/k be a smooth scheme. A Higgs
sheaf on Y is defined by a pair (H, ), where H is a quasi-coherent Oy -module,

0:H—HRo, QO

is a morphism of Oy-modules, satisfying 8 A0 = 0. As in the case of flat connections, a
Higgs sheaf can be equivalently given by a map

0: Ty — Endoy, (H),

such that the image of 6 is a commuting subsheaf of operators. We denote by Higgs(Y)
the category of Higgs sheaves on Y.

Consider the sheaf of algebra fQ%/, the complete PD algebra associated to Q%/, which
can be viewed as the structure sheaf of the PD formal completion T, Y of the tangent
bundle T*Y — Y along the zero section. We have a perfect pairing

SymTy x [ —s Oy
Similar to Theorem 2.1, we have

Theorem 2.8. Let H be a quasi-coherent Oy -module. Then the following structures on
H are equivalent:

(1) a Higgs filed 6 : H — H @ QL

(2) a SymTy-module structure on H,

(3) a PD stratification of H over fﬂ%,

6Recall that for the order filtration Fo on Dx, the associated graded grpDx ~ SymTx.
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The equivalence (1) < (2) is classical. We omit the proof of the equivalence (2) < (3)
(which can be proved similarly as Theorem 2.1; see also [47] Theorem 1.2.10 and its
proof for a slightly variant version) as actually we will not use it in the following.
Let ¢ : T*Y — Y be the cotangent bundle , which is the geometric realization of
Q3 = Hom(Ty, Oy), and we have

¢ O~y ~ SymTy .
As ¢ is affine, the functor ¢, induces an equivalence of categories:
QCoh(T™Y) ~ QCoh(SymTy) = Higgs(Y).

Replacing the above Q3. and Ty by a general locally free sheaf of finite rank Q and
its dual T, we have the notion of 7-Higgs fields and T-Higgs bundles. Back to our fixed
smooth scheme X/k and let Y = X. In particular, considering = F'§ /kQﬁ(, and T =

F% /kTX/, we denote the associated category of twisted Higgs bundles as F-Higgs(X).
Then we have the p-curvature functor

MIC(X) — F-Higgs(X), (&E,V)— (&,9v).
As in Theorems 2.1 and 2.8, the category F-Higgs(X) can be described as

Theorem 2.9. Let £ be a quasi-coherent Ox-module. Then the following structures on
E are equz’valent'

(1) a ’TX/ Higgs field ¢ : £ — E® X/kTX/,
(2) a X/kSymTX/ -module structure on &,

(3) a PD stratification over the complete PD algebra FX/kFQ1

Thus we have an equivalence of categories
F-Higgs(X) ~ QCoh(F ,SymTx-).

Together with the equivalence MIC(X) ~ QCoh(Dx) by Theorem 2.1, the p-curvature
functor MIC(X) — F-Higgs(X) is given by the natural restriction functor by the
inclusion

)*(/kSymTX/ ~ ZDX (Ox) C Dx.

On the other hand, as Higgs(X"’) ~ QCoh(SymT7x) by Theorem 2.8, we have the natural
pullback functor
Higgs(X') — F-Higgs(X)

induced by F

Recall [ is the ideal sheaf of the diagonal embedding X < X X3 X. We have a natural
map

I — Px/IPx

which is p-linear and zero on I?, thus we get an induced map

FriQk = F5 Q% — Px/IPx, andthus Fy, Q% — Px/IPx.
Proposition 2.10. (1) The map X/kQX’ — Px /IPx induces an isomorphism
X/kQX’ Ix/(Jx JeH 4 1Py ).
(2) The above map is an isomorphism of sheaves of algebras
Fy D%, ~ Px /IPx.
(3) Under the perfect pairing Dx X 73)( — Ox, the induced quotient map
Px — Px/IPx ~ Fj, Tk,
1s dual to the inclusion F;(/kSymTX/ — Dx given by the p-curvature map

F)*(/kSymTX/ ~ ZDX (Ox) — Dx.
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Proof. (1) is [46] Proposition 1.6. (2) follows from (1) and a local computation, for more
details, see [20] Proposition 3.3 or [42] Proposition 7.6. Finally, (3) follows easily from
(2), cf. [42] Lemma 7.8. O

If (£,V) € MIC(X) with the associated stratification isomorphism ¢ : pri& — pri€
(by Theorem 2.1), where pr; : Py = Spec Px — X are the natural projections, then
under the isomorphism in Proposition 2.10 (1), by a result of Mochizuki, the p-curvature
vy €= E® F)*(/kTX/ is given by

Yy (e) = e(pri(e)) — pri(e) mod J)[ZEH] + I'Px

for any section e of &, see [46] Proposition 1.7. By Proposition 2.10 (3), this is com-
patible with the description of p-curvature by restriction of scalar along the injection
F)*(/kSym’TX/ — Dx.

Back to the setting of the beginning of this subsection. Consider the smooth scheme
Y/k. Let N > 1 be an integer and (#,0) a Higgs sheaf on Y. We say 6 is nilpotent of
level < N if the induced morphism

0N H = He ()N

is zero. The resulting category is denoted by Higgsy (Y'). Now, we review the basic link
between flat connections and Higgs sheaves, following [46]. Back to our fixed smooth
scheme X/k as in the beginning of this section, and let Y = X’. One basic version of
the main results of Ogus-Vologodsky is as follows.

Theorem 2.11 ([46] Theorem 2.8). A lifting X /Wa(k) of X/k gives rise to an equiva-
lence of categories

Cot ey * Higgs,—1 (X7) = MIC, (X)),

which extends the equivalence of Cartier descent in Theorem 2.3.

Very roughly, this theorem was proved in [46] by showing the Azumaya algebra
Fx1k+Dx splits when pulling back along

v:Top X' — T*X,

where we view F'x/., Dy as a sheaf over T* X' by viewing it as a module over Z(Fx/ixDx) =~
SymTx, and

T;;DX/ — SpeCSymTX/ fTX’

with the complete PD algebra I'Tys over Sym7yx/. We refer to [46] for more com-
prehensive and extensive study of the correspondence between Higgs sheaves and flat
connections, including the relative version, the comparison between cohomology and the
functoriality.

Remark 2.12. (1) There are some other constructions of the equivalence above:

e Lan-Sheng-Zuo [37] constructed the Cartier and inverse Cartier transforms
by exponential twisting of the classical Cartier descent equivalences as in
Theorem 2.3,

e Oyama [A7] constructed the equivalences by introducing a Higgs site which is
closely related to the crystalline site; moreover this approach also deduced the
comparison theorem between de Rham cohomology and Higgs cohomology.

(2) The work of Schepler [51] extends the Ogus-Vologodsky equivalence to the log-
arithmic setting, which also contains a comparison theorem between de Rham
cohomology and Higgs cohomology.
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2.5. p-torsion Fontaine modules. Besides flat connections and Higgs fields, we will
need more structures: Hodge filtration and Frobenius. One version of such objects is
given by the Fontaine modules (some other terminologies: relative Fontaine-Laffaille
modules, or filtered F-crystals) introduced by Faltings in [14]. In fact, we will only need
a p-torsion version, as discussed in loc. cit. subsections II. ¢) and d). We will follow
[38] section 2 to give explicit descriptions.
Fix a lifting Xo/Ws of X/k. A p-torsion Fontaine module on X consists of tuples

(M, V,Fil, ®), where

e (M,V) is a flat coherent Ox-module,

e Fil is a decreasing filtration on M of length” < p — 1, i.e. Fil is given by

M=Fil’°>Fil'! >..- >FilP 2> FilPt =0,

such that the Griffiths transversality condition holds: V(Fil’) C Fil' ' ® Q% I

e ® is the Frobenius structure on M given by the following data. Set M =
grpgM = @P0 Fil'/Fil'*!. Then
& FriyM =5 M
is an isomorphism of Ox-modules. Moreover, ® is required to be compatible
with Fil and V in the following sense: take an open cover U of X, U C X lifts
of U, F ry U —U lifts of the absolute Frobenius on U, and .
— let V = grp V be the graded Higgs field attached to V and Fil on M;
— for each U, let F'r;;V be the connection on F'r{; My defined by the formula:
dF Ty

FriV(foe)=df @e+f-( ©1)(1®V(e), feOyeeMy,

then the following diagram commutes:

oy

Fri; My My
Frg%l v
FripMy @ Q225 My @ Q.
By [14], M is in fact locally free, and ® is well defined, i.e. it does not depend
on the choice of local liftings.

We denote the category of p-torsion Fontaine modules on X by
MF o (Xa/Wa).

By [14], this is an abelian category. If X /W is a smooth lifting of X /k, we have also the
usual category of Fontaine modules /\/l}"[vo po(X/W) over X, cf. [14] p. 34-35. There
is an obvious truncation functor

M]:[VOJJ*?](X/W) - MF[VO,pr](XQ/WQ)‘

Moreover, one can check that MF [%’pﬂ](zl’g /W3) is equivalent to the full subcategory

of p-torsion objects in M]-'[% p_Q](X/W), see [46] the paragraph after Definition 4.16.
Using Theorem 2.11, we can give an equivalent formulation of p-torsion Fontaine
modules. Recall the equivalences

-1
CXz/Wz

Higgs, 1(X") MIC,—1(X).

Cxyywy

"One should be careful about the length. We follow the notation of [14], where there is also a larger
category M]:[voyp,” (X2 /W2) of similar objects, but with length < p, i.e. Fil? = 0. However, it is the
category M.F[Voypim(XQ/WQ) that is compatible with the theory in [46].
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For an object (M, V,Fil, ®) MF[VO7P72](X2/W2), we get the associated Higgs bundle
(Ha 0) =T O OXQ/WZ (M7 V) € Higgsp—l(X)7

where recall m : X’ — X is the projection from the Frobenius twist. As in the charac-
teristic zero case, this Higgs bundle can be obtained more directly as

(H,0) ~ (grpgM, grpy V).

H=PH, 0=

More precisely, we have

with
H; = griyM = Fil'/Fil'™!  and  6; = grg; V' : Fil'/Fil'™! — (Fil""! /Fil'?) ® Q%
induced by the Griffiths transversality condition.

Proposition 2.13. (1) We have an equivalence of categories:
MEFJG o (Xa/ W) = {(M, V. Fil, §)},

where the category on the right hand side is given by [46] Definition 4.16. Con-
cretely, for an object (M, V,Fil, @) in this category, the first three terms (M, V, Fil)
are the same as above, the last term is an isomorphism

¢ C'«;le/Wz o 7 (grea M, grpm V) — (M, V).

The equivalence is given by a natural functor (M, V,Fil, ®) — (M, V,Fil, ¢).
(2) We have an equivalence of categories:

MEFG gy (Xa/Wa) == {(H. 0, Fil, §)},
where the category on the right hand side is the category of 1-periodic Higgs-de

Rham flow introduced in [38]. It consists of objects with (H,0) € Higgs, 1 (X),

Fil is a Griffiths transverse filtration on C;Ql/WQ (H,0), and ¢ is an isomorphism

¢ P8Iy © C;;21/W2 o 71-*(7-[7 9) ;> (Hv 9)
The equivalence is given by a natural functor (M, V,Fil, ®) — (greg M, greg V, Fil, ¢).

Proof. The first statement is contained in [46] section 4.6. The second equivalence is
proved in details in [38] Proposition 3.3. O

2.6. F-zips. We recall the notion of F-zips introduced by Moonen-Wedhorn in [44] (see
also [55]). Let S be a scheme over F, (not necessarily smooth). For an object M over
S, in the following we denote M®) = F rgM, the pullback of M under the absolute
Frobenius morphism Frg : S — S. An F-zip over S is a tuple (M, C*®, D,, @) where

e M is a locally free sheaf of finite rank on S,

e ('* is a descending filtration on M,

e D, is an ascending filtration on M,

o v =dip; : (groM)P) =5 grp M is an isomorphism of graded Og-modules: for

each i, @; : (C7/C**1)®) 5 D;/D;_; is an isomorphism of @g-modules.
For s € S, consider the function
Ts - Z— 2207 m — dim,{(s) grg‘(MS) = dim,{(s) C;”/Cg”l

As griM are locally free, the function s +— 75 is locally constant on S, which takes
values in the set of maps Z — Z>¢ with finite support. We call this function the type
of (M,C*®, D,,p). Let F-Zip(S) be the category of F-zips over S. Letting S vary, we
get a smooth algebraic stack F'-Zip, which decomposes as

P-Zip = [ [ F-Zip",
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where 7 runs through the set of functions Z — Z>¢ with finite support, and each F-zip”
is the open and closed substack classifying F-zips of type 7, cf. [44] Proposition 2.2.
We have also the notion of F-zips with additional structure. Let G/F, be a connected
reductive group, p a cocharacter of G defined over a finite field x|F,. Let P, (resp. P-)
be the parabolic subgroup of G such that its Lie algebra is the sum of spaces with
non-negative weights (resp. non-positive weights) in Lie(G,). We will also write U,
(reps. U_) for the unipotent radical of P. (resp. P_). Let L be the common Levi
subgroup of Py and P_. Now assume that S is a scheme over k. A G-zip of type u over
S is given by (cf. [49] Theorem 7.13)
(1) either a tuple I = (I, 1,1, ¢) consisting of

e a right G-torsor I over S,

e a right P, -torsor I, C I,

e a right PP torsor I 1,

e an isomorphism of L®)-torsors ¢ : I&D) / UJ(rp )51 / U,
(2) or an exact Fp-linear tensor functor 3 : RepG — F-Zip(S) of type p, which
means that the graded fiber functor grs o 3 and v, are fpqgc-locally isomorphic.
Here gro : F-Zip(S) — GrVect(S) is the functor taking grading with respect to
the filtration C* and 7, : Rep G — GrVect(k) is the tensor functor defined by
L.
One can check that the category of F-zips of rank n is equivalent to the category of
GL,,-zips, see [49].
The category of G-zips of type p over S will be denoted by G-Zip#(S). This defines
a category fibered in groupoids G-Zip" over k.

Theorem 2.14 ([49]). The fibered category G-Zip" is a smooth algebraic stack of di-
mension 0 over k, which has the form of a quotient stack [Eq,\Gx|, where Eg,, is
certain algebraic group acting on G,.

Let B C G be a Borel subgroup and 7' C B a maximal torus. Let W = W(B,T') be
the absolute Weyl group, and A the set of simple roots defined by B. Let J C A be the
simple roots correspond to P,. Let W be the subgroup of W generated by .J, and /W
the set of elements w such that w is the element of minimal length in some coset W w'.
By [48] section 6, there is a partial order < on JW, and we have a homeomorphism of
topological spaces

B, \Gul| = (W, =).

3. DE RHAM F-GAUGES

Let X/k be a smooth scheme as in the last section. We introduce and study the
notion of de Rham F-gauges on X, inspired by [44, 26, 46] and [4]. The notion of F-
gauges was originally introduced by Fontaine-Jannsen in [17]. Recently Drinfeld [9] and
Bhatt-Lurie [5, 6] have extended this notion to prismatic cohomology for p-adic formal
schemes in mixed characteristic. Here we restrict to characteristic p and consider only
de Rham cohomology.

3.1. Explicit definition. Let X be as above. Roughly a de Rham F-gauge over X is
an F-zip enriched by a flat connection. Recall Frx : X — X is the absolute Frobenius
map.

Definition 3.1. (1) A de Rham F-gauge (in vector bundle) over X is a tuple £ =
(E,V,C*®, Ds, ), where
e (&,V) is a flat vector bundle on X,
o C* is a descending filtration on £, which satisfies the Griffiths transversality
condition with respective to V: for any i, we have V(C?) C C""' @ Q}(
o D, is an ascending filtration on £, which is horizontal with respective to V,
such that the induced connection on grp€& has zero p-curvature,
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e ¢ is an Ox-linear isomorphism

2 FT;((ng'gﬂg) L> (gng71/])7
where 0 = groV @ gro€ — gro€ ® Q}( is the graded Higgs field as before,
and
Y grp€ — grp€ @ FriQk
1s the Ox -linear morphism induced by V and the zero p-curvature condition.
(2) A morphism of de Rham F-gauges f : £ — &z is a morphism of flat vector
bundles f : (€1,V1) — (&2, Va), which is compatible with the filtrations Ct,CS
and D1 e, D2, such that on graded vector bundles we have grp(f) o p1 =~ @20

Fri(gro(f))-
We denote the category of de Rham F-gauges on X by F-Gaugeyp(X).

We want to emphasis that the graded Higgs field § = grV has the form
0=ED06;, and 6;:grp€ =C"/CT 5 grl'E@ Ok = (CT/C7?) @ Q.

It can be viewed as a section

0c H° <X, @Hom(gr’éé’,grglg) ® Q}X) c H° (X, End(groé) @ Qk)

Similarly, the morphism 1 induced by the p-curvature condition of the graded connection
grpV has the form

=@, and i Di/Diy — (Dio1/Dis) ® FriyQk,

which can be viewed as a section

Y e HY (X, @Hom(gr’bg,grglg) ® FT}Q}() c HY (X,End(grDE) ® FT}Qﬁ()

By projection formula and using grp& ~ Frigro€, we have

HY <X, @ Hom(gr'h &, g’y 1) @ Fr}Qk)
=g <X, @ Frx,Hom(gr'h€, gr's1€) @ Qk)
—H° <X, @ Frx, Hom(Frigre€, Frigri ') @ Qk) .

Applying basic properties of p-curvature (cf. [25] Proposition 5.2), we have in fact
P cH° (X, ( EB FTX*”Hom(Fr}griOS, Fr}gri(;lé') ® Q}()Vcan)
i

O (X, P Hom(grie, ol ') @ Q}()

The isomorphism ¢ in the last term of the above definition is required to preserve the
grading structures on both sides. It is equivalent to the corresponding bijective p-linear
morphism gro€ — grp€, which makes the following digram commute:

R ——— X 01
l (4 i * 1
gng grD‘c;@FTXQX’

where the right vertical map is the tensor product of the p-linear morphism gro& — grp€
with the natural p-linear map Q}( — F rﬁ(Q}( We also remark that there is an obvious
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generalization of the above definition by considering quasi-coherent sheaves instead of
vector bundles.

Example 3.2. Let f : Y — X be proper smooth scheme over X of relative dimension
n. Assume that the Hodge-de Rham spectral sequence

EY® = RPF(Qx) = R L(Q )

degenerates at E1, and all the Hodge cohomology sheaves Rbf*(Qﬁ/X) are locally free of
finite rank over X. Then for each 0 < i < 2n, the relative de Rham cohomology

Hap(Y/X) = R'f.(Q5,)x)
admits a canonical de Rham F-gauge structure: V is given by the Gauss-Manin connec-

tion, C* is given by the Hodge filtration, De is given by the conjugate filtration (induced
from the conjugate spectral sequence which also degenerates), and the isomorphism

o1 Fri(greHig(Y/X),0) = (grpHar(Y/X), )
is given by Katz in [26] Theorem 3.2.
The above assumption on Y — X holds in the following cases: abelian schemes,

proper smooth curves, K3 surfaces, smooth complete intersection in a projective space
P over X, etc. See [44] 7.4.

The usual operations on flat vector bundles extend naturally to de Rham F-gauges:
we have direct sums, dual, tensor products etc, which make F-Gauge;p(X) a tensor
exact category. If considering quasi-coherent de Rham F-gauges, we would get a tensor
abelian category. As an example, we discuss the tensor product £ = &1 ® & of two de
Rham F-gauges &1 = (€1, V1,07, D1, 1) and & = (€2, V2,03, Do o, p2):

o (£,V)=(&,V1)® (&, Va) is the usual tensor product of two flat vector bundles
(cf. [25] 1.1.1),

o C* = C®Cs is the usual tensor product of two decreasing filtrations on & ® &,

® Dy = D4 ® Dy, is the tensor product of two increasing filtrations on & ® &,

e Foreach a € Z, p, : Frigri (&1 ® &) — grh (€1 ® £2) is the isomorphism which
makes the following diagram commute:

~

D, Fr}gr’é& ® Fr}gracfigg
ls&a l@i(@l,i@‘plai)
arh (€1 © &) D grpér @ gy 'Ea.

The induced morphisms 6, = @,;(01;, ® 1 +1® b2,—;) and ¥, = P, (V1; ®
14+ 1® 924—i) are matched under ¢, by the compatibilities of corresponding
components.

Fr}grac(& & 52)

By definition, we have a natural forgetful functor
F-GaugedR(X) — F—le(X),

which is an equivalence of categories if X = Speck with k|F, is a field. In particu-
lar, we can define the notion of de Rham F-gauges of type 7 associated to a locally
constant functor 7 as in subsection 2.6, and by definition we have the forgetful functor
F-Gaugep(X) — F-Zip" (X).

On the other hand, we can construct de Rham F-gauges from p-torsion Fontaine
modules (the construction is implicitly contained in [46] section 4.6).

Proposition 3.3. Let Xy /Wy be a lifting of X/k. Then there is a natural functor
M]:[%’p_m(XQ/WQ) — F-Gaugeypr(X),

which is fully faithful, with essential image the de Rham F-gauges £ of nilpotent level
<p-—1,ie P =0.



20 XU SHEN

Proof. For an object (M, V,Fil, ®) € MF[VO’pim(XQ/WQ), set C'* = Fil. We construct

a conjugate filtration Dy on M as follows (see also [46] the paragraph above Theorem
4.17). For each i, set
Di(M) = @(Fry(EP ert.M)) C M.
J<i

Then D, is an increasing filtration on M and by construction we have an isomorphism
i « FrygreM ~ gr'y M for each i. By construction, D, is horizontal with respect
to V and the associated graded connection on grpM has zero p-curvature. By the
last condition in the definition of the p-torsion Fontaine module (M, V,Fil, ®), we
have ¢ : Frify ~ t¢y. Then (M,V,Fil,®) — (M,V,Fil, D,,¢) defines a functor
MFG - o(Xe/W2) — F-Gaugegp(X).

By Proposition 2.13, this functor is fully faithful, with essential image the de Rham
F-gauges £ of nilpotent level < p — 1. O

Remark 3.4. Contrary to the notion of p-torsion Fontaine modules, it is important to
note that the notion of de Rham F'-gauges does not rely on any lifting of X.

Let n = dim X. For a de Rham F-gauge £ = (£,V,C*®, D,, ) over X, we can form
the following filtered complexes. First, as usual we can view the de Rham complex
DR(E,V) as a complex of Dx-modules (see [16] Chapter VI section 3). Then we have:

e The C*-filtered de Rham complex DR(E,V) = (£ ® Q%, V), with
CY(DR(E,V))=C"*(&E) 0%, acl

This filtration is compatible with the order filtration Fy of Dx. The associated
graded complex is: for any a € Z,

grDR(E,V) = [0 — gt @b lERQ = o g " ER VY — 0].
In particular, we get an object
groDR(E,V) € D(Mod'(gr FDX)) ~ D(Mod°(symTX)).

e The D,-filtered de Rham complex DR(E,V) = (E®Q%, V), where the filtration
is induced from the D,-filtration on £ as follows. Since the induced D,-filtration
on each term £ ® QY is Jx-compatible with the conjugate filtration N® on Dy
(cf. subsection 2.3), we can view DR(E, V) together with the D,-filtration as an
object in DF(Dx, Jx) (cf. [46] Definition 3.13). The associated graded complex
defines an object

g, DR(E,V) € D(Mod'(ngDX)>.
e The D,-filtered p-curvature complex K(&,v) = (€ ® FriQ%,v), with
Do(K(E,v)) = Dy—e(£) @ FryQ%, acZ.
The associated graded complex is: for any a € Z,
grh (K (E,1)) = |0 = grhe = gry '€ @ FriQk — -+ = g1 "E @ FryQ% — 0],

which we can view as a graded complex of F'r5, Sym7x-modules (cf. [16] Chapter
VI section 3): it defines an object

gt K(E,0) € D(Mod'(Fr}}SymTX)>.
Recall that we have an equivalence of categories (cf. subsection 2.3)

Cyx: D (Mod'(gr NDX)) =D (Mod'(Fr}symTX)) .
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Proposition 3.5. We have a quasi-isomorphism for graded complexes
@ : FrigroDR(E,V) = Cx(grpDR(E,V)),
which extends the isomorphism ¢ in the definition of the de Rham F-gauge &.

Proof. As & satisfies the conditions in Definition 3.1, by the above description, we see
¢ induces an isomorphism between each term of the complexes F'rigro DR(E,V) and
grpK(E,1). To show it also induces an isomorphism between differentials, it suffices
to see for any a € Z, the first differentials 0, : gr&:& — gr‘é_lé' ® QL and 9, @ gryhE —
gr‘z)_lg ® Fri Q% are matched. But this also follows from the definition of de Rham
F-gauges.

On the other hand, we have the equivalence of categories

Cx": D(Mod® (FriSymT)) = D(Mod® (gryDx)).
One checks by construction that
Cx'(grpK(€.9)) = grpDR(E, V).
Therefore, we get a quasi-isomorphism for graded complexes

¢ : FriegreDR(E,V) — Cx(grpDR(E,V)).

The isomorphism in Proposition 3.5 can be rewritten as
¢ :ereDR(E, V) — Cx(grpFx/pDR(E,V)).

For the de Rham F-gauge £ = (£,V,C*, D,, ) over X, from the C*-filtered complex
DR(E,V) we get the Hodge-de Rham spectral sequence

"By = B (X gt DR(E, V) ) — Hi (X/k, (€, V).
From the D,-filtered complex Fx /., DR(E,V), we get the conjugate spectral sequence
"L = HO (X' g1 Py DR(E, V) ) = HG" (X, (£,7),
The Cartier-twisted Frobenius
@ W}ngDR(g, V) % CX(grDFX/k*DR(E, V))
induces an isomorphism
o Fri( B = FriHe+ (X, gt DR(E, V)) =y fotb (X', er Fy /i DR(E, V)) =" g,

Therefore, by the same arguments as in [25] Proposition 2.3.2 and [44] subsection 7.5,
we get

Proposition 3.6. Let X be a proper and smooth variety over k. Assume that the
Hodge-de Rham spectral sequence

B = B (X, greDR(E, V) = HGt"(X/k, (€, 7))

degenerates. Then the conjugate spectral sequence also degenerates. Moreover, for each
0<i<2n=2dim X, we get a de Rham F-gauge (= F-zip) on k given by

HY(X, &) = (Hin(X/k. (€,¥)),C% Du,p).
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where C* (resp. Ds) is the induced Hodge filtration (resp. conjugate filtration) on
Hin(X/k,(E,V)), and for each 0 < a < i, ¢, is the isomorphism induced from the
Frobenius on coefficients, which sits in the following commutative diagram

~

FriH' (X, gt DR(E, V) ) Hi(X, g1 K (€, )

X X

FrigrtHig (X/k, (€,V)) —= gr% Hix (X/k, (€,V)).

One can obviously generalize the above proposition to the relative setting for a proper
smooth morphism Y — X (as in Example 3.2) with coefficients in a de Rham F-gauge
on Y. We leave this task to the reader.

Remark 3.7. Let X be a proper smooth scheme over k and X C X an open subscheme
such that D = X \ X is a normal crossing divisor of X. One has the classical notion of
flat connections over X with log poles at D. In fact, we have also natural extensions of
all the discussions in this subsection to this logarithmic setting. See [44] subsection 7.7
for some discussions of the extension of F-zips to log F'-zips.

3.2. De Rham F-gauges via syntomification. Let X be a p-adic formal scheme
over Z,. By Drinfeld [8, 9] and Bhatt-Lurie [5, 6, 4], attached to X, one has 3 stacks
(with increased complicities): X , X and X, The (stable co-) category of prismatic
F-gauges is defined by
Dye(X™1),
which contains prismatic F-gauges in perfect complexes and vector bundles respectively
Perf(X®™),  Vect(X>™").

Specializing to our smooth scheme X/k as above, the stacks X and XN are stacks
over W = W (k), while X*¥" is an stack over Z,, obtained by gluing the two copies of
X inside XV. In particular, we can consider the special fiber

X = XV g F,

of X®". The constructions are functorial, so that we get a morphism of stacks Xsyn
k0. In [4] chapter 2, this is denoted by X¢ — C. We will consider the category
Vect(X®7) of vector bundles on X®™. Note that it can be viewed as a full subcategory
Vect(X1) < Perf(X*™). The following theorem is implicitly contained in [4].

Theorem 3.8. Suppose that X/k is a smooth algebraic variety over a perfect field k of
characteristic p. We have an equivalence of categories

F-Gauge p(X) ~ Vect(Xsym).

Proof. The proof is rather standard from the stacky approach as in [4] and [9], so we
just sketch it here. We need to understand the geometry of the stack X®y». This will
proceed step by step.

Step 1. First, consider the de Rham stack (X/k)¥. We have a flat cover
X = (X/k)™H,

and its Cech nerve can be identified with the simplicial formal scheme Px(e)
defined by taking PD formal completion of the Cech nerve of X — Speck along
the diagonal copy of X). Then Vect((X/k)%) is equivalent to the flat vector
bundles on X. This is implied by [8] Theorem 2.4.2 or [6] Theorem 6.5.

Step 2. Consider the Hodge filtered de Rham stack (X /k)?®*. By construction, we have
a morphism (X/k)**+ — Al/G,, and a flat cover

X x Al/G,, — (X/k)H+




Step 3.

Step 4.

Step 5.
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over Al /G,,,. Moreover, we have an open immersion (X /k)%® — (X/k)4+ corre-
sponding to G,,/G,, < Al/G,,. Its complement is denoted by (X/k)99%. Vec-
tor bundles on (X/k)H99% is equivalent to graded Higgs bundles on X such that
the Higgs field decreases degree 1 and is nilpotent. The category Vect((X/k)4T)
is equivalent to the category of triples (£, V,Fil*), where (£, V) is a flat vector
bundle on X, Fil® is a decreasing filtration on & which satisfies the Griffiths
transversality condition with respect to V, cf. [4] Remark 2.5.8.

Consider the conjugate filtered de Rham stack (X/k)#%¢. By construction, we
have a morphism (X/k)¥¢ — Al /G,, and a flat cover

(X/k)4e = X' % AL/G,,

over Al/G,,. Here X’ is the Frobenius pullback of X and the relative Frobe-
nius morphism Fx/, : X — X' factors through (X/Ek)4E cf. [4] Remark
2.7.4. We have an open immersion (X/k)¥ < (X/k)¥< corresponding to
Gy /Gy < Al /G,,. Its complement is denoted by (X/k)F =995 Vector bundles
on (X/k)F—Hig95 is equivalent to graded F-Higgs bundles on X such that the
Higgs field decreases degree 1 and is nilpotent. Vector bundles on (X /k)*%¢ can
be described as triples (€, V,Fil,), where (£,V) is a flat vector bundle on X
with nilpotent p-curvature, Fil, is an increasing filtration on £ which is hori-
zontal with respect to V, such that the graded connection on grg; & has zero
p-curvature.

Consider the stack XV := X @y k, which is denoted by X in [4] Definition
2.8.4. There are open immersions

(X/k)B+ 5 XN and  (X/k)HBe - XN

with image XN, and XN,_g respectively. The stack XN lives over kN =
kN @w k = (Spf k[u,t]/(ut))/Gm, so that there are coordinates u and t. Vector

bundles on XV can be described as
(817 Vl? Fil.a 527 VQ, Fﬂ.? 90)

such that (&1, V1, Fil*) € Vect((X/k)¥t), (&, Vo, Fils) € Vect((X/k)<), and
@ Frigrege€1 =~ grpy, &2 is an isomorphism of graded vector bundles.
Finally, by construction we have a pushout diagram

(X/R)IFTT(X/ k) —— XJV
(X/k)dR Xsyn,

In other words, X is obtained by gluing the two copies of (X/k)? inside XN
From the above description of Vect(XV) we get that Vect(X®7) is equivalent

to the category of tuples (&, V,Fil®, Fil,, @) which satisfy the condition as in
Definition 3.1.

O

3.3. De Rham F-gauges with G-structure. We want a notion of de Rham F-gauges
with G-structure, as a strengthen of the notion of G-zips in subsection 2.6. So recall our
notations there. Let G/F, be a connected reductive group, p : G, — G a cocharacter
over a finite extension x|F, with associated conjugacy class {©}, Py = P, the associated
parabolic, P_ the opposite parabolic, L the common Levi subgroup of P, and P_.

Let X/k be a smooth scheme and I a G-bundle on X. A flat connection V on [ is
given by an isomorphism

Vopryl — pril
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such that 6*V = Id; and prisV = prij,Vopr;,V. Here are the meaning of the notations:
let A2(1) be the first order neighborhood of the diagonal X <+ X x, X, § : X — A2%(1)
the induced embedding and pr; : A%(1) — X the induced projections for i = 1,2. Let
A3(1) be the first order neighborhood of the diagonal X «— X x, X x, X, with induced
projections pri; : A3(1) — A2(1) for i,j € {1,2,3}. It is well known that the datum of
a flat G-bundle (I, V) is equivalent to an exact tensor functor

Rep G — VectY (X),
where VectY (X) is the category of flat vector bundles on X, cf. [40] subsection 2.3.

Definition 3.9. A de Rham F-gauge with (G, p)-structure over X is given by a tuple
l: (Iavu-[-i-v-[—?SD)?
consisting of

o o G-bundle I over X with a flat connection V,
e a P,-bundle I, C I,
° q pr)—bundle I C I on which V induces a connection, which has zero p-

curvature on the graded L®) -bundle,
e an isomorphism of LP)-bundles

©: Ig—p)/U-(&-p) ; I_/Uip),
under which the associated Higgs field and p-curvature coincides
o Frfy ~vy.

Sometimes we also call it a (G, p)-de Rham F-gauge. Denote the category of such objects
by F—Gaugegé“(X).

Let us explain the last term following [10] (but note that our sign + correspond to
the F of loc. cit.). Let uy = LieUy. Then u_ (resp. u(f)) forms a representation of
L (resp. L®)), thus we can view it as a representation of P = P, (resp. p )) by the

quotient P — L (resp. Pﬁp) — L(”)). For (I,V,I.,I_) as above, we get the associated
vector bundles

Lu)=1I xPru_ and I_u®)=1_xP" @

Then the Higgs field attached to (V, ;) is given by a map

Ov:Tx — I+(u_),
or equivalently a global section 8y € H(X, I+ (u_) ® Q% ). The p-curvature attached to
(V,I_) is given by a map

vy Tx — L),
or equivalently a global section ¢y € HY(X, I_ (u(f)) ® 4). From the isomorphism of
L®)-bundles

p: I UP 1y
we get an induced isomorphism
o Frilo(u.) =TI, (u)® = 1 u®).
The condition ¢ : Fryfy ~ 1y means that 6y is mapped to ¥y under the induced
morphism
HOX, I (u) @ Q) — HO(X, Fricl (u) © Q%) = HO(X, I_u®) @ QL).

One checks easily that this agrees with the definition in subsection 3.1 when G = GL,,.
Equivalently, we can give a Tannakian definition: a de Rham G-gauge of type u over
X is an exact Fp-linear tensor functor

J:Rep G — F-Gauge p(X)
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of type p. This means that the induced functor 3 : Rep G — F-Zip(X) (by composing J
with the forgetful functor F-Gaugeyp(X) — F-Zip(X)) has type u, cf. subsection 2.6.
By construction, we have the natural forgetful functor

F—Gaugegé“(X) — G-Zip"(X).

In the Tannakian formulation, we can define a larger category F' —GaugegR(X ) by allow-
ing p varies. Then one has a decomposition of F —GaugedGR(X ) according to different
types, similar to the case of G-zips as in [49] subsection 7.1. The forgetful functor
extends to F-Gauge$r(X) — G-Zip(X).

Remark 3.10. Assume that p is minuscule. In [10] Drinfeld studied moduli stacks of
similar objects as Definition 3.9, see Theorem 3.11. Compared with here, except the
above difference on sign, there are 2 subtleties to mention: first, in [10] the cocharacter
W 18 also defined over Fy, so that there is no Frobenius twist on P_; next, instead of an
isomorphism ¢ in the last term, Drinfeld requires an equality (called the Katz condition)
between Oy and v by a careful choice of sign®: Vv = —by.

3.4. Moduli stacks of de Rham F'-gauges with G-structure. In this subsection,
assume that p is minuscule. We consider the moduli of de Rham F-gauges with (G, u)-
structure. This has already been studied by Drinfeld (see also [18]).

Theorem 3.11 (Drinfeld [10]). The functor X F—GaugedGI’%“(X) is represented by a
smooth algebraic stack BTlc’“ over k. The natural morphism

BTS " — G-Zip!
1s an fppf gerbe banded by a finite flat commutative group scheme Lau?.

More precisely, we only defined BTC#(X) = F —Gaugegl’%“ (X) for smooth schemes

X/k. By [10] Lemma 4.1.2, Remark 4.1.3 and Appendix A, BTlG’“ is uniquely deter-
mined by its restriction to the category of smooth schemes over k, in the sense it is the
sheafified left Kan extension of its restriction to the category of smooth schemes. Over a
scheme X — G-Zip* over G-Zip#, the finite flat group scheme Lau{ is the finite group
scheme of height 1 corresponding to the commutative restricted Lie Ox-algebra I (u_)
with p-operation coming from the composition

FricLi(us) =5 I_(u") s I_(g®) =~ I_(g) ~ I (g) - I (u_).

In particular, over k = F,, the finite group scheme Lau? has Lie algebra Lie Lau? =u_.
As X wvaries, these group schemes are compatible under base change, which define a
group scheme over G-Zip*, still denoted by Lauf. For each scheme X/k and a morphism
£+ X — G-Zip#, the fiber of BT (X) — G-Zip"(X) at f € G-Zip"(X) is the groupoid
of Lau§-torsors over X.
In particular, the underlying topological spaces of the two moduli stacks are homeo-
morphic:
|BTEH| ~ |G-Zip"|.
As in subsection 2.6, the latter was known by the works of Pink-Wedhorn-Ziegler ( [48]
and [49]):
|G-Zip#| =~ (YW, <),
where J C W is the set of simple generators defined by p, /W is the set of minimal
length representatives for W;\W.
The stack BTlG # should be the special fiber of a smooth algebraic stack living over
Op, see [10] Conjecture C.3.1 (which has been proved by Gardner-Madapusi, cf. [18]
Theorem A). If G = GLj, and {u} is given by (1¢,0"~%) for some integer 0 < d < h,

8Such a choice of sign is also included in the definition of the Cartier and inverse Cartier transforms
Cayywy and C3! Jw, I [46].
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Drinfeld also conjectures that the stack BTIG * is isomorphic to the stack of 1-truncated
p-divisible groups of height h and dimension d, cf. [10] Conjectures 4.5.2 and 4.5.3.
Recently, Gardner and Madapusi announced a theorem which says that there is an
equivalence between the category of truncated p-divisible groups of height h and dimen-
sion d and the category F' —Gaugeg]’{‘ (X) (see [18] Conjecture 1 and the paragraph below
it). In particular, this equivalence implies Drinfeld’s conjecture.

4. APPLICATIONS TO SHIMURA VARIETIES

We apply the theory of de Rham F-gauges to the study of good reductions of Shimura
varieties. On the one hand, we construct universal de Rham F-gauges on the reduction
mod p of smooth integral canonical models for Shimura varieties of Hodge type. On the
other hand, we study the cohomology of de Rham F-gauges on these varieties by dual
BGG complexes.

4.1. Automorphic vector bundles in characteristic p. Let (G, X) be a Shimura
datum of Hodge type and p a prime such that G is unramified at p. Then we have a
reductive integral model Gz, of Gg,. Fix a sufficiently small open compact subgroup
K? C G(A?) and set K = K?Ggz,(Z,). By [29] and [28] we have the smooth integral
canonical model .k over Op of the Shimura variety Shx over the local reflex field E.
By [41] and [32], we have smooth toroidal compactifications Yf(orz Let X = Yk ®o, Fp
(resp. X'"r = 5”}{01"2 ®o, Fp) be geometric special fiber of .Z (resp. 5”}(01"2) Denote
G =Gz, ® Fp. Asin [52] 2.2.1, the conjugacy class of the attached Hodge cocharacter
has a representative defined over Op. Let k be the residue field of O, u the induced
cocharacter of G over k, and F /¢, the associated flag variety over k := & = F,,.
Recall that we have the following diagram of schemes over k

N
X ﬁﬁg,u,

where 7 is a G-torsor and ¢ is G-equivariant. This is the geometric special fiber of the
diagram (in the good reduction case) in [30] Theorem 4.2.7. In terms of the following
subsection, this diagram corresponds to the pair (I, I;) with X =1 and g induced by
the P,-torsor I.. Let P = P, = P, with associated Levi L. Since F{g,, = G/P as
schemes over k, it is well known that there is an equivalence of categories

Rep P ~ VectG(§€G7u),

where the later is the category of G-equivariant vector bundles on .#{g ,. Then from
the above diagram, we get the functor

E(+) : Rep P — Vect(X).

The objects in the essential image are called autormorphic vector bundles on X. For
any representation V of G, viewed as a representation of P by the inclusion P C G, the
associated vector bundle V = £(V) admits a natural flat connection V. On the other
hand, for any representation W of L, viewed as a representation of P via the projection
P — L, we have also the associated (semisimple) vector bundle W over X.

Considering the pullback of the above diagram under the Frobenius F'ry : Speck —
Spec k, we get a commutative diagram

*

E(- Fr
Rep P 0, Vect(X) — Vect(X).

W;l J/T%/
g)(. X/

Rep P®) £y Vect(X')
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In other words, we have a natural isomorphism of functors
Fryo&() = Fy 0 EP (Y omh.

On the other hand, we have also an isomorphism of functors £(-)o F'r} ~ Frio&(-). Let
Frpjy, : P — P®) be the relative Frobenius morphism for P. Then Frp = mp o Frpy.
For V € Rep P, we get FrpV = FT}S/k ompV = Fr};/k(V(p)) € Rep P, the Frobenius
twisted representation.

Fix T C B C P a maximal torus and Borel subgroup inside P. Let A € X*(T'); (resp.
X*(T)r,+) be the associated set of dominant characters (L-dominant characters). For
any A € X*(T)4, we get the representation V) of G with highest weight A, and the
associated flat vector bundle (Vy, V) over X. On the other hand, for n € X*(T), 4, we
have also the associated (semisimple) vector bundle W, over X.

4.2. De Rham F-gauges on good reductions of Shimura varieties. By works
of Moonen-Wedhorn [44], C. Zhang [57], Goldring-Koskivirta [19], Lan-Stroh [34], and
Andreatta [1], there exits a smooth morphism of algebraic stacks

¢: X — G-Zip”.
We get the induced Ekedahl-Oort stratification

x=J] xv
wel W
Via the theory of generalized Hasse invariants, this is of key importance to understand
the coherent cohomology of X and construction of automorphic Galois representations
in irregular and torsion case, cf. [19].

The morphism ¢ corresponds to a universal G-zip (I,1;,1_,p) of type p over X,
which we briefly review. Fix a symplectic embedding i : (G, X) < (GSp(V, %), ST) and
a lattice Vz, C Vg, such that we have a closed embedding Gz, C GL(VZP). Fix a finite
collection of tensors s, € Viii defining Gz, C GL(Vz,). Let

A— X

be the pull back of the universal abelian scheme over the associated Siegel modular
variety. Consider the vector bundle

V= H&R(A/X)

together with the Gauss-Manin connection V over X. We have also the Frobenius and
Verschiebung maps F': V — V and V : V — V. The Hodge filtration Cs on V is given
by ¥V D Ker F' D 0 and the conjugate filtration Do on V is given by 0 C ImV C V. We
get a de Rham F-gauge

(V7 v? 0.7 D.7 ¢)

by Example 3.2. By [29] Corollary 2.3.9 and [28] Proposition 4.8, we have de Rham
tensors s, dr € V€. Set M = (Vz,® F,)Y. Then the cocharacter y induces a decreasing

filtration M > M! > 0 and the cocharacter x® induces an increasing filtration 0 C
My C M. The G-zip (I,I1;,1_,¢) of type p over X is defined by

o [ = Isomx((M, Sq) ® Ox, (V, Sa,dR))a
o [, = IsomX((M D M s,)®Ox, (VD KerF, sde)),
o J]_ = ISOmx<(M0 C M, Sa) ® Ox, (ImV C V,Sa7dR)>,

e p: L(f) / UJ(rp . / U™ is the isomorphism with precise formula given in [57]
Theorem 2.4.1.

Here is the first main result of this section, which is motivated by the works of Drinfeld
[10, 11] (in particular, see [11] subsection 4.3).
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Theorem 4.1. Let X = Sk ®p,, k be the reduction modulo p of the integral canonical
model of a Hodge type Shimura variety with hyperspecial level at p. There is a natural
de Rham F-gauge with (G, p)-structure over X, which induces the universal G-zip of

type n given by C. The induced morphism & : X — BT1G’“ 1§ smooth. In other words,
we have a commutative diagram of smooth morphisms of algebraic stacks over k:

X 5. Brér

N

G-Zipt.

Proof. In fact we have two approaches. First, applying the main result of [40] that there
exists a universal filtered F-crystal on the formal completion of the integral canonical
model X of the involved Shimura variety, we take its reduction modulo p to get (similarly
as Proposition 3.3) the desired exact tensor functor

Rep G — F-Gaugeyp(X).

The fact that this construction lifts the universal G-zip on X follows from the discussions
in [52] subsection 5.3.

Next we explain a direct construction, as an enrichment of the construction of the
universal G-zip in [57]. We already have the universal G-zip of type u given by

(Iv I+>I—790)'

The task is to find a flat connection V on I having all the required properties so that
(I,V,I4,I_,p) forms a de Rham F-gauge of type u. By [29] and [28] the de Rham
tensors s, ar € V¥ are horizontal with respect to the Gauss-Manin connection V on
V. By the definition of I above, we get an induced connection V on I. It satisfies the
required properties as in Definition 3.9 as the induced flat vector bundle (I(M),V) =
(V, V) together with I, (M) and I_(M) forms a de Rham F-gauge (V,V,C*®, D,, ).
Therefore we get a morphism of algebraic stacks

G7
¢: X — BT,

which makes the following diagram commute

X 5 Brén

N

G-Zip*.

We already know that ¢ : X — G-Zip" is smooth by [57] Theorem 4.1.2. The

morphism 7 : BTIG’“ — G-Zip" is a gerbe banded by Lau?, thus it is a smooth and
universal homeomorphism (cf. [53] Tags 0DN8 and 06R9). The morphism £ : X —

BTIG # is equivalent to a section over X of the morphism BTIG # 5 G-ZipH, which
can be checked to be smooth. More precisely, let X# — X be the pullback of the
Eq -torsor G — G-Zip*, we get a smooth morphism of schemes * . X# 5 G. Let
X# — X# (resp. G — @) be the pullback of the morphism BT IG # — G-Zip" under the
induced map X# — G-Zip# (resp. G — G-Zip*). In other words, we have the following
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commutative diagram

— i -

x# " .G BTE*
L

x# L g G-Ziph

with all squares cartesian. Then the morphism & : X — BTlG # is obtained by quotient
by Eg,, of
f# X7 é,

the composition of the induced smooth morphism E*‘; X# G and a section s : X #
X# of the gerbe X# — X# banded by Lau§. In other words, the gerbe X# — X#
splits and X# ~ [X# /L] where L is the Lau group scheme over X#. The section
s: X# - X# is thus the canonical L-torsor over X#. Although s is only flat, we claim
that the composition £# = (# o s is smooth, which is equivalent to that ¢ is smooth.
Roughly, we will apply the infinitesimal criterion for smoothness.

To show that £ is smooth, since both X and BTlG # are smooth over k, it suffices
to show the following statement: for any algebraically closed field k|F, and any closed
point x € X (k) with image y : Speck — BTlG’“, the induced map between the tangent
spaces

T,¢ : T,X — T,BT

is surjective. Here TyBTlG # is the tangent space of the stack BTlG # at y, which is by
definition moFib (BTIG H(kle]) — BTIG k), y), the associated set of isomorphism classes

of the groupoid of the fiber of BT " (k[e]) — BT " (k) at y, see [53] Tags 07TWY and
07X1. (As usual, k[g] = k[t]/(?) is the ring of dual numbers over k.) This (generalized)
criteria for smoothness using tangent spaces seems to be well known (for example see
the proof of Theorem 4.5 in [39]), which can be deduced easily using the more advanced
version of smoothness criteria by cotangent complexes (cf. [27] Proposition 8.7.1).
Base changing the above diagram over k, we may assume k = fp. Let Rg = 6)(,;5-
Then we have Rg ~ Ii, the formal completion of the unipotent group U_ along its
identity section. The ring Rg admits a description as a characteristic p deformation
space of p-divisible groups with crystalline Tate tensors (s,), cf. [29] subsections 1.5 and
2.3. One can interpret Spf R¢ as a deformation space (in characteristic p) of prismatic
F-gauges with (G, pu)-structure by the recent work of Ito [23]. On the other hand, for
each n > 1, let BTS* be the stack over k of defined by Drinfeld in [10] Appendix
C, and let BTSH = Hm BT, By [18] Theorem A, for each n, BTS" is a smooth

Artin stack and the transition morphism BTS jf{ — BTnG # is smooth. The Dieudonné
module with its induced crystalline Tate tensors attached to the point x defines a k-point
z € BT (k). Consider the associated local formal deformation space (over k) Def,
of BTSH at 2. More precisely, for any complete Noetherian k-algebra R with maximal
ideal m such that k ~ R/m, Def,(R) = mFib (BTO%’“(R) — BTG (k), z) By the work

of Tto [23], we have an isomorphism
Spf Rg ~ Def,.

(For more details, see [22] Proposition 3.32 and Theorem 3.6.) Hence we get an induced
isomorphism between their tangent spaces T'Spf Rg ~ TDef, (cf. [53] Tag 061G). The
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map T,&: T, X — TyBTlG’“ is then the composition of
T,X = TSpf Rg ~ TDef, — T,BT ",

which is surjective since the natural map TDef, — TyBTlG # is surjective by the smooth-
ness of BTSJ’rl — BTnG’“, Vn > 1. This finishes the proof. O

Remark 4.2. (1) The above map between the tangent spaces Ty X — TyBTlG’“ 18

actually a bijection, as both sides are isomorphic to LieU_ = u_.

(2) As in Remark 3.7, over a smooth toroidal compactification X" of X, one can
in fact show that there is a universal log de Rham F'-gauge with G-structure over
X" as a canonical extension of the one over X.

(3) We leave it to the reader to extend Theorem 4.1 to the abelian type case. For
the version without compactification, see [40, 52] for some ideas.

(4) See [22] Theorem 8.34 for a similar (but more complicated) result in the mized
characteristic setting.

By Theorem 4.1 and the Tannakian definition of de Rham F-gauge with G-structure,
we have a functor

Rep G — F-Gauge p(X).

Therefore, for any A € X*(T") such that V) is defined over F,, we have an enrichment
of the flat vector bundle (Vy, V) into a de Rham F-gauge

(V/\7 Va C.a DOa 90)

In the following, we will study the F-gauge (= F-zip) structure on the de Rham coho-
mology groups Hy (X/k,(Vx, V)).

4.3. Standard complexes in characteristic p. We need some group and represen-
tation theoretic preparations in this and the next subsection. We work over k = F,.
Let g = LieG, p = Lie P, u = LieU and u_ = LieU_. For W € Rep P, the associated
Verma module is the U(g) — P-module

Verm(W) = U(g) @u () W,

where U(g) acts canonically on the first component and P acts canonically and diago-
nally on both components. By the Poincaré-Birkhoff-Witt theorem, we have a canonical
isomorphism

U(g) ®upy W = U(u-) @ W.

Since u_ is abelian, we have a canonical isomorphism
U(u-) ~ Sym(u_),

which can be identified with a polynomial algebra over k£ with variables given by any
k-basis of u_. Thus we have

Verm(W) ~ Sym(u_) @ W.

In the following we will omit the subscript k of ®;, for tensor products of k-vector spaces.
For any integer m > 0, let Sym.,,(u_) be the sub k-algebra of Sym(u_) of elements
of degree < m, which we identify with a sub k-algebra of U(u_). Similarly we have
Sym,,, (u_), the sub k-algebra of Sym(u_) of elements of degree m. For Wy, W5 € Rep P,
we have a natural isomorphism

Homgy(g)— p(Verm (W), Verm(W3)) ~ Homp(W1, Verm(Ws)).

A morphism f € Homgyg)_p(Verm(W7), Verm(W2)) is said of degree m if the induced
morphism

f: Wi — Verm(Ws) = Sym(u_) @ Wa
has image in Sym,, (u_) ® Wa.
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Let f € Homyg)—p(Verm(Wh), Verm(W2)) be a morphism of degree m, which we
view as a map
f W, — Symgm(u_) ® Wa.
Passing to dual, it induces a morphism
fUiTemul) @ Wy — WY/,
where I'<,, (u ) =T(uY)/Tsm,(uY) is the quotient of the divided power algebra T'(uY)
associated to u¥. By construction, I'(u¥) sits in a canonical perfect pairing

Sym(u_) x T'(uY) — k.
There is a degree-preserving canonical morphism
Sym(uY) — T(uY),
such that the induced morphism
Syme,, (") — T<m(uY)

is an isomorphism for m < p — 1. Later, we will mainly work with m = 1 to produce
differential operators of degree one, therefore we can use either Sym.;(u¥) or T'<q(uY)
without changing the construction. -

Let V € Rep G be a representation, which we consider as an object in Rep P by the
natural restriction functor Rep G — Rep P. Let p be the half of sum of positive roots.
Set n = dimy u_. Consider the standard complex of U(g) — P-modules

Stde(V) = Verm(A®*(u_) @ V) = Sym(u_) @ A*(u_) @V,
more explicitly
0 — Verm(A"(u_)®V) = Verm(A" 1 (u_)®@V) —= --- = Verm(u_®V) — Verm(V) — 0,
where for 1 < a < n, the differentials
dy : Verm(A®(u_) @ V) — Verm(A* 1 (u_) @ V)

are given by
a

do(u® (T AZa N+ ANxy) QU) = Z(—l)i_l(uxi)(@(xl ANTg N+ ANT; N+ ANxg) @V
i=1

+Z Yu® (mr Azg A AT A+ Ag) @ (20),

for all uw € Sym(u_), z1,...,24 €Eu_ and v € V.

Recall that P = P, for a cocharacter p : G,, — G defined over x, as in the setting of
subsection 2.6. For V as above, we have a natural decreasing Hodge filtration C'* which
is defined as usual by the weights of G,, via u: for a € Z,

a V) — @Vb’
b>a

where for each b € Z, V® C V is the subspace of weight b by the induced action of G,,
It follows that each graded piece gr,V forms a representation of L, the Levi subgroup
associated to P. As any element of u_ has weight —1, we have

d(Sym(u_) @ A (u_) ® C* (V) € Sym(u_) ® N7 u_) @ C*ITL(V).
We get a decreasing Hodge filtration C'* on Stde (V') by
C*(Stde(V)) :=Sym(u_) @ A*(u_) @ C*"*(V), a€Z.
The associated graded complex has the form

gre:(Stde (V) = Sym(u-) @ A*(u-) @ gre*(V), a€Z.
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Now consider the Frobenius twisted parabolic P?) ¢ G, and its opposite parabolic
P®) The Lie algebra of the unipotent radical of PP sy As above, we can consider
the category of U(g) — P®)_modules. For any V € Rep G, we repeat the above definition
of standard complex Std (V) to define a complex of U(g) — P®)-modules.

Definition 4.3. For any V € Rep G, let p-Stde(V') be the following complex
0— Sym@) @ A" oV = - = Symu) o u” @ V - Symu?) o vV — 0,

where for 1 < a < n, the differentials

Yo s Symu®) @ A W) 0V — Symu?) @ At W) @ v

are given by

a

Ya(u® (@1 Amp A Aza) @) = Y (1) Huai) @ (w1 Az A AT Av Azg) ® v
=1
a

) (D@ (@ Azg A AT A Axa) ® (z30),
=1

for allu € Sym(u(_p)), Ty, Tq € u(_p) andv eV,

Write Pﬁp ) = P,. We can define similarly an increasing conjugate filtration Do on V'

by weights of G,,-action via v : G,, — G, ~ G,(f’):

D(V) =PV’

b<a

Note that v = u%~! with ¢ = Idg x Fry, : G, — G the Frobenius of G over k. In
particular, if V' is defined over F,, we get an F-zip

(V,C®, D, 0)
using the isomorphisms V® ~ V and G ~ G. Recall here ¢ is given by isomorphisms
Qa : FrigraV = (raV)®) = g4V, ae Z
(p)

Now, as any element of u*’ has weight 1, we have

ba(Symu®) @ Aw®) @ D;(V)) € Symu®) @ A w?) @ Dy (V).
Thus we can define an increasing conjugate filtration Do on p-Stde(V') by
Da(p-Stde(V)) = Symu™) @ A* ) @ Do_o(V), a€Z.
The associated graded complex has the form
gh(p-Stde(V) = Symu”) © AW @ gy *(V), acZ

Lemma 4.4. Let V be a representation of G defined over F,. The isomorphisms ¢, :
(graV)®) =5 ord V' extend to isomorphisms

P ¢ (gr&(Stde(V))) P =~ g1, (p-Stda(V')).

Proof. By the above description, the corresponding terms of the two graded complexes
on both sides are isomorphic. One can check that the differentials on both sides are also
isomorphic under . O
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4.4. BGG complexes in characteristic p. The construction of BGG complexes in
mixed characteristic is due to Polo-Tiluilne [50] and Lan-Polo [33]. We review the
construction in the Hodge type setting, with emphasis on characteristic p. We remark
that although the main text of [33] is restricted to the PEL setting, the construction of
BGG complexes works more generally, which can be seen from the proof of Theorem 5.2
in [33] (improving the construction of [50] in the setting of split reductive groups with
simply connected derived group).

Keep the notations as above. Let ® be the set of roots of G and ®* the set of positive
roots corresponding to the choice of the Borel subgroup B. We recall a crucial notion
for modular representations. A weight A € X*(T')4 is called p-small, if

A+p,a’y<p, VYaco,
where as before p = § 3" o+ . Equivalently, A € X*(T) is p-small if
A€ XH(T)+NC,,
where C), is the closure of the fundamental p-alcove
Cpr={AeX*(T)R|0O< (A +p,aY)y<p,VaecdT}

for the dot action of the affine Weyl group Wog ~ pZ® x W on X*(T)r (see [50]
subsection 1.9 and the references therein). Here the dot action is given by w - A =
w(A + p) — p. Consider the Coxeter number of G

h:=1+ Max{({p,a"),a € ®1}.
Then one checks easily that
X" (T)xNCp#0 <= p>h-1.

Recall the subset YW of the Weyl group W associated to P introduced in subsection
3.4. The length function induces a surjection

C:TW —{0,1,...,n}, we~ Lw).

For each 0 < a < n, let "W(a) C W be the subset of elements of length a. If
A€ X*(T)4 and w € /W, then w -\ € X*(T)p, .

Theorem 4.5. Assume that A is p-small. There exists a C*-filtered compler BGGe(V))
of U(g) — P-modules

0— BGGn(V)\) — = BGGl(V)\) — BGG()(VA) — 0,
where
BGG,(Vy) = @ Verm(Wy,.»), 0<a<n.
we W (a)
Moreover, there is a C®-filtered quasi-isomorphic embedding
BGGe(Vy) = Stde(V)),
such that the induced map of graded complexes
gI‘CBGG.(V)\) — ngStd.(V)\)
is a quasi-isomorphic direct summand of degree zero® with trivial differentials.

Proof. This is [33] Theorem 5.2, which generalizes the Theorem D of [50]. See also the
proof of Proposition 4.6 below. O

9This means that both the embedding and the splitting morphisms (defining the summand) are
defined by direct sums of morphisms of U(g) — P-modules of degree zero, see [33] Definition 5.1
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Proposition 4.6. Assume that X is p-small and V) is defined over Fy,. There exists a
D,-filtered complex p-BGGo(Vy) of U(g) — PP)-modules

0 = p-BGGp(Vy) — -+ — p-BGG1(V)\) = p-BGGy(Vy) — 0,
where
p-BGG,(Vy) = @ Sym (u ®W(p) 0<a<n.
welW(a)
Moreover, there exists a Do-filtered quasi-isomorphic embedding
p-BGGe(Vy) < p-Stde(V)),
such that the induced map of graded complexes
grp(p-BGGe(Va)) = grp(p-Stde(V))
18 a quasi-isomorphic direct summand of degree zero with trivial differentials.
Proof. The proof is similar to that of [33] Theorem 5.2. For the reader’s convenience, we
review the proof here. Firstly, by assumption X*(T): NC, # 0, 0 € X*(T)+ is p-small,
arguing as [50] 4.4 we have
D Weo

we' W (a)
as P-modules, and hence

welW(a)

as PP)-modules. Since Vy = k is defined over Fp, we have natural isomorphism Vj ~ Vo(p )
and p-Stde(Vp) =~ (Stde(Vp))® as complexes of U(g) — P®P)-modules. More explicitly,
for any a € Z,

pStd.(Vo) =~ @ Sym@®?) e wh.
weW(a)

Consider a general A € X*(T)1 N C, # 0 as in the statement of the proposition.
Since V) is defined over F,, we have V/\(p ) ~ V. From the isomorphism (cf. [50] 4.5)
Stde (Vi) =~ Stde (Vo) ® Vi, we get

p-Stda(Va) = €D Sym ) WP @ V.
we'W(a
Denote p-Std,, (V) = Sym(u(_p)) ® WQSJ]?()) ® Vy, so that p-Stde(V)) >~ @,,cry P-Stdw (V).
Arguing as [50] 2.7, we have a decomposition of subcomplexes of U(g) — P®P)-modules

p-Stde(V)) @p—Std VA)XJa
jeJ

where J is some finite set, such that the Harish-Chandra part U(g)® C Z(g) of the
center'’ Z(g) C U(g) acts on p-Stde(V))y, by a distinct character X(p). There is a
distinguished character Y, which is the unique character of U(g)® which acts non-
trivially on V). Now define

PBGGe(Va) = p-Stde(Va)y, = €D p-Stdu(Va)ys.

wel W

where p-Stdy, (V) )y, = (Sym(u ® )) ® W( ())® V))x,- Then we need to compute each term
p—Stdw(V)\)XA .

101y characteristic p, there is also a Frobenius part of the center Z(g), cf. [24] C.4 or [7] 3.1.6 and
the references therein.
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As X is p-small, by [50] Lemma 2.3 all weights of

ey ovi= @ W o)
welW
are p-small. For each w, by [50] Lemma 2.3 and Lemma 1.11, there exists a finite
filtration on the P®)-module qu}p ()) ® Vi such that the graded pieces are of the form
W, for some n € X*(T) 4 N Cp. By the same argument applied to the P-module
Wiy.0 ® Vi, we get W, for some v € X*(T')r, + ﬂép. Since

(Wao ® V)® = W @ VP =~ W @ W,
by the uniqueness in the statement of [50] Lemma 1.11, we have
n~uv® and W, ~ WP,

Then we get also a finite filtration on p-Std,(Vy) by U(g) — P®P)-modules, with graded
pieces Sym(u(_p) )® WP for those v as above. For the direct summand p-Stdy (Vi) y,, We
have a similar finite filtration. For each v as above, by [50] 2.7 and 2.8, Sym(u(_p)) WP
appears as a graded piece of the filtration on p-Std,,(V))y, = Sym(u(_p)) ® Wzsjp ()) ® Vy if
and only if W, appears as a graded piece of the filtration on Wy,.0 ® V) and v = w’ - A

for some w’ € YW. If these condition hold, by [50] 4.5 we have exactly w’ = w with
multiplicity one. Therefore, we have

p-Stdu(Va)y, = Symu®) @ W),

and
p-BGG,(Vy) = @ Sym(u(_p)) ® Wg&, 0<a<n.
we' W (a)
Let H € X.(T) be the element defined by the conjugacy class of u. We define a
D, filtration on p-BGG4(V)) as

Da(p-BGG.(Va) = P Sym?)ewl).
wed W
w-A(H)>—a
Then the quasi-isomorphic embedding
p—BGG,(V)\) — p—Std.(V,\)

is compatible with the D,-filtrations on both sides, and the induced map of graded
complexes

8rp(P-BGGe (V1)) = grp(p-Stde(V2))
is a quasi-isomorphic direct summand of degree zero with trivial differentials, by the same

arguments as the last paragraph of the proof of Theorem 5.2 in [33]. Alternatively, this
follows from Lemma 4.4 and similar statements in Theorem 4.5. O

4.5. De Rham complexes and p-curvature complexes. We transfer the results of
subsection 4.3 to geometric setting. In the rest of this section we assume that X is of
PEL type. For simplicity, assume moreover that the reductive group defined by the PEL
datum is connected (i.e. we exclude the case with local factors of groups of type D) and
X = X% is proper'!.

For any A € X*(T), we get the representation V)’ of G with highest weight —wg(A),
and the associated flat vector bundle (VyY, V) over X. Here wy is the element of maximal
length in the Weyl group. We will assume that V) is defined over F,. Recall the de

LAYl the results hold in general PEL type case, by more carefully working with smooth toroidal
compactifications, canonical or subcanonical extensions of automorphic vector bundles, connections
with log poles, and certain Galois orbit [A] in case with local factors of type D, cf. [33]
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Rham complex DR(VY, V) and the associated p-curvature complex K (V). Consider
the dual complex Std*(V}')
0 — Verm(Vy)" — Verm(u_ ® V))¥ — -+ = Verm(A"(u_) @ Vy,)¥ — 0
and the dual complex p-Std®(Vy’)
0= Sym?) @ vy = Sym® )V o) o vy — ..
= Sym®)V @ (A"uP) @ VY =0
of Stde(V)) and p-Stde(V3) respectively. The filtrations C* and D, on V)’ naturally

induce corresponding filtrations on Std*(Vy’) and p-Std®(V)’).
Let us make the differentials in Std®(V}’) more explicit. Consider a map

[ € Homyy(g)_ p(Verm(W7y), Verm(Ws)) ~ Homp (W1, Verm(Wz))

of degree one, i.e. it is given by f : Wi — Symcq(u_) ® Wa. Its dual is then fY :
Symgl(ui) ®@ Wy — WY. Applying to the differentials in Stde(V)) (which are all of
degree one), in particular

di : Sym(u_) @ u_ ® Vy = Sym(u_) ® V)
is given by
dy:u_®Vy = Symeq(u_) ® V),
which induces
dy : Symo; (u) @ VY — VY @u.

This map can be explicitly described as follows. For any k-basis y1,...,y, of u_ and
dual basis fi,..., f, of u¥, for any (¢,e) € Sym<;(uY) = k@ u’ and v € V', consider
the map

dY ((c,e) @v) =v®@e+ Y (yv) @ (cf)).
j=1

Recall the functor £(-) : Rep P — Vect(X) in subsection 4.1. By [33] Lemma 4.18, we
have

€(Symgl(uZ)) = 77)1(7

and by loc. cit. Proposition 4.27, under the functor £(-) the differential dy is sent to
the morphism

s*—1d* : Px @ VY — VW @ Q%
(cf. [33] subsection 2.2 for the precise meaning of the notation s* — Id*). Composed
with the canonical morphism VY — PL® VY, this gives the connection

ViV = Ve 0k
on the automorphic vector bundle VY. By our notation, we have
V = (s" —1d") o pri = e1(pr3) — pri,
where pr; : P)1< = Spec 73)1( — X are the natural projections. Recall 73)1( =Px/J )[?] and
we can identify QL = Jx/J )[?]. We have similar descriptions for all d) and &(d).

Proposition 4.7 ([33] Corollary 4.30 and Proposition 4.31). Under the functor (),
we have

DR(VY,V) ~ E(Std* (V).
Moreover, the functor £(-) transfers the Hodge filtration C* on Std*(V\') to the Hodge
filtration on DR(VY, V).

Similarly, we have
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Proposition 4.8. Under the functor £(-), we have
K(V;\/7 ¢) = 8<p'Std'(V>\v))7

which is compatible on conjugate filtrations on both sides.

Proof. We need a similar description as above for the complex p-Std®(Vy’), in the way
to take care of the p-curvature. Replace P by P® and consider the complex p-Stde(V)).
All the differentials are of degree one. Consider the map 1 : Sym(u > )) ® u( P) QRVN —

Sym (u ( )) ® V) which is given by v : P VA — Sym (u @ )) ® V). We can explicitly
describe its dual
similarly as df. We denote the composition of ¢y with the canonical map V)’

Symgl(u(_p)v) @ VY, v 1®wv by ¢¥. Then as above ¢V : V)Y — VY @ u?Y can be
explicitly described as

n

PV () =) (xw) @ fi,

i=1

for any k-basis x1,...,x, of u(_p) and dual basis f1,..., fn of u(_p)v.

Under the functor £(-), we have

E(u (p)V) XQX, and  E(Symcq(ur (p)v ) = FT}Symng = FT}I‘QQ}(.
The map 1)) is sent to a morphism
EWY) : (Fril<1Qk) @ VY — VY ® FriQx.
Composed with the canonical map VY — (FriI<1Q%) ® VY, we get a map
WO =EWY) VY = VY ® FriQk.
We claim that 1 is the p-curvature 1y of V. Indeed, recall by Proposition 2.10 we have
an isomorphism Fri Q% = F)*(/kQX, ~ JX/(J[pH] + I'Px). Using local coordinates, it
is given by
dry (z) — 7Pl mod J)[I(Hl] + I'Px,

with 7 = 1® x — 2 ® 1, cf. [46] Proposition 1.6. Then using local coordinates, 1 is

given by
= Z V(9:)P (v) @ 77

where 9; = a and 7 =1Qx; —2; Q1. Now the claim follows by the similar description
of V (as above) in the proof of [33] Proposition 4.27, and the crystalline description of
1y in [46] Proposition 1.7.

Similar analysis holds for ¢;. Thus we get &(p-Std*(Vy')) ~ K(VY,), which is
compatible on conjugate filtrations on both sides. U

4.6. Dual BGG complexes in characteristic p. We transfer the results of subsection
4.4 to geometric setting.

Theorem 4.9. Assume that X is p-small. We have a C®-filtered quasi-isomorphic em-
bedding of complexes
BGG(VY) < DR(VY,V),
where BGG(VY') has the form
0 — BGG°(VY) = BGGY(VY) — --- — BGG™"(VY) — 0
with BGG*(VY) = Duecrw(a) WY\, such that the associated graded complex
greBGGWY) = @ W,

wel W
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is a quasi-isomorphic direct summand of grc DR(VY, V) with trivial differentials.

Proof. This follows from Theorem 4.5 as in [33] Theorem 5.9. Let H € X,(T') be the
element defined by the conjugacy class of p. The C®-filtration on BGG(VY) is defined
by

C'BGGWY)= P Wi

wed W
wA(H)<—1
Note here we have the additional property that BGG(VY) < DR(VY, V) is an embed-
ding, as we work with PD differential operators. See also [33] Remark 5.20. U

We define a D,-filtration on BGG(VY') by
DiBGGWY)= @ Wi,

welw
w-A(H)>—i

which induces a D,-filtration on Fri BGG(VY).

Proposition 4.10. Assume that X is p-small. We have a D,-filtered quasi-isomorphic
embedding of complexes

FryBGG(VY) = DR(VY,V),
such that grp Friy BGG(VY) is a quasi-isomorphic direct summand of grp DR(VY, V).

Proof. This follows from Propositions 4.6, 4.8 and Proposition 3.5 (and its proof), as in
the last theorem. O

4.7. De Rham cohomology with coefficients. Now we can assemble previous results
in subsections 4.3—4.6 to prove the second main result of this section. In the following,
for simplicity we write

Hir(X,VY) = Hig(X/k, (VY,V)).

Suppose that X is of PEL type. Assume that X is proper, and the reductive group
G defined by the PEL datum is connected. For a weight A € X*(T)4, let |A| = ||z be
the integer defined as in [35] Definition 3.2. More precisely, if G, = ([[,.c; Gr) X G,
decomposes as a product local factors arising from the decomposition of the PEL datum,
with induced dominant characters A, which can be described as a tuple of integers
Ar = (>\T,i7—) with A7',1 > AT,Q > 2 AT,T’7—7 then A = ((AT)T7 )\0)7

Al = Z Ar| with  [A] = Z)‘fr,iw
Tel ir
where if G- =~ Sp,, then X/, = A;; (which can be chosen such that A;, > 0); if
G; ~ GL,_, let A\;, 41 be the unique even integer such that 1 > A, — A, 11 >0
and set /\/r,z; = Ari, — Arp.41. For each 7 € I such that G; ~ Sp,, , assume that
max(2,r;) < p.

Theorem 4.11. Keep the above assumptions and notations. Let n = dim X. Assume
moreover 2n < p.

(1) For any 0 <i<2n and A € X*(T)4 such that X is p-small with |\| < p, and V)
is defined over F,, then there is a natural F'-zip structure on HéR(X, VX), which
is induced by the cohomology of the de Rham F-gauge (Vy,V,C®, D, ).

(2) For the X as above, the F-zip structure on Hig (X, VY) is determined by the dual
BGG complex BGG(VY) as follows. Let H € X.(T') be the element defined by
the conjugacy class of p. For each a € Z, by the construction of dual BGG
complezes, we have

H (X, gt BGGOY)) = @ H (X, W),

weJ W
w-A(H)=—a
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Then there is a commutative diagram of isomorphisms

Pa

FrzgraCHcilR(Xv VX) gr%HcilR<X7 V;\/)
FriH (X, gt BGG(WY) ) = (X, g1 Fri BGGOY)).
Proof. For (1), we use the theory of Kuga families to deduce that the Hodge-de Rham

spectral sequence is degenerate. More precisely, under the assumption as above, there
exists an integer t) such that V/\\/ is isomorphic to an explicit direct summand of

HI(A™ /X)(~t2)

with compatible Hodge filtrations, where ny = |A| and A™ — X is the n)-times fiber
product of the universal abelian scheme A — X, cf. [35] Proposition 3.7. (For the non
proper case, see [31] and [36] section 5.) Moreover, by [35] Proposition 4.8, Hix (X, VY)
is isomorphic to an explicit direct summand of

HE™ (A™ k) (1)

for each 0 < i < 2n, and by [35] Proposition 4.4 and Lemma 4.7, the Hodge-de Rham
spectral sequence

By = H (X, gre DROY, V) ) = HZ (X, V)
is isomorphic to a direct summand of the spectral sequence

EiH_nA’b _ Ha+b+n)\ (ATL)\’ QZ\TLZJ?]C) (—t)\) - H:E{&-b—l-n)\ (AnA/k)(—t)\).

Since the later degenerates at E; by Example 3.2, so does the former. Then we get the
F-zip structure on cohomology by Proposition 3.6.
For (2), by part (1), for each a € Z, we get an isomorphism

#a s Frigr&Hag (X, VX) = o Hig (X, V).
By Theorem 4.9, the embedding gro BGG(VY) < gro DR(VY, V) is a quasi-isomorphic

direct summand. Combined with the degeneracy of the Hodge-de Rham spectral se-
quence, we get a canonical isomorphism

FriH' (X, g BGG(VY) ) 5 Frigre Hin (X, ).
By Proposition 4.10, the embedding grp Fri, BGG(VY) — grpDR(VY,V) is a quasi-
isomorphic direct summand. Combined with the degeneracy of the conjugate spectral
sequence (which follows from that for the Hodge-de Rham spectral sequence by Propo-
sition 3.6), we have also a canonical isomorphism
H' (X, grh Friy BGG(WY) ) 5 g Hig (X, %),
Therefore the above ¢, induces an isomorphism

0o : FriH' (X, gr“CBGG(V,\\/)) 5 (X, gr%Fr}BGG(V)Y))

such that we have the above commutative diagram. O
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4.8. Mod p crystalline comparison with small coefficients. Finally, as in [43]
section 6, we discuss briefly the mod p crystalline comparison theorem with coefficients
to indicate how to pass from mod p de Rham cohomology to mod p étale cohomology,
following Faltings [14, 15]. There are more recent developments by prismatic methods,
for example see [12, 21]. As currently a general comparison theorem for the p-torsion
coefficients in F-Gauge,r(X) is not available yet, we restrict to the Fontaine-Laffaille
case, and moreover the absolutely unramified case to match our previous discussions.
Thus we are in the setting of [14]. Then the following discussions (with more details)
already appeared in the works of Lan-Suh [35, 36].

Let k be a perfect field of characteristic p, W = W (k) and E = W ® Q. Consider
X /W a proper smooth scheme over W with X /k its special fiber over k, and X, its
generic fiber over E. Consider the category

MF o (X /W)

of p-torsion Fontaine modules associated to the Wy = Wy (k)-lift X3 of X. By Proposition
3.3, we can view it as a full subcategory of F-Gauge; r(X) as we have a fully faithful
functor

Mf%7p72](X2/W2> — F-Gauge p(X).
By [14], there is a fully faithful contravariant functor

D: M}"[%,p_g](?@/Wz) — Loc(&;, Fp),

where Loc(AX),F,) is the category of F,-local system on &,. Let V = D* be the
functor which is the composition of D with the Pontryagin dual. Moreover, if the
p-torsion Fontaine module € = (£,V,Fil, ®) € M]:[%JFZ](XQ /W3) is associated with
L € Loc(X,), Fp), in the sense that

V() =L,

then for any integer i > 0 and i + a < p — 2 where the integer a is given by Fil**! =0,
we have an isomorphism (cf. [14] Theorem 5.3)
V(H5R<X7 5)) = Hgt(XmEa L)
Now let X'/W be the smooth integral canonical model of a PEL type Shimura variety,

which we assume to be proper'? for simplicity. Suppose 2dim X < p. Assume as before
that A is p-small and V), is defined over F, (thus defined over k).

Proposition 4.12. If the weight A € X*(T') is p-small and the associated de Rham F -
gauge Vy = (VY ,V,C*®, D,, ¢) comes from an object (Vy,V,Fil, @) € M.F[v07p_2](X2/W2)7
then we have

V(YY) =Ly,

where Ly is the F,-local system on X, associated to the F,-representation of G with
highest weight A. In particular, for an integer i > 0 with i + |A\| < p — 2, we have an
isomorphism

V(Hap (X, VX)) = Hy (X, 5, L)
Proof. The first statement can be proved by the explicit realization of the automorphic

vector bundle VY in terms of the Kuga families over X, and the second statement follows
from the theorem of Faltings as in [14]. See [35] sections 3-5 for more details. O

I2This assumption can be removed, cf. [36], if we work with a smooth toroidal compactification and
canonical extensions of automorphic vector bundles.
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