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DEFORMATION OF RIGID CONJUGATE SELF-DUAL GALOIS
REPRESENTATIONS

YIFENG LIU, YICHAO TIAN, LIANG XIAO, WEI ZHANG, AND XINWEN ZHU

ABSTRACT. In this article, we study deformations of conjugate self-dual Galois representations.
The study has two folds. First, we prove an R=T type theorem for a conjugate self-dual Galois
representation with coefficients in a finite field, satisfying a certain property called rigid. Second,
we study the rigidity property for the family of residue Galois representations attached to a sym-
metric power of an elliptic curve, as well as to a regular algebraic conjugate self-dual cuspidal
representation.
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Let F//F* be a CM extension of number fields with ¢ € Gal(F'/F ™) the complex conjugation. In
this article, we study deformations of conjugate self-dual Galois representations of F'. The study
has two folds. First, we prove an R=T type theorem (Theorem 3.6.3) for a conjugate self-dual
Galois representation 7 of I with coefficients in a finite field, satisfying a certain property called
rigid (Definition 3.6.1). It is worth mentioning that unlike many other references in the field, we
neither assume that the characteristic of the coefficient field is relatively split in F'/F™ nor assume
that 7 only ramifies at places that are split in F. Second, we study the rigidity property for the
family of residue Galois representations attached to a symmetric power of an elliptic curve, as well
as to a regular algebraic conjugate self-dual cuspidal representation II. In particular, we show in
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Theorem 4.2.6 that if IT has a supercuspidal component, then the residue Galois representation is
rigid whenever the characteristic is large enough.

The main purpose of this article is to make preparation for our work [['TX77] in which we prove
major cases toward the Beilinson-Bloch-Kato conjecture on the relation between Selmer groups
and L-functions. To see how Galois deformation is used in the study of Selmer groups, we refer
to that article.

The two main theorems are both technical to state. In order to give some flavor of what we can
prove in this article, we now state a result (Theorem 1.0.1 below) that follows from the combination
of the two main theorems and is relatively straightforward to formulate. Also, it seems to us this
kind of result is new in literature.

More precisely, we consider the following data:

e an RACSDC (that is, regular algebraic conjugate self-dual cuspidal) representation IT of
GLn(Ap) for some N > 2, with the archimedean weights { = (&1 < -+ < &) €
(ZN)Hom(FC) (Definition 2.3.2),

e a number field £ C C such that one has a family of Galois representations

{pn)\i Gal(F/F) — GLN(EA)})\

indexed by primes of E satisfying pf; , >~ py1 \(1—NN) as in Proposition 2.3.3 and Definition
2.3.4 (see Remark 2.3.5),
e a finite set X" of nonarchimedean places of F'* such that for every nonarchimedean place w
of F' not above ¥, II,, is unramified and the underlying rational prime of w is unramified
in F'.
For every prime A of E, we write £ its underlying rational prime and O, the ring of integers of E).
Let A s+ be the set of primes A of E such that either pr 5 is not residually absolutely irreducible,
or £y underlies ¥F, or £, — N — 1 is strictly smaller than the maximal distance of integers in .
For every prime A of E not in Apy+, we can define

e a commutative Oy-algebra R“}fv that classifies conjugate self-dual deformations of the
residue representation of pry that are crystalline with regular Fontaine-Laffaille weights
at places above ¢, and unramified outside X" and places above /£, and

e a maximal ideal m, of 'IF?V* with the residue field Oy /A determined by the Satake parameters
of I1, where ']I‘IJZ@ is the abstract spherical unitary Hecke algebra of rank N away from 3+
and places above /.

Consider pairs (V, K) in which

e V is a (nondegenerate) hermitian space over F' (with respect to c) of rank N that is split

at every nonarchimedean place of F* not in X, and

e K =TI, K, is a neat open compact subgroup of U(V)(A%,) such that K, is the stabilizer
of a self-dual lattice for v & X1,
satisfying that there exists a cuspidal automorphic representation 7 of U(V)(Ag+) with nonzero K-
invariants whose automorphic base change is II. Every pair (V, K) as above gives a Shimura variety
Sh(V, K), which is a quasi-projective smooth scheme over C of dimension d(V). For A & Ap y+,
the weights & give rise to an O)-linear local system .Z; , on Sh(V,K); and we let T, be the image
of T3 in Endy (HEY (Sh(V, K), Z ).
We refer to §3.6 for more details of the above constructions.

Theorem 1.0.1. Let the setup be as above. Suppose that there exists a nonarchimedean place of
F at which I1 is supercuspidal. Then Ay s+ is a finite set. Moreover, there exists a finite set Ai‘[,2+
of primes of E containing A y+, such that for every A & A/n,2+ and every pair (V,K) as above
with d(V) < 1, we have
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univ

(1) There is a canonical isomorphism RYY = Ty w, of local complete intersection commutative
Ox-algebras.
(2) The Ty m,-module H(éit(v)(Sh(V,K),DZQ,,\)mA is finite and free.

The above theorem is a consequence of the two main results of this article, namely, Theorem
3.6.3 and Theorem 4.2.6. We have a similar consequence when d(V) is general, but under an extra
assumption on certain vanishing of localized cohomology off middle degree.

The article is organized as follows. In Section 2, we make some preparations for conjugate self-
dual representations, unitary Hecke algebras, and automorphic representations. In Section 3, we
study both local and global deformations of conjugate self-dual Galois representations. In Section
4, we study the rigidity property for symmetric powers of elliptic curves and automorphic Galois
representations.

Notations and conventions.

e All rings are commutative and unital; and ring homomorphisms preserve units.

e Throughout the article, we fix an integer N > 1. Denote by My (resp. GLy) the scheme
over Z of square matrices (resp. invertible square matrices) of rank N.

e We fix a CM extension F/FT of number fields and an algebraic closure F of F, with
c € Gal(F/F7) the complex conjugation. Put I'p := Gal(F/F) and I'p+ = Gal(F/F™).
In this article, all hermitian spaces over F' are with respect to the convolution ¢ and are
nondegenerate.

e Denote by X, (resp. X1) the set of complex embeddings of F' (resp. F'7). For 7 € 3, we
denote by 7¢ := 7 o c € ¥, its conjugation and 7 = 7|p+ € ¥} the underlying element.

e For every rational prime p, denote by E; the set of all p-adic places of F'T.

e Denote by i ; the union of ¥} for all p that ramifies in F'.

e Denote by 7 := np/p+: I'p+ — {£1} the character associated to the extension F/F*.

e For every prime ¢, denote by ¢;: I'p+ — Z; the f-adic cyclotomic character.

e For every place v of F'*, we

— put F, .= F ®p+ F,; and define 6(v) to be 1 (resp. 2) if v splits (resp. does not split)
in F';

— fix an algebraic closure F[ of F containing F; and put I'py = Gal(F[/Ff) as a
subgroup of I'p+;

— for a homomorphism r from I'p+ to another group, denote by r, the restriction of r
to the subgroup I'p+.

e For every nonarchimedean place w of F', we

— identify the Galois group I'r, with 'y N T'p (resp. c¢(I'pr NT'p)c), where v is the
underlying place of F'*, if the embedding F' — F induces (resp. does not induce)
the place w;

— let Ip, C I'p, be the inertia subgroup;

— denote by ¢, € I'p, an arithmetic Frobenius element.
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2. PREPARATION

2.1. Extension of essentially conjugate self-dual representations. In this subsection, we
collect some notion and facts on the extension of essentially conjugate self-dual representations.

Notation 2.1.1. We recall the group scheme %y from [CHT08, §1].! Put
gN = (GLN X GLl) X {1,(}
with ¢2 = 1 and
c(g, pe= (g™ 1)

for (g,pn) € GLy x GL;. In what follows, we will often regard GLy as a subgroup of ¥y via the
embedding g — (g,1)1. Denote by v: ¥y — GL; the homomorphism such that v|gL, x ar, is the
projection to the factor GL; and that v(¢) = —1. We have the adjoint action ad of ¥y on My,
given by

ad(g, p)(z) = gzg™", ad(c)(z) = 'z
for v € My and (g, ) € GLy x GL;.

Let T be a topological group, and I' C [ an open subgroup of index at most two.

Notation 2.1.2. Let R be a (topological) ring.

e For a (continuous) homomorphism p: I' = GLy(R), we denote by pY: ' — GLx(R) the
contragredient homomorphism, which is defined by the formula p"(x) = ®p(z)~! for every
xel.

e For a (continuous) homomorphism p: ' — GLy(R) and an element v € I' that nor-
malizes I', we let p’: I' — GLy(R) be the (continuous) homomorphism defined by
p(x) = p(yxy~!) for every x € T

e For a (continuous) homomorphism

r: T — 9y (R)
such that the image of r|r lies in GLy(R) x R*, we denote
r*: T — GLy(R) x R* — GLy(R)
the composition of r|r with the projection to GLy(R).

Lemma 2.1.3. Suppose that [f : T] = 2. Let R be a (topological) ring and x: I - R a
(continuous) character. We have

(1) Ifr: T — 95(R) is a (continuous) homomorphism satisfying r—' (GLy(R) x R*) =T and
vor =y, then for every v € I'\ T, we have
7 = Boyr* o B!

?

where B is obtained from r(v) = (B, —x(7))¢.

'In fact, a better notion seems to be the C-group introduced in [BC14].
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(2) Let p: T — GLy(R) be a (continuous) homomorphism, v an element in T\ T, and B €
GLy(R) such that p? = Boxp” o B~ and B'B~! = ugx(y) " p(+?) for some ug € {£1}.
Then there ezists a unique (continuous) homomorphism

r: T — 9y (R)

satisfying rlr = (p, x|r)1 and r(v) = (B, upx(v))c.

(3) Suppose in (2) that R is a field and p is absolutely irreducible. If p” and xp* are conjugate,
then p induces a (continuous) homomorphismr: I' — 9n(R) satisfying rlr = (p, x), unique
up to changing the GLN(R)—component of r(y) by a scalar in R*.

Proof. Part (1) is a special case of [CHT08, Lemma 2.1.1].
For (2), we check that

r(v*) = (B, usx(7))c - (B, ux(v))e = (usx(v)B'B~1, x(7*)1 = (p(*), x(v*))1.

Since T is generated by I' and v, we obtain a unique (continuous) homomorphism r: ' — @y (R)
as in (2).

For (3), by Schur’s lemma, the element B is unique up to scalar in R*, which implies the
existence and also the uniqueness of pp. Thus, (3) follows immediately. O

2.2. Unitary Satake parameters and unitary Hecke algebras. In this subsection, we intro-
duce the notion of unitary Satake parameters and unitary Hecke algebras.

Definition 2.2.1 (Abstract Satake parameter). Let L be a ring. For a multi-subset o =
{ai,...,an} C L, we put
N
P (T) =[](T — o) € L[TY.
i=1
Consider a nonarchimedean place v of F™ not in %, ;.

(1) Suppose that v is inert in F. We define an (abstract) Satake parameter in L at v of rank
N to be a multi-subset @ C L of cardinality N. We say that a is unitary if Pa(T) =
(~T)Y - Pa(T).

(2) Suppose that v splits in F'. We define an (abstract) Satake parameter in L at v of rank N
to be a pair a = (a; ) of multi-subsets ay, as C L of cardinality NV, indexed by the
two places wy, wy of F above v. We say that v is unitary if Py, (T) = c- TV - Py, (T™!) for
some constant ¢ € L*.

Let v be a nonarchimedean place of F'™ not in %}, ;. Let Ay, be the unique up to isomorphism
hermitian space over O, = Op ®o - O £ of rank N, and Uy, its unitary group over O o Under
a suitable basis, the associated hermitian form of A N 18 given by the matrix

1 -+ 00

Consider the local spherical Hecke algebra
Tnw = Z[Unw(Op \Uno(F,) /Uno(Ops )]
According to our convention, the unit element of Ty, is ]lUN,v(OF .- Let Ay, be the maximal split

diagonal subtorus of Uy,, and X,(Ay,) be its cocharacter grovup. Then there is a well-known
Satake transform

(2.1) T = ZI= ) [Axo(F) /AN (Opp)] = Z[[o] =) [X.(Ay )]
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as a homomorphism of algebras. Choose a uniformizer w, of F.'.

Construction 2.2.2. Let L be a ring over Z[||v||**®")/2]. Let a be a unitary Satake parameter in
L at v of rank N. There are two cases.

(1) Suppose that v is inert in F'. Then a set of representatives of Ay, (F,")/An.(Op+) can be

taken as

{(@h, ..., @N) | ty,... ty € Z satisfying t; + tyy1s =0 for all 1 <i < N}.
Choose an ordering of a as (aq, ..., ay) satisfying a;an.1—; = 1; we have a unique homo-
morphism

[0 Ao (F) [ Ano(Op)] = L

N

of rings over Z[||v||**"/?] sending the class of ('}, ..., @) to Hiflj of'. Composing with
the Satake transform (2.1), we obtain a ring homomorphism
¢a1 TN,v — L.

It is independent of the choices of the uniformizer w, and the ordering of c.
(2) Suppose that v splits in F' into two places w; and wy. Then a set of representatives of
AN (FS)/ANw(Op+) can be taken as

{ (diag(wf}, @) diag(w, YL ,w_t1)>‘t1, ...ty E Z} ,

v

where the first diagonal matrix (resp. the second diagonal matrix) is regarded as an
element in Ay ,(Fy,) (resp. An,(Fiy,)). Choose orders in oy and a as (o 1,...,00N)
and (agy, ..., N) satisfying oy ;a0 y+1-; = 1; we have a unique homomorphism

Z[[o 2 Ao (FF) [Anw(Op)] = L

of Z[||v||**®)/?]-rings sending the class of (diag(w’:,..., @), diag(w; ™, ..., @, ")) to
[T, af;. Composing with the Satake transform (2.1), we obtain a ring homomorphism
ot Tny — L.

It is independent of the choices of the uniformizer w,, the order of the two places of F
above v, and the orders in a; and .

Definition 2.2.3 (Abstract unitary Hecke algebra). For a finite set ¥* of nonarchimedean places
of F™ containing ¥ ;, we define the abstract unitary Hecke algebra away from ¥ to be the
restricted tensor product

T%ﬁ = ®/TN,U

over all v € X1 U X with respect to unit elements. It is a ring.

2.3. Automorphic representations. In this subsection, we collect some facts concerning auto-
morphic representations.

Notation 2.3.1. We denote by Zg and the subset of Z" consisting of nondecreasing sequences.
For a finite set T and an element & = (&;),er € (ZY)T, put

ag =min{& ), be = max{&n}+ N - L

Let w be a nonarchimedean place of F'. For every irreducible admissible (complex) represen-
tation IT of GLy(F,,), every rational prime ¢, and every isomorphism ¢,: C = Q,, we denote by
WD(¢,IT) the (Frobenius semisimple) Weil-Deligne representation associated to 11 via the local
Langlands correspondence [HT01].
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Definition 2.3.2. We say that a (complex) representation I of GLy(Af) is RACSDC (that is,
regular algebraic conjugate self-dual cuspidal) if

(1) II is an irreducible cuspidal automorphic representation;

(2) Mo ¢ ~1IY;

(3) for every archimedean place w of F, II,, is regular algebraic (in the sense of [C1090, Defi-

nition 3.12]).
If IT is RACSDC, then there exists a unique element &y = (&1, ..., & n)r € (ZY)¥>, which we
call the archimedean weights of 11, satisfying &.; = —&:< y+1-; for every 7 and i, such that II;
(as a representation of GLy(C)) is isomorphic to the (irreducible) principal series representation
induced by the characters
(arg!—N+2%ra,

where arg: C* — C* is the argument character defined by the formula arg(z) := z//2Z.

Proposition 2.3.3. Let II be an RACSDC representation of GLy(Ap) with the archimedean
weights & = &y1.
(1) For every place w of F, 11, is tempered.
(2) For every rational prime { and every isomorphism 1o: C = Qu, there is a semisimple
continuous homomorphism

3—N+2 N—3+2 — N—1+2
§7,2’ . £T,N 1’ arg f‘r,N)’

arg .,arg

pr,: Tr — GLy(Qy),

unique up to conjugation, satisfying that
(a) for every nonarchimedean place w of F, the Frobenius semisimplification of the asso-

1N
ciated Weil-Deligne representation of pr,,|ry, s isomorphic to WD(¢IL,| det [»® );
(b) for every place w of F above £, the representation pr,,|r. 15 de Rham (crystalline if
I, is unramified) with reqular Hodge—Tate weights contained in the range [ag, bel;
(¢) pfi,, and pyp,,(1 — N) are conjugate.

Proof. Part (1) is [Carl2, Theorem 1.2]. For (2), the Galois representation pr,, is constructed
in [CH13, Theorem 3.2.3]; the local-global compatibility (2a) is obtained in [Carl2, Theorem 1.1]
and [Carl4, Theorem 1.1]; (2b) is obtained in [CT113, Theorem 3.2.3|; and (2c) follows from (2a)
and the Chebotarev density theorem. 0

Definition 2.3.4. Let II be an RACSDC representation of GLx(Ar). We say that a subfield
E C C is a strong coefficient field of II if E is a number field; and for every prime A of E, there
exists a continuous homomorphism

PN I'r — GLN(E)\)a

necessarily unique up to conjugation, such that for every isomorphism ¢,: C = Qy inducing the
prime A, pn ) ®g, Q; and pr,, are conjugate, where prr,, is the homomorphism from Proposition
2.3.3(2).

Remark 2.3.5. By [CH13, Proposition 3.2.5], a strong coefficient field of IT exists when II is
RACSDC.

Let V be a hermitian space over F' of rank NN, and 7 an irreducible admissible representation
of U(V)(Ap+). An automorphic base change of 7 is defined to be an automorphic representation
BC(7) of GLy(AF) that is a finite isobaric sum of discrete automorphic representations such that
BC(7), ~ BC(m,) holds for all but finitely many nonarchimedean places v of F'* such that 7, is
unramified. By the strong multiplicity one property for GLy [PS79], if BC(7r) exists, then it is
unique up to isomorphism. Moreover, for every nonarchimedean place v of F'* that is nonsplit
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in F', we have a notion of local base change, which is defined by [Rog90] when N < 3 and by
[Mok15, KMSW] for general N.

Proposition 2.3.6. Take an RACSDC representation 11 of GLy(Ap) with &n = (&), the
archimedean weights. Let V be a hermitian space over F' of rank N and 7 = ®,m, a cuspidal
automorphic representation of U(V)(Ap+) such that 11 ~ BC(w). Then

(1) For every nonarchimedean place v of F't, BC(m,) ~ I,.

(2) For every T € Y., 7, is a discrete series representation of Harish-Chandra parameter

{% + 57,17 % + §7,27 sy % + fr,N—l, % + §T7N}
after we identity U(V)(F;) as a subgroup of GLyx(C) via 7: F @p+ . R = C.
Proof. This follows from [[KXMSW, Theorem 1.7.1] for generic packets. U

Corollary 2.3.7. Take an RACSDC representation Il of GLy(Afr). Let V be a hermitian space
over F' of rank N that is even, and m = ®,m, a cuspidal automorphic representation of U(V)(Ap+)
such that 11 ~ BC(w). If v is a nonarchimedean place of F* that is inert in F (with w the unique
place of F' above it) such that V, is not split and that 7, has nonzero invariants under a special
mazimal open compact subgroup of U(V)(F,)), then the monodromy operator of WD(iIL,) is
conjugate to (3 1) @ 1y_o for every rational prime ¢ and every isomorphism t,: C = Q.

Proof. Write N = 2r for a positive integer . By Proposition 2.3.6, we know that II,, is isomorphic
to BC(7,). Since I1,, is tempered by Proposition 2.3.3(1), , is also tempered. Since 7, has nonzero
invariants under a special maximal open compact subgroup of U(V)(F."), the cuspidal support of
7, is of the form ((F*) ™1 x U(Vy)(F,),x X 1), where Vy is the anisotropic hermitian space of
rank 2 over F,, and Y is a unitary unramified character of (F*)"~!. In particular, the cuspidal
support of II,, is of the form ((F*)"™! x GLy(F,) x (F*)"1, x X Sty X x 1), where Sty denotes
the Steinberg representation of GLy(F,,). The corollary follows immediately. 0

3. DEFORMATION

In this section, we fix an odd rational prime ¢ and a subfield £ C Q; finite over Q,. We denote
by € the ring of integers of F, by A its maximal ideal, and by x := &'/ the residue field. Following
[CHTO08], we denote by ‘Ké the category of Artinian local rings over & with residue field k, and by
%¢ the category of Noetherian complete local rings over & that are inverse limits of objects of (fé.
For an object R of %y, we shall denote by mp its maximal ideal. For an &-valued character, we
will use the same notation for its induced R-valued character for every object R of %,. Recall the

character n: I'r+ — {£1} associated to the extension F//FT and the (-adic cyclotomic character
e: Upe = Z,(C O%).

3.1. Deformation problems. In this subsection, we introduce the notion of deformation prob-
lems. Let I' be a topological group, and I' C I' an open subgroup of index at most two.
Notation 3.1.1. We consider a pair (7, ), where

o7 f: — 9y (k) is a homomorphism,

e yv: ' = 0 a continuous homomorphism, known as the similitude character,
subject to the relation 7~ (GLy(k) x £X) =T and voT = .

The following definition slightly generalizes [CHT08, Definition 2.2.1].

Definition 3.1.2. A lifting of 7 to an object R of € is a continuous homomorphism r: ' — YIn(R)
satisfying r mod mgr = 7 and vor = y. We say that two liftings are equivalent if they are conjugate
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by an element in 1+My(mg) C GLy(R) C 9y (R). By a deformation of 7, we mean an equivalence
class of liftings of 7.

Now suppose that I' is topologically finitely generated. Then there exists a universal lifting
rUYe T @ (RI°)
of 7 to an object RI¢ of €, such that, for every object R of 6, the set of liftings of 7 to R is in

natural bijection with Home, (R¢, R). Since I' is topologically finitely generated, it is well-known
that R¢ is Noetherian; and there exist natural isomorphisms

Homy, (leFoc/(mQRLDC, A), k’) ~ Homg,, (leoc, k[e]/(€2)> ~ 71T, ad ),

where Zl(f,ad ) denotes the group of 1-cocycles of T with values in the adjoint representation
(ad7,Mn(k)). Let GLy ¢ be the completion of the group scheme GLy ¢ along its unit section,
which acts naturally on Spf Rl¢ by conjugation.

Definition 3.1.3. A local deformation problem of 7 is a closed formal subscheme 2 of Spf Rl
that is stable under the action of GLy 4.

Definition 3.1.4. For a local deformation problem & of r, we define the tangent space of &,
denoted by L(Z), to be the image of the subspace

LY(2) = Homy, (mgue / (M, .7, A), k) € Z}(T, ad 7)
under the natural map Z'(T,ad7) — HY(T,ad 7), where .# C R¢ is the closed ideal defining 2.

Note that we have the identity
(3.1) dim, L}(2) = N? + dim;, L(2) — dim;, H°(T", ad 7).

Remark 3.1.5. Later, when we consider a nonarchimedean place v of F+ and take I = T Ft, the
subgroup I' we implicitly take is always I'p+ N I'p.

Now we apply Notation 3.1.1 and Definition 3.1.2 to the case where L =Tp+ and T = Tp.

Definition 3.1.6. A global deformation problem is a tuple (7, x, S, { %y }ves), where

e (7,) is a pair as in Notation 3.1.1;

e S is a finite set of nonarchimedean places of F'" containing all f-adic places and those
places v such that 7, is ramified;

e 7, is a local deformation problem of 7, (Remark 3.1.5) for each v € S.

We take a global deformation problem . = (7, x, S, {Z, }ves). For v € S, we denote by .#, the
closed ideal of R}{’f defining &,. For a subset T C S, put

(3.2) RS = &), R/ 2,

where the completed tensor product is taken over &. Recall from [CHT0S, Definition 2.2.1] that
a T-framed lifting of 7 to an object R of €4 is a tuple (r;{fB,}ver), Where r is a lifting of 7
to R (Definition 3.1.2), and 8, € 1+ My(mpg) for v € T. Two T-framed liftings (7; {8, }ver)
and ("5 {f! }ver) of 7 to R are said to be equivalent, if there exists z € 1 + My(mg) such that
=z loroxand 8 = a3, for every v € T. A T-framed deformation of 7 is an equivalence
class of T-framed liftings of 7. We say that a T-framed lifting (r; {5, }ver) is of type & if r,

2Strictly speaking, a lifting or a deformation of 7 depends on the similitude character x. But we choose to
follow the terminology in [CHTO08] by not spelling the characters out, as the relevance on the similitude character
is always clear from the context.
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belongs to 2, for every v € S, and is unramified for every v ¢ S. Note that being of type . is a
property invariant under the conjugate action by 1+ My (mg). Thus it makes sense to speak of
T-framed deformation of type .. Let Def@T . o — Set be the functor that sends an object R to
the set of T-framed deformations of 7 to R of type .7.

Let I'p+ g be the Galois group of the maximal subextension of F'/F* that is unramified outside
S. Recall the cohomology group H', ¢(I'p+g,ad7) for ¢ > 0 introduced after [CHT08, Defini-
tion 2.2.7]. By [CHT08, Lemma 2.3.4], these are finite dimensional k-vector spaces, and satisfy
H', +(Tp+ s,ad7) =0 for i > 3.

Proposition 3.1.7. Assume that 7|r,. is absolutely irreducible. Then for every subset T C S, the

functor DefJF is represented by a Noetherian ring R)" in €p. Put REY = Rgﬁ”.

(1) There is a canonical isomorphism
Homk (mRDT /(m2 Oy s )\, MRloc ), k’) >~ Hly T(F}:—O— S, ad 7:),
EZ R &, T ’ ’

where we regard Mg a5 ils image under the tautological homomorphism R(l;‘fT — RE,T.
Moreover, if H?¢7T(FF+’S, ad7) =0 and forv e S\'T, 9, is formally smooth over O, then

O . . . . . — .
RS is a power series ring over RSy in dimy, HY, (T p+ g, ad 7) variables.
(2) The choice of a lifting r'¥™: T'p+ — 9n(RYY) in the universal deformation determines an

extension of the tautological homomorphism R — RE} to an isomorphism
REY[[Xuisllvericijen = RS
such that, for every v € T, the universal frame at v is given by B, = 1+ (Xpij)1<ij<n-

Proof. These are exactly [CHT08, Proposition 2.2.9 & Corollary 2.2.13] except that they consider
only local deformation problems at split places (that is, they assume that all places in S are split
in F'). However, the same argument can be applied to the general case without change. 0

3.2. Fontaine—Laffaille deformations. In this subsection, we study Fontaine-Laffaille defor-
mations of at f-adic places. We take a place v of F'™ above ¢; and let w be the place of F
above v induced by the inclusion F' C F. We assume that ¢ is unramified in F', and denote by
o € Gal(F,/Qy) the absolute Frobenius element.

Assumption 3.2.1. The field E contains the image of every embedding of F,, into Q.

We first assume that E satisfies Assumption 3.2.1. Put ¥, := Homgy,(Op,, 0). Following
[CHTO08], we use a covariant version of the Fontaine-Laffaille theory ['L82]. Let .#%4 ., be the
category of Op, ®z, O-modules M of finite length equipped with

e a decreasing filtration {Fil' M };cz by Og, ®z,0-submodules that are Op, -direct summands,
satisfying Fil’ M = M and Fil*"' M = 0, and '
e a Frobenius structure, that is, 0 @ 1-linear maps o' Fil' M — M for i € Z, satisfying the
relatiODS ¢i|Fﬂi+l M - €¢Z+1 and ZiEZ @2 Fl].z M - M
Let .#%},, be the full subcategory of .#%¢, of objects that are annihilated by A. For every
integer b satisfying 0 < b < ¢ — 2, let //l?[ﬁoz]] be the full subcategory of .#%4,, consisting of
objects M satisfying Fil”™ M = 0. In particular, we have ﬁofu*z] = MF¢,, by definition.
For an object M of .#% .,, there is canonical decomposition
M = @ M’7'7

TE w
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where M, := M®o,, o, 07010 Then we have Fil' M = @, 5, Fil' M, with Fil' M, = M, OFil' M,
and that ®* induces O-linear maps
L Fil' M, — Mygp1.
We put
gr' M, = Fil' M, /Fil'"™ M., gr*M, = Per'M,, g*M = P gr*M,.

TE w

We define the set of 7-Fontaine—Laffaille weights of M to be
HT,(M) = {i € Z | gr'M, # 0}.

We say that M has reqular Fontaine—Laffaille weights if gr M, is generated over & by at most one
element for every 7 € X, and every ¢ € Z.

Let O[Tk, ]"" be the category of &-modules of finite length equipped with a continuous action
of T'p,. In [CHTOS, 2.4.1], the authors defined an exact fully faithful, covariant &-linear functor

Gu: MT .y — Oy, |

whose essential image is closed under taking sub-objects and quotient objects. The length of an
object M in A% ,, as an O-module equals [F, : Qg times the length of G,, (M) as an &-module.
For two objects M, My of #%¢,,, we have a canonical isomorphism

Hom 4z, , (My, My) = H°(F,,, Homg(G, (M), Gy, (M2)))
and a canonical injective map
Extlyz, (M, Ma) = Extyp,, j01.(Gu (M), Gu(My)),

where the target is canonically isomorphic to H'(F,,, Homg (G, (M), G, (M>))) if My and M, are
both objects of A% .

Example 3.2.2. For an integer b satisfying 0 < b < £ — 2 and an object R of Cfé, we have an object
R{b} of #F¢,, defined as follows: the underlying Op, ®z, 0-module is simply (Op, ®z, R)es,
with the filtration given by

i (()Iﬂﬂ X7 }%)eb if 4 S; b;
Fil' {0} = {0 l if i > b.

Finally, the Frobenius structure is determined by ®°(e;) = e,. Then we have
Gy (R{b}) = R(=0)|ry,
as O[I'p,]-modules.

Construction 3.2.3. We construct a functor =7: .#%4 ,, = MF¢,, as follows: for an object M
of AP, the underlying Op, ®z, O-module of M is Op, @0y, o M with the induced filtration
and Frobenius structure. Then we have M? = M, ,,-1 for every 7 € 3, and that G, (M) is
isomorphic to G, (M) but with the action of I'r, twisted by the absolute Frobenius of F,: if we
denote by p and p, the actions of I'r, on G, (M) and G,,(M?), respectively, then they satisfy

pe(g) = p(6~"g5),

where ¢ € Gal(F/Qy) is a lift of the absolute Frobenius.
We now let =°: APy, — MFp, be the [Ff : Qg]-th iteration of the functor =7 constructed
above.
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For an object R of €2 and an integer b with 0 < b < £—2, let ﬁofi(R) be the full subcategory
of //19{2’% consisting of objects M such that M is finite free over Op, ®z, R and that the Op, ®z, R-
submodule Fil’ M is a direct summand for every i. Let M be an object of //1?[0 b]( R). Then G, (M)

is finite free over R. Thus G,, induces a functor Gy, //ﬁ[o b]( R) — R[[p, )", where R[['g, ]
denotes the category of finite free R-modules equipped with a continuous action by I'r,. We have
a functor

\/{b} J‘{Ob]( )Op—>,//l§5[0b]( R)

defined as follows: for an object M of ./19’[0 b}( R), MV{b} is the object of //l?[o b]( R) such that:
e its underlying Op, ®z, R-module is HomoFu@ZzR(M, OF, ®z, R),
e Fil' MY{b} = Homo,, o, r(M/Fil""' ™" M, O, ©z, R),
e for every f € Fil' MV{b} and every m € Fil’ M, we have

T () if i 4§ < by
j

PN(@m)) = {O ifi+j>0.
It is clear that MVY{b} is a well-defined object of W‘[@QE(R) (see [CHTOR, Page 34]), and that
G (MY{b}) = Gu(M)¥(—D).

Now suppose that we have an isomorphism of R[I'g, ]-modules G, (M°®) ~ G,,(M)"(—b). Since
the functor G, is fully faithful, giving such an isomorphism is equivalent to giving an isomorphism
Me ~ MY{b} in Wgﬂ(R}, or equivalently an Op, ®z, R-bilinear perfect pairing

(33) <,>ZMCXM—>OFw®Z£R,

such that the induced R-bilinear perfect pairings (, ),: M.« x M, — R for 7 € ¥, satisfy the
following conditions:
(1) For every 4,7 € 7Z, every o € Fil' M., and every y € Fil/ M., (®i.a, ®Iy), o1 equals
o= {x,y), (vesp. 0) if i + 5 < b (resp. i +j > b).
(2) For every i € Z, the annihilator of Fil' M, under ( , ), is Fil®™ % M.c; in particular, ( , ),
induces an R-linear isomorphism gr’ M, ~ Hompg(gr’*M,<, R).

From now on, F will not necessarily be subject to Assumption 3.2.1.

Definition 3.2.4. Let R be an object of €, and p: I'r, — GLy(R) a continuous representation.
(1) Let a,b be integers satisfying 0 < b—a < ¢ — 2. For E satisfying Assumption 3.2.1, we say
that p is crystalline with (regular) Fontaine—Laffaille weights in [a, b] if, for every quotient

R of Rin €}, p(a) ®r R’ lies in the essential image of the functor G, e//lg[o bal (R) —

O[lp, " (and that G, (p(a) ®z R') has regular Fontaine-Laffaille weights).

(2) For E in general, we say that p is reqular Fontaine—Laffaille crystalline if there exists a
finite unramified extension F; of E contained in Q, that satisfies Assumption 3.2.1 with the
ring of integer 0, such that p ®¢ O} is crystalline with regular Fontaine-Laffaille weights
in [a,b] in the sense of (1) for some integers a, b satisfying 0 < b—a < £ — 2

Now we consider a pair (7, x) from Notation 3.1.1 with I = lprand I'=Tp+s NI'p =Tp,.

Definition 3.2.5. Suppose that 7 is regular Fontaine Laffaille crystalline. We define 2" to be
the local deformation problem of 7 that classifies the liftings r: I'+ — 9n(R) of 7 to objects R

of €, such that 7% is regular Fontaine-Laffaille crystalline.
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Lemma 3.2.6. Suppose that 7 is reqular Fontaine—Laffaille crystalline and that x = nyes., for
some ¢ € Z and p € Z/2Z. Then

N(N —1)
2

Proof. For this lemma, we may assume that E satisfies Assumption 3.2.1. After replacing 7 by 7(a)
for some integer a, we may assume that 77 is crystalline with regular FontaineLaffaille weights in
[0,6] with 0 < b < £ — 2. In this case, 2" simply classifies liftings 7 such that 7 is crystalline
with Fontaine-Laffaille weights in [0, b].

Suppose first that v is split in F. Then we have F,, = F7, and that a lifting r in 2"%(R) of 7 is of
the form r = (p, ¢7,): I'r, — GLy(R) x R* such that for every Artinian quotient R’ of R, p®@g R’
lies in the essential image of the functor G,,. Then the lemma is exactly [CHT08, Corollary 2.4.3].

Suppose now that v is inert in F. Then we must have ¢ = —b. Denote by I',,/, the Galois group
of the quadratic extension F,,/F,". Then the restriction map induces an isomorphism

HY(FF, ad7) & HY(F,,ad 7).

Put M := G,'(7%). Then the deformations of 7 to k[g]/(¢?) that lie in the essential image of
G, are classified by EXt}%/yk (M, M), which is canonically a Iy, ,-stable subspace of HY(F,,ad 7).
Therefore, we have

L(Z'") = Extlyz, (M, M)NH"(F,,ad7) /> = Ext s (M, M) /.

dimy L(2™) — dim, H(FF,ad 7) = [F} : Q)

In fact, the induced action of I'y,/, on Ext%kw(M , M) can be described as follows. Recall the

functor —¢ in Construction 3.2.3. Then G,,(M°®) is isomorphic to 7¢|r,, . Since ¢ and 7" (—b)
are conjugate, we have M ~ MY{b}. We fix such an isomorphism, hence obtain a pairing ( , )
(3.3) with R = k. Then for an element [P] € Ext!y; (M, M) represented by an extension

0 — M — P — M — 0, the image of [P] under the action of the (unique) non-trivial element in
I'y /v is obtained by applying the functor (=°)"{b} to 0 = M — P — M — 0.

To compute Ext}ﬂgk (MM )lw/v we recall first the following long exact sequence in [CHTOS,
Lemma 2.4.2]:

(3.4)
0 — End s, (M) — Fil’ Homo,, &, o(M, M) —~Homo,, , 6.0e1(er*M, M) N Ext!y; (M, M)—0,

where

o Fil’ Homo,, @,,0(M, M) denotes the Op, ®z, O-submodule of Homo,, &, (M, M) of en-
domorphisms that preserve the filtration;

e the map o takes an element f € Fil° Homo,, o, (M, M) to (f®" — D' f);cz; and

e the map f3 is defined as follows: if ¢ = (¢%)icz is a 0 ® 1-linear map from gr*M to M,
then () is given by the extension class of £ = M @ M with the filtration Fil' E =
Fil' M @ Fil' M and the Frobenius structure

) (I)i sz’
To prove the lemma, we need to derive an analogous long exact sequence similar to (3.4) but with
the last term Extifgk (M, M )lw/v. For the first term, note that we have a canonical isomorphism

End 4z, (M) ~ H°(F,,ad ), which contains H(F,,ad7) as a submodule. For the second term,
let Fil” Homo,, ®z,0(M, M)" be the submodule of Fil’ Homo,, ®z,0(M, M) consisting of elements
f = (fr)res, such that — f.c is the adjoint of f, under the pairing ( , ), for every 7 € ¥,,. For the
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third term, let Homo,, ¢, 0.001(er*M, M )* denote by the submodule of Homo,, ®z,0,001(81" M, M)
consisting of ¢ = (p");ez such that

(3.5) (@re (), 07 (U))r + (#re(2), BT (y))r = 0
is satisfies for every o € gr'M,. and y € gr®=*M,.
Then (3.4) induces an exact sequence

W—»H%Hﬂ%ﬂ4—>EPHmmMMﬁMLMwwﬁ»HmmmwﬁMﬂg%LMVZE»EHQ%JMJ@HM490

of k-vector spaces. We now compute the dimension of the middle two terms. From the description
of Fil° Homon®Zeﬁ(M , M)t it is clear that f,. is determined by f, for every 7 € X,. On the
other hand, for each fixed 7, all the possible choices of f, form a k-vector space of dimension
W. Thus, we have

. . N(N +1)
dimy, Fil° Homo,, &,,¢(M, M)t =[F}: Q- —
For Homon@,Z[@U@l(gr’M , M)™, we first note that the map

P oL gr* M, — Mooy

is an isomorphism for every 7 € X,. It follows from (3.5) that ¢.c = @; ¢, is determined by
©; =@, p.. On the other hand, for each fixed 7, all the possible choices of ¢, : gr* M, — M, .,
form a k-vector space of dimension N2. Thus, we have

dimy, Homo,, o, 00e1(er®M, M)" = [FF : Q- N?
The Lemma follows immediately. ([l

Proposition 3.2.7. Suppose that i is reqular Fontaine-Laffaille crystalline and that x = M€y
for some ¢ € Z and p € Z./27. Then the local deformation problem 2% is formally smooth over
Spf @ of pure relative dimension N* + [F," : Q] - w

Proof. By Lemma 3.2.6, it suffices to show that 2" is formally smooth over &. For this, we may
again assume that E satisfies Assumption 3.2.1. Moreover, we may assume that 7% is crystalline
with regular Fontaine-Laffaille weights in [0, b] with 0 < b < £ — 2 as in the proof of Lemma 3.2.6.
In this case, Z¥" simply classifies liftings 7 such that 7% is crystalline with Fontaine Laffaille
weights in [0, b].

When v is split in F'/F*, the proposition has been proved in [CHT08, Lemma 2.4.1].

Now we suppose that v is inert in F. Then we must have ¢ = —b. Fix a subset X} C X, such
that ¥, = 4 [I 25, Let R be an object of €/ and I C R an ideal satisfying mpl = (0). Let r
be a lifting of 7 to R/I, and put M := G (r?), which is an object of //495[06 u(R/T).

Recall the functor =¢ in Construction 3.2.3. Then G,,(M°) is 1som0rphlc to r*|p, . Since r%°
and 7%V (—b) are conjugate, we have M°< ~ MV{b}. We fix such an isomorphism, hence obtain
a pairing ( , ) (3.3) with R = R/I. Let m,; < --- < m,n be the (regular) 7-Hodge-Tate
weights of M for every 7 € ¥,,. Then there exists a basis e, 1,...,e,y of M, over R/I satisfying
Filmm~N+1=i M = @;ZI(R/I)GW for every 1 < i < N. By duality, we have mc; + m, y+1—; = b.
Then we may choose the basis (e,;) such that (e.c;, e, ;) = 0; n41—; for every 7 € X7 and every
1<i,j <N.

We now define an object M = DB cx, M, of W[O b]( R) that reduces to M, together with a
perfect pairing M¢ x M — Or, ®z, R as in (3.3) that reduces to the pairing ( , ), as follows. As
an R-module, we take M, = R®N with the basis (€;,) that lifts the basis (€;;) of M,. We lift
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(, )r to an R-bilinear perfect pairing M. x M, — R such that (€reis €rj)r = 0; N+1—; still holds
for every 7 € ¥ and every 1 < 4,j < N. For the filtration, we put Fil™ M, = @§:1 Re. ; for m
satisfying m, y_; < m < m; y41—;. Then M ®p R/I is isomorphic to M as filtered Op, ® R/I-
modules; and the condition (2) in Construction 3.2.3 holds for M as well. For the Frobenius
structure on M , we first define maps O Fil™ M, — M,op—1 for 7 € Yt by the recursive
induction on i. For i = N, we take ®7'™" to be an arbitrary lift of ®7'™~: Fil™~ M, — M, o,
for 7 € XF. For i < N — 1, we take ®7'™" to be a lift of &7 : Fil™ M, — M,.,—1 that restricts
to fmri—mri1 T on Fil™mi+t M, . By Nakayama’s lemma, we have

MTngl — Z &)Tf’i (Fllm‘r’l MT)

for every 7 € ©1. Finally, we define ®i.: M — M, cop—1 for 7 € £ to be the unique R-linear
map satisfying the condition (1) in Construction 3.2.3 for M. This finishes the construction of M
together with an isomorphism M¢ ~ M V{b}, which give rise to a lifting 7 of 7 to R that reduces
to r by Lemma 2.1.3. Thus, 2" is formally smooth over &.

The proposition is proved. 0

At the end, we remark that in the self-dual (not conjugate self-dual) case, the Fontaine-Laffaille
deformations have been studied in [Bool9a].

3.3. Representations of the tame group. In this subsection, we will study conjugate self-dual
representations of the tame group, and define the notion of minimally ramified deformations of
such representations.

Definition 3.3.1. Let ¢ > 1 be a positive integer coprime to ¢. We Adeﬁne the g-tame group,
denoted by T,, to be the semidirect product topological group t% x ¢§ where ¢, maps t to t9,
that is, gbqtgb;l = t%. For every integer b > 1, We identify T as a subgroup of T, topologically
generated by ¢ and ¢ = (bg

q

We consider a reductive group G over O, together with a surjective homomorphism v: G — H
over 0, where H is an algebraic group over ¢ of multiplicative type. Consider a pair (g, i) in
which o: T, — G(k) and pu: T, — H(O) are continuous homomorphisms satisfying v o p = i and
w(t) = 1. Similar to the case in §3.1, let ngoc be the object in €, that parameterizes liftings p of p
satisfying vo o = p.* The following proposition generalizes the tame case of [Shol8, Theorem 2.5].

Proposition 3.3.2. The ring Rl@oc is a local complete intersection, flat and of pure relative dimen-
sion d over O, where d is the relative dimension of the kernel of v over O.

Proof. We follow the same line as in the proof of [Shol8, Theorem 2.5]. Let Gy and G; be the fibers
at 1 and u(¢,) of the homomorphism v, respectively. Define the subscheme .Z (G, q) of GoXgpec 6G1
such that for every object R of €y, .# (G, q)(R) consists of pairs (A, B) € Go(R)x G (R) satisfying

(3.6) BAB™' = AY.

It suffices to show that .# (G, q) is a local complete intersection, flat and of pure relative dimension
d over O, since RY“ is the completion of .# (G, q) at the k-point (o(t), o(¢,)).
First, we show that every geometric fiber of .#Z (G, q) — Spec O is of pure dimension d. Consider
the natural projection
p: M (G,q) = Gy

loc

oy in order to be consistent with the previous

3Here, once again we omit the similitude character p in the ring R
convention.



16 YIFENG LIU, YICHAO TIAN, LIANG XIAO, WEI ZHANG, AND XINWEN ZHU

to the first factor. Take a geometric point Spec K' — Spec &. For a point Ay € Go(K) in the image
of p(K), let Z(Ayp) be the centralizer of Ay in G i as a closed subscheme of Gy x, and C(Ap)
the conjugacy class of Ay, which is a locally closed subscheme of Gy i isomorphic to Gy i /Z(Ayp).
Then C(Ay) lies in the image of pg. For every point A € C(Ap)(K), the fiber pi'(A) is a torsor
under the group Z(A), which is conjugate to Z(Ag). Thus, pi' (C(Ay)) is irreducible of dimension

To continue, we choose an embedding e: Gk — GL,, i of algebraic groups over K for some integer
m > 1. By (3.6), the image of ¢(K) o p(K) consists only of matrices whose generalized eigenvalues
are (¢™ — 1)-th roots of unity, hence finitely many conjugacy classes in GL,,(K). We claim that
the image of p(K) consists of finitely many conjugacy classes in Gy(K') as well, which implies that
A (G, q) K is of pure dimension d. In fact, we have the following commutative diagram

Go(K) ) Go(K) — GLy,(K)/ GLju(K)

| |

(Go.x [/ Gox)(K) —= (GLy i [/ GLin k) (K)

of sets, in which the bottom map is finite since the morphism Go x/Gox — GLp i J GL i 1s;
and the left vertical map is also finite due to the finiteness of unipotent conjugacy classes of a
reductive group [Spa&2, Théoreme 4.1]; it follows that the upper horizontal map is finite as well.

The above discussion shows that the morphism .Z (G, q) — Spec & is of pure relative dimension
d. Now we take a closed point (A, B) of .# (G, q), which induces a homomorphism

ﬁ///(G,q),(A,B) — ﬁGO,A®ﬁﬁcl,B

of corresponding complete local rings. As both Gy and G are smooth over & of pure relative
dimension d, both 0, 3 and O, g are power series rings over & in d variables. The relation (3.6),
or equivalently, the relation A = B ' AB, is defined by d equations in g, A@/jﬁGh 5. In other
words, 4 (G, q) is a local complete intersection, hence Cohen-Macaulay. Therefore, .# (G, q) is
flat over &. The proposition is proved. O

Take an integer n > 1. Now we apply the above discussion to the homomorphism v: ¥, — GL;
in Notation 2.1.1. Con&der a pair (g, i) from Notation 3.1.1 with I’ = T, and I' = T2, such that
p(t) = 1. In particular, o: T, — %, (k) is a homomorphism and p: T, = 0 is a (continuous)
similitude character. Write

for A, B GL (k ) For a lifting ¢ of ¢ to an object R of €y, we write o(t) = A = (A, 1)1 and
0(¢4) = B = (B, —u(¢,))c. Then the pair (A, B) reduce to (A, B), and satisfy the relation
(3.8) B'A7'B™! = A4

Corollary 3.3.3. The ring RIQPC is a local complete intersection, flat and of pure relative dimension

n? over O.

Proof. This follows immediately from Proposition 3.3.2 since the kernel of v: ¥, — GL; is of
dimension n?. O
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From now till the end of this subsection, we assume ¢ > n. For every integer m > 1, we denote
by J,, the standard upper triangular nilpotent Jordan block

01 0 - 0
0 1 -+ 0
0 1
0

or size m.

Denote by N, (resp. U,) the closed subscheme of M, (resp. GL,) defined by the equation
X" =0 (resp. (A—1)" =0). For every object R of €4, we have the truncated exponential map
exp: N, (R) — U, (R) defined by the formula

Xn—l
(n—1)V

which is an bijection. Its inverse is given by the truncated logarithm map log: U,(R) — N, (R)
defined by the formula

expX=1+X+---+

n—1 7
log A = Z(—l)"l(Ail).

i=1
Let B,, be the set of partitions of n. By the classification of nilpotent orbits in GL,,, for K = k, |
we have canonical surjective maps 7: N, (K) — B,, such that the fibers of 7 are exactly the orbits
in AV,,(K) under the conjugate action of GL,(K).

By the continuity of g, we know that A in (3.7) is unipotent, which implies A € U, (k). Put
X :=log A € N, (k). Following [Bool9h, Definition 3.9], we define the functor Nilg: € — Set
that sends an object R of €, to the set of elements X € A, (R) that reduce to X and are of
the form CX,C~', where X is an element in A, (&) satisfying 7(X,) = 7(X) and C € GL,(R),
where we regard Xy as an element in A, (F) in the notation 7(Xj).

Definition 3.3.4. We say that a lifting p of ¢ to an object R of € is minimally ramified if there
exists an element X € Nilg(R) such that ¢*(t) = exp X.

Let Qg‘in be the local deformation problem of g (Definition 3.1.3) that classifies minimally
ramified liftings of .

Proposition 3.3.5. The local deformation problem @g‘in is formally smooth over Spf O of pure

relative dimension n?.

Proof. We follow the approach of [Bool9b, Proposition 5.6], where a similar result for symplectic
or orthogonal representations was proved.

Consider the morphism «: _@g‘in — Nily that sends a lifting o to log A if ¢*(t) = A. In the
definition of Nil ¢, we may fix the nilpotent element Xy € N,,(€). Moreover, up to conjugation in
GL,(0), we may assume

I
Xo = ;
In,
where n = ny+---+n,. Let Z,(Xy) be the centralizer of X, in GL,, ¢, which is a closed subscheme
of GL,, 4. By [Bool9b, Remark 4.18], Z,,(Xy) is smooth over &. By [Bool9b, Lemma 3.11], Nil ¢ is

represented by a formal power series ring over ¢ in n?—dim, Z,(Xy) variables, where dim, Z, (X))
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denotes the relative dimension of Z,(Xy) over &. Thus, it suffices to show that « is represented
by a formal scheme formally smooth of pure relative dimension dimy Z,,(Xg) over Nil .

Take a lifting ¢ of ¢ to an object R of €. Then o(¢,) has the form (B, —u(¢,))c with B €
GL,(R) that reduces to B and satisfies
(3.9) B'XB™' = —¢X
by (3.8). For each given X € Nilg, if there exists B € GL,(R) that reduces to B and satisfies
(3.9), then the set of all elements B form a torsor under the group

Z.(X)(R) = {g € 1+ M,(mg) | gXg~" = X},

which is isomorphic to the group of R-valued points of the formal completion of the group scheme
Zn(Xo) along the unit section. Thus, to finish the proof, it suffices to show that the equation (3.9)
admits at least one solution for B that reduces to B.

Assume first X = X in NV, (R). Then
A, (=™~
By = , where A,,, = ,
A, . 4

is a solution to (3.9). In the general case, we write X = CX,C~! for some C € GL,(R). Then
B = OB, 'C satisfies the equation (3.9). Up to multiplying C' by an element in Z,(Xo)(R) from
the right, we can make B € GL,(R) to reduce to B. This finishes the proof of the proposition. [

Recall from Definition 3.1.4 that L(Z2™) C H'(T,,ad g) is tangent space of the local deforma-
tion problem Z7"".
Corollary 3.3.6. We have dim; L(2*™) = dim;, H°(T,, ad 9).
Proof. Suppose that 2" = Spf R™". By (3.1), we have
dimy mpmin /(A mﬂRglm) = dim;, L(2™) 4+ n* — dim; H(T,, ad 9).
From this, the corollary follows immediately from Proposition 3.3.5. U

To end this subsection, we record the following lemma concerning decomposition of representa-
tions of the g-tame group, in which part (1) will be used later and part (2) is only for complement.

Lemma 3.3.7. Let (p, M) be an unramified representation of T, = t%¢ x qﬁg over k of dimension
N. Suppose that M admits a decomposition

M=M®@: - &M,
stable under the action of p(¢,) such that the characteristic polynomials of p(¢q) on M; are mu-
tually coprime for 1 <i < 's. Let (p, M) be a lifting of (p, M) to an object R of €y. Then
(1) There is a unique decomposition
M=M&-- & M,

of free R-modules, such that M; is stable under the action of p(¢,) and it is a lifting of M;
as a ¢g-module.

(2) Write p(t) = (p(t);;) with p(t); ; € Hompg(M;, M;). Suppose that q is not an eigenvalue for
the canonical action of ¢, on Homy(M;, M;) for alli # j. Then we have p(t);; = 0 for all
i # j; in other words, the decomposition in (1) is stable under the whole group T,,.
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Proof. Part (1) is elementary, which we leave to the readers as an exercise.

For (2), we choose a basis of M over R adapted to the decomposition of M in (1). We identify
p(t) and p(¢,) with their matrices under this basis. We have p(¢,);; = 0 for i # j since each M,
is stable under p(¢,). Let J C R be the ideal generated by the coefficients of p(t); ; for i # j. We
have to show that J = 0. By Nakayama’s lemma, it suffices to show that J = mgJ. As

P07 = (14 000 = D) =1+ alofe) - 1+ 3 () 000 - 1,

a=>2

and p(t) = 1 mod mp, we have

(p(t)")i; = qp(t)i; mod mp.J
for i # j. The relation ¢,t = t?¢, implies that

P(Pq)iip(t)i; = (p(1))i50(¢0)i5 = aP()ijP(dg)5 mod mpJ.
It follows that
p(t)iiPi(ap(dq);5) = Pilp(dg)ii)p(t)i; =0 mod mgJ
for ¢ # j. By assumption, if & is an eigenvalue of p(¢,);;, then ¢~ '@ is not an eigenvalue of p(¢,); ;.
It follows that P;(¢p(¢,);;) is invertible, hence p(t); ; = 0mod mpJ.

)

The lemma is proved. U

3.4. Minimally ramified deformations. In this subsection, we define and study the minimally
ramified deformations at places coprime to the odd prime ¢. Thus, we take a nonarchimedean
place v of F'™ that is not above /.

Let Ip+ C I'p+ be the inertia subgroup, and P+ the maximal closed subgroup of I+ of pro-
order coprime to £. Put T, :=I'p+ /P p+- Similarly, for every place w of F" above v, we have I'p,,
I, Pr,, and T,,. Finally, put T =T+ /Pp,.

Remark 3.4.1. The group T, is a ||v||-tame group (Definition 3.3.1).
e When w is split over v, we have Pg, = Pp+, T =T,, and T, = T} = T,.
e When w is unramified over v, we have Pr, = P+, T = T,, and that the subgroup T,, of
T, is a ||v||*tame group.
e When w is ramified over v, we have P+ /Pg, ~ Z/27Z, that the natural map T,, — T, is
an isomorphism, and a canonically split short exact sequence
1= Pp/Pp, — TH— T, — 1.

We first recall some facts about extensions of representations of Pp, from [CHTO0g8]. For an
irreducible representation 7 of P, with coefficients in %k, we put

I ={oc€lg, |77 ~7},

where we recall that 79 denotes the representation given by 77(g) = 7(0cgo™!) for g € Pp,. Let
T, be the image of I'; in T\, = I'p, /Pp,. As Pg, is normal in I' Fts We may similar define

It ={oelp |77 ~7},
and denote by T its image in T.

Lemma 3.4.2. We have the following properties for 7:

(1) the dimension of T is coprime to {; and T has a unique deformation to a representation T
of Pg, over O;

(2) 7 in (1) admits a unique extension to a representation of I';Nlp, over O whose determinant
has order coprime to {;
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(3) there exists an extension of T in (2) to a representation of I'; over 0.

Proof. This is [CHT08, Lemma 2.4.11]. O

Now we consider a pair (7, ) from Notation 3.1.1 with ' = [prand I'=Tp+ NTp =Tfg,. Our
first goal is to define the notion of minimally ramified liftings of ¥ (Definition 3.4.8). Recall from
Notation 2.1.2 that we have the induced homomorphism #: I',, — GLy(k), which satisfies that
7|p,,. is semisimple.

When v is split in F', minimally ramified deformations have already been defined and studied
n [CHTO8, 2.4.4]. Thus, we now assume that v is nonsplit in F', hence w is the unique prime of
F above v.

Assumption 3.4.3. The residue field k of E contains a subfield k” of degree two such that every
irreducible summand of 7 |p,. ®k is defined over &”.

We first assume that F satisfies Assumption 3.4.3. For an irreducible representation 7 of Pp,
with coefficients in k, we put

MT(f) = Homk[pFw](T, fh).

Then 7®y, M, (7) is canonically the 7-isotypic component of 7. As 7 extends to a representation of
I[';, the k-vector space M, (7) is equipped with a natural action by T,; and 7 ®; M. (7) is equipped
with a natural action by I',.

We denote by T = ¥(7) the set of isomorphism classes of irreducible representations 7 of Pp,
such that M, (7) # 0. Then ', acts on T by conjugation, whose orbits we denote by ¥/I'g,. For
T € T, we write [7] for its orbit in T/T'g,.

Choose an element v € I'p+ \ 'r,. By Lemma 2.1.3, the homomorphism 7 is determined by an

element ¥ € GLy (k) satisfying
P = oy o Ut TP = —x() ().

In what follows, we will adopt the following simplified notation: for a representation 7 of a
subgroup of I'p+, we write 7" for x7Y. Due to the existence of ¥, we know that if 7 € T, then
77* € T as well. As y* € T'g,, the assignment 7 — 77* induces an involution on the set T/T'p,,
which does not depend on the choice of 7.

Construction 3.4.4. We now would like to construct a I'p, -stable partition € = T, U Ty U T5.
For each subset T;, we will specify, for every 7 € ¥;, an extension of 7 in Lemma 3.4.2(2) to a
representation of I', with coefficients in &’ in a compatible way, specified below.

We start from the following observation. Suppose that [7] = [77*] in ¥/T'z,. Then there exists
an element h € I'r, , unique up to left multiplication by an element in I';, such that 77 ~ 7_,,1’
or equivalently, 7*7 ~ 7*. Then we have (hv)? € I'; but hy € I';. Denote by [, the subgroup of

'+ generated by I'; and Ay, which contains I'; as a subgroup of index two. Let T be the image

of T, inT +, which contains T, as a subgroup of index two.

(1) We define T to be the subset of T consisting of 7 such that [7] # [77*]. We choose a subset
TV C % such that {7, 77* |7 € T} is a set of representatives for the I',-action on T;. For
each element 7 € Ty, we choose an extension of 7 in Lemma 3.4.2(2) to a representation
of I'; with coefficients in &, Which we still denote by 7. For a general element 7 € ¥,
there are two cases. If 7 ~ 7} for (unique) 7, € Ty and some h € T'p,, then we choose 7
to be 7', as the extension to I'; = h~'T';,h. If 7 ~ (7)"* for (unique) 7 € T} and some
h € 'k, , then we choose 7 to be (7!)7* as the extension to I'; = vy 1A', hy.
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(2) We define T, to be the subset of T consisting of 7 such that [7] = [77*], and that the images
of I'; and fT inI’ Pt / IFJ are different. We choose a subset ‘Ig C %5 of representatives for
the I'-action on 5. For each element 7 € ‘Zg, we choose an extension 7 from Lemma
3.4.6(1) below to a representation of I'. with coefficients in &. For 7 € T, in general, we
have 7 ~ 7§ for (unique) 7 € Ty and some h € I'p,; and we choose 7 to be 7, as the
extension to I'; = h™1T, h.

(3) We define T3 to be the subset of ¥ consisting of 7 such that [7] = [77*], and that the images
of I, and T, in T Pt / I+ are the same. We choose a subset ‘I?f C %3 of representatives
for the I';-action on ¥5. For each element 7 € ‘Sg, we choose an extension 7 from Lemma
3.4.6(2) below to a representation of I'. with coefficients in &. For 7 € T3 in general, we
have 7 ~ 7§ for (unique) 73 € T5 and some h € I'p,; and we choose 7 to be 7, as the
extension to I'; = h™'T",h.

In addition, we put T¥ = I LTy UTy.

Remark 3.4.5. The partition T = T, LU Ty U F3 does not depend on the choice of v. Moreover, if
T3 is nonempty, then w is ramified over v.

Lemma 3.4.6. Let 7 € T be an element of dimension d.

(1) If T € Ty, then the representation T in Lemma 3.4.2(2) extends to a representation of T';
with coefficients in @ such that 77 ~ 7* still holds for every ~' € T, \ ;.

(2) If T € %3, then the representation T in Lemma 3.4.2(2) extends to a representation of ',
with coefficients in €@ such that 77 ~ 7* still holds for every +' € I, \T,.

Proof. We fix a splitting T+ = P+ x T, and an isomorphism T, ~ T, = t* x ¢ with the g-tame
group (Definition 3.3.1) where ¢ = ||v||. Then we have the induced splitting I'; ~ Pp, x T, where
T, = t% x ¢Z is a subgroup of Ty, with ¢, = t* and ¢, = ¢} for unique integers a > 0 and b > 0.
To extend 7 in Lemma 3.4.2(2) to a representation of I';, it suffices to specify 7(¢,).

For (1), there are two cases.

First, we suppose that w is unramified over v. Then b is even; and T, is the image of T,
in T,. Then T, is generated by T, and an element 7 € T, of the form (fT,gzﬁg/ %) such that
v? = (fgb/2+1,¢g) lies in I'. As [1] = [77*], we have 77" ~ 7*. We choose a basis of 7, hence
regard 7 as a homomorphism 7: Pp, — GL4(k). By Lemma 3.4.2(1,2), we have a continuous
homomorphism 7: I'; N1p, — GLg(&) such that 7|p, is a lifting of 7, unique up to conjugation
in 1+ My(\). In particular, there is an element Bp € GL4(€), unique up to scalar in &, such
that 7' (g) = B7*(¢)B™! for every g € I'» N1p, . Since ¢, = i-9"°"19% we have

For907") = 71 gy ) = R R gy R
72({ qb/2_1)B (7 gv)B 7_(tqb/zﬂ)
_ ( qv/2— 1)( ) (g)(tBB_ )%(fgb/z_H)

for every g € I'; N1p,. We put 7(¢,) = —x(¢/*)7 (=71 (B*B~'). Then we obtain the desired
extension as in (1). )
Second, we suppose that w is ramified over v. By the definition of T, the image of I'; in

[+ /Ip+ contains @% as a subgroup of index two. Thus, there exists an element ' € [\ T, such
that 42 = h¢, for some h € I'; N1p,. The remaining argument is same to the above case.

For (2), by the definition of Ts, the image of ', in T #+/1p+ coincides with ¢§ In particular, we
can find an element 4/ € I, \I'; contained in I r+ \Ir,. By Lemma 3.4.2(1,2), we have a continuous
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homomorphism 7: I'; N1p, — GLg(&) such that 7|p, is a lifting of 7, unique up to conjugation
in 1+ Mg()\). As we have 77" ~ 7* and 797 ~ 7, there are elements A, B € GL4(&) such that

(3.10) 7' (g) = A7 (g9) A7,

(3.11) 77(g) = B7(g9)B™",

for every g € T, N1p,. It follows from (3.10) that the desired element 7(¢,) € GL4(€) has to
satisfy the equation

(3.12) X(0)AF(6) TAT = F(Y oy ) = F(V b 07 )R(04),

where we note that v/¢,v'~'¢:! € T, N1I,. However, by (3.11), we have

7 (g) = (F(Y oy 0 )B)R(9) F (Y oy 0 ) B)
for every g € I'; N 1p,. On the other hand, by (3.10) and (3.11), we have
7 (g) = (ABTATT(g)(AB AT
for every g € I'; N1p,. Since 7 is absolutely irreducible, it follows that there exists g € & such
that
A'BTIAT = B-7(voy 67" B.
Take an element o € 0 such that a? = Sx(¢,), which is possible by Assumption 3.4.3. Then it

is clear that 7(¢,) = aB € GL4(0) is a solution to (3.12).
The lemma is proved. U

Using Construction 3.4.4, we now discuss the structure of liftings of 7. Let r: I'p.r — 9n(R) be
a lifting of 7 to an object R of €. By Lemma 2.1.3, to give such a lifting r is equivalent to giving
an element ¥ € GLy(R) that reduces to ¥ and satisfies

Y =Toxr? o Ut T = —y(9)7ri(52).
For every 7 € T, put
M-(r) == Hompgp, (T ®¢ R, ),
which is a finite free R-module equipped with the induced continuous action by T,. Denote by
m, > 1 the rank of M (r). Let 7 € ¥ be the unique element such that 77 ~ 7*. Choose an
isomorphism ¢,: 77 = 7*, which, by construction 3.4.4, lifts to an isomorphism ¢;: 77 = 7* of
representations of I'.. Then we have isomorphisms
M. (r)" = Hompgp,, (77 ®¢ R, rm) = Hompp,, (7" ®¢ R, Th’*) = HomR[pFw](r“,i ®e R),

where the second isomorphism is induced by ¢z and W. As 7 is absolutely irreducible, we obtain
a perfect R-bilinear pairing

M (r)” x M.(r) = Endgp, (T ®¢ R) = R,
which induces an isomorphism

Oz ,.: M,(r)” = M(r)" = Homg(M,(r), R)
of R[T;]-modules. In particular, we have
(3.13)

1 2 (@,exp (A0 (7 00 Mo (1) @ Tnd 13 (77 @0 Mo(r)7)) ) @ (551,55 L (7 @ M (1)

as representations of I'p, .
Now for every 7, we fix an isomorphism b,: M, () = k%™ of k-vector spaces, and let T, —
GL,,. (k) be the induced homomorphism. There are two cases.
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(a) Suppose that 7 € ;. Then M, (r) is determined by M. (r). If we choose an isomorphism
M, (r) ~ R®™ of R-modules that reduces to b,, then we obtain a continuous homomor-
phism

o-: T = GL,,,, (R)
that reduces to T, — GL,,, (k).

(b) Suppose that 7 € Ty LI T3. Let h be element from Construction 3.4.4. Then 67, induces
an isomorphism M, (r)" = M, (7)Y of R[T,]-modules. Applying Lemma 2.1.3(3) to T, —
GL,,. (k), we obtain a homomorphism

o T =9, (k)
satisfying 07 ' (GL,,, (k) x (k)*) = T, and v o g, = nt" for some p, € Z/2Z determined by
7.2 In general, if we choose an isomorphism M, (r) ~ R®™ of R-modules that reduces b,,
then we obtain a continuous homomorphism

0T, =9, (R)
that reduces to o, and satisfies v o p, = 7.

The following proposition is the counterpart of [CHT08, Corollary 2.4.13] when v is nonsplit in
F.

Proposition 3.4.7. Suppose that E satisfies Assumption 5.4.5. We keep the choices of v €
It \ I'r,, those in Construction 3.4.4, t., and b.. For every object R of €y, the assignment

r— (‘QT)TETO
establishes a bijection between deformations of T to R and equivalence classes of tuples (0;)rexv
where

(a) for 7 € Y, 0,1 Ty — CGL,,. (R) is a continuous homomorphism that reduces to oy ;
(b) for T € TY LIS, 0,: Ty = % (R) is a continuous homomorphism that reduces to g, and
satisfies v o p; = nh.
Here, two tuples (0;);eso and (0.);czo are said to be equivalent if o, and o, are conjugate by
elements in 1 + M,,. (mg) for every 7 € TV.

Proof. We now attach to every tuple (¢,),czv as in the statement a lifting r explicitly. Denote by
M. the R[T,]-module corresponding to o,. Consider

M= | @ (Indp™ (7 @5 M;) © Indp™ (7" @ M) | D | P Indi™ (7@, M,) |,

TETY TETYUTY

which is a free R-module of rank N, equipped with a continuous action by I'n,. Moreover, we
have M ®p R/mp ~ 7 as representations of I'z, by (3.13). Thus, we may fix an isomorphism
M =~ R®N such that the induced continuous homomorphism p = pyr: T'r, — GLy(R) reduces
to 7. Thus, by Lemma 2.1.3, to construct the desired lifting » from p, it amounts to finding an
element ¥ € GLy(R) satisfying

(3.14) pr=Voxp oW WU =—y(y)"p(v").

We will construct ¥ as a direct sum of U for 7 € TV.
For 7 € T7, we note that 7(772) ® o,(72) induces an isomorphism

Ind” " Ind", (7 @p MY") ~ (Indp ™ (77" @, M) S Indi (7 @4 M,).

4In fact, when 7 € T, one can always modify 7 to make p, = 0; but when 7 € T3, p, is determined by 7.
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Thus, we obtain an isomorphism
(3.15)
(Indp?™ (7 @4 M) & Indp™ (7" @5 MPY))" 5 Indpf* (7 @4 M,) @ Indp ™ (77 @4 M)

as the composition of the canonical isomorphism

(Indi?* (F @ M) & Indp™ (7 @4 M2Y))"" S Indp" (777 @4 M2Y) @ (Indpe (777 @4 M2Y))'
and the isomorphism

Indp™ (7% @ MPY) & (Indp™ (7% @ MPY))" 5 Indp™ (F @ M) & Indp™ (7% @ M

I~ o M HFTV(T e M ) — Indp_ (7_®ﬁ’ T)@HFTV(T ®e M/ )

given by the matrix

<(1J —X(’V)Olnd“) '

We now let W, be the matrix representing the isomorphism
(Indp™ (7 @4 M) & Indp™ (7% @5 MYY))" 5 (Indp* (F @5 M,) @ Indp ™ (77 @ M)

induced from (3.15) by duality.

For 7 € T3 LUTY, let h be the element in Construction 3.4.4. Put 7/ := hy, which is an element
in fT \T';. The homomorphism g, : TT — 9%, (R) induces an isomorphism M N MY by Lemma
2.1.3(1), which induces an isomorphism M)V = Mffl. On the other hand, by Lemma 3.4.6, we
have an isomorphism 77* ~ FhTUT hus, we obtain an isomorphism

(3.16) (Indp? (7 @6 M,)) " = Indp* (7 @, M)
as the composition of the canonical isomorphism
(Indp™ (7 @4 M) = Indpe (77 @5 M),
the isomorphism
Indp s (77 @ MPY) = Indp™ | (" @y M)
specified above, and the isomorphism
di™ (77 @p M) S Ind (™ (F 9, M)
given by the action of h='. We now let ¥, be the matrix representing the isomorphism
(Indp (7 @4 M,))" = (Indp™ (F @4 M,))

induced from (3.16) by duality.

Finally, we put ¥ := @,cso ¥,. Then (3.14) follows by construction. In other words, we have
assigned a lifting r from the tuple (o, ),cqv. It is straightforward to check that such assignment is
inverse to the assignment in the proposition. The proposition follows. 0

From now on, F will not necessarily be subject to Assumption 3.4.3. Using Proposition 3.4.7,
we can define minimally ramified liftings of 7 for £ in general.

Definition 3.4.8. Suppose that [ > N. Choose a finite unramified extension E} of E contained
in Q, that satisfies Assumption 3.4.3, with the ring of integers & and the residue field k. We
also keep the choices of v € I'p+ \ I'r,, those in Construction 3.4.4, ¢, and b,, as in Proposition
3.4.7 (with respect to FE).
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We say that a lifting r of 7 to some object R of €} is minimally ramified if in the tuple (o, ),czv
corresponding to the lifting r ® 4 0% from Proposition 3.4.7, every homomorphism o, is a minimally
ramified lifting of g, in the following sense.

(1) For 7 € ¥Y, minimally ramified liftings of g, is defined in Definition 3.3.4 (which is equiv-
alent to [CTTOR, Definition 2.4.14]).

(2) For 7 € 5, note that T, is isomorphic to the g,-tame group for some power g, of ||v]|
under which the subgroup T is the ¢?-tame group. Thus, we may define minimally ramified
liftings of o, using Definition 3.3.4 (with respect to the similitude character n#7, which is
trivial on T,);

(3) For 7 € %5, note that T, ~ T, x Z/2Z. Then, by Lemma 2.1.3, we may regard the
homomorphism g, as a continuous homomorphism g, : T, — G(R), where G is a symplectic
(resp. orthogonal) group of rank m., if p, is O (resp. 1). Thus, we may define minimally
ramified liftings of o, using [Bool9b, Definition 5.4].

Remark 3.4.9. Tt is straightforward to check that Definition 3.4.8 do not depend on the choices of
Ei, v € I+ \ I'g,, those in Construction 3.4.4, ¢, and b,.

Now we allow v to be a nonarchimedean place of F'™ that is not above [, but not necessarily
nonsplit in F'. Again, we consider a pair (7, x) from Notation 3.1.1 with ' = Iprand I'=T'pr Nlp.

Corollary 3.4.10. Let w be a place of F' above v and suppose that {1 T, (¢%,—1). Lett,;: C = Q,
be an isomorphism, and R an object of € contained in Q,. Let ri and ry be two R-valued liftings
of 7. If 11y and Iy are two irreducible admissible representations of GLy(F,) such that rf ®r Qy
is the induced representation of WD(u,I1;) for i = 1,2, then 1y and Iy are in the same Bernstein
component.

Proof. Choose a finite unramified extension F} of E contained in Qy satisfying Assumption 3.4.3,
with the ring of integers &} and the residue field k;. Let R; be the subring of Q, generated by R
and O, which is an object of So”@. Then both 7 ®r Ry and ry @ Ry are liftings of ¥ ®j, k;. By
Proposition 3.4.7 (resp. Lemma 3.4.2) when v is nonsplit (resp. split) in F' and the condition that
CH T (¢f — 1), WD(eIlh)]y,, and WD(eILo) |1, are conjugate. Then it is well-known that ITy
and IT, are in the same Bernstein component (see, for example, [Yao, Lemma 3.2] for a proof). [0

Definition 3.4.11. When ¢ > N, we define 2™ to be the local deformation problem of 7
that classifies minimally ramified liftings in the sense of Definition 3.4.8 (resp. [CHT08, Defini-
tion 2.4.14]) when v is nonsplit (resp. split) in F.

Proposition 3.4.12. We have

(1) The ring R is a reduced local complete intersection, flat and of pure relative dimension
N? over O.

(2) Every irreducible component of Spf R is a local deformation problem (Definition 5.1.3).

(3) When ¢ > N, 2™ is an irreducible component of Spf RY¢ and is formally smooth over
Spf O of pure relative dimension N2.

Proof. For this proposition, we may assume that F satisfies Assumption 3.4.3.
For (1), when v splits in F', this is [Sho18, Theorem 2.5]. Thus, we may assume that v is nonsplit
in F. By Proposition 3.4.7, R is a power series ring over

o) 1

®T€‘I® Ré(:'C'
We now claim that for every 7 € TV, Rg’f a local complete intersection, flat and equidimensional.
Indeed, for 7 € T?, this is [Sho18, Theorem 2.5]; for 7 € Qg, this is Corollary 3.3.3; for 7 € Qg, this
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is Proposition 3.3.2 for G a symplectic or orthogonal group with the trivial similitude character.
On the other hand, by [BG19, Theorem 3.3.2] or [BP19, Theorem 1], we know that RI°°[1//] is
reduced and of pure dimension dim ¥y = N2. Thus, R is a local complete intersection, flat and
of pure relative dimension N? over &. Since RY° is generically reduced and Cohen-Macaulay, it
is reduced. (1) is proved.

For (2), take an irreducible component 2 of Spf R¢, and let %y be the formal completion of
GLy ¢ along the unit section. Then the conjugation action induces a homomorphism £y Xgpr ¢
9 — Spf R whose image contains 2. Since .y is irreducible, the image is irreducible, hence
has to be Z. In other words, Z is a local deformation problem.

For (3), since 2™ is Zariski closed in SpfRY¢ from its definition, it suffices to show that
2™ g formally smooth over Spf @ of pure relative dimension N2. When v splits in F, this is
[CHTOS, Corollary 2.4.21]. Thus, we may assume that v is nonsplit in . For 7 € T, let 7™ be
the local deformation problem of o, classifying minimally ramified liftings of o, in various cases
in Definition 3.4.8. By Proposition 3.4.7 and Definition 3.4.8, 2™ is formally smooth over

T 7"
7TV
We claim that for every 7 € TV, @gji“ is formally smooth over Spf @. Indeed, for 7 € Xy, this

s [CHTO0S, Lemma 2.4.19]; for 7 € Ty, this is Proposition 3.3.5; for 7 € Ty, this is a part of
[Boo19h, Theorem 1.1]. Thus, 2™ is formally smooth over Spf &
It remains to compute the dimension. By (3.1), it suffices to show that

(3.17) dimy L(2™") = dim;, H*(E,", ad 7).

For every 7 € TV, let L(@gin) be the tangent space of the deformation problem .@gjin, which is a
subspace of H'(T,,ad g) (resp. H'(T,,ad 9)) if 7 € T} (resp. 7 € T3 LITy). By Proposition 3.4.7,
we have
(3.18) dim, L(2™") = Y dim,L .@mm)

7T
We claim that
dimy HY(T,,ad o,) if 7 € I7;

3.19 dimy L(2™") = .
(3.19) # L2 {dimkHO(TT,adéT) if 7 €Ty UTY.

Indeed, for 7 € T7, this is [CHT08, Corollary 2.4.20]; for 7 € %5, this is Corollary 3.3.6; for
T € Ty, this is a part of [Bool9b, Theorem 1.1] as dimy, H*(T,,ad g,) = dim; H°(T,,ad’ o,).
From (3.13) for 7, we have

HY(EF adr) ~ | @ H(T,,ado,) |ED| @ HYT.,ado,)
TETY TETY UTY
Together with (3.18) and (3.19), we obtain (3.17).
The proposition is proved. O

3.5. Level-raising deformations. In this subsection, we discuss level-raising deformations. As-
sume ¢ > N > 2. We take a nonarchimedean place v of F'™ that is inert in F and not above .
Let w be the unique place of I above v. Recall that we have T, = I'p.+ /P prand Ty, =T'g, /Pg,.
Then T, is isomorphic to the g-tame group and the subgroup T,, is the ¢*>-tame group (Definition
3.3.1), where ¢ = ||v]|.
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We consider a pair (7, y) from Notation 3.1.1 with [' = Iprand I' = I'ps NI'p = I'g,, such
that 7 is unramified and y = n{jeé;N for some p € Z/27. Then by Lemma 3.4.2(1), every lifting r
of 7 to an object R of €, factors through T,. In particular, we may apply the discussion in §3.3
to the pair (7, x).

Now assume £ 1 (¢*> — 1) and that the generalized eigenvalues of 7(¢,,) in F, contain the pair
{q7N, ¢ V*2} exactly once. By Lemma 3.3.7(1), for every lifting r of 7 to an object R of €, we
have a canonical decomposition

(3.20) R®N = M, @ M,

of free R-modules stable under the action of 7%(¢,,), such that if we write Py(T) for the character-
istic polynomial of 7%(¢,,) on My, then Py(T) = (T — ¢ V) (T — ¢ V*2) mod mp.

Definition 3.5.1. Let (7, x) be as above. We define 2™ to be the local deformation problem of
7 (Definition 3.1.3) that classifies liftings r to an object R of %, such that in the decomposition
(3.20), r*(If, ) preserves My and acts trivially on M;.
We define
(1) 2" to be the local deformation problem contained in 2™ such that the action of 7#(If,)
on M, is also trivial;
(2) 2"*™ to be the local deformation problem contained in 2™ such that Py(T) = (T —
¢ )T —q~"*?) in R[T).

It is clear that 2"™ coincides with 2™ from Definition 3.4.11.

Proposition 3.5.2. Suppose that € 1 (¢*> — 1) and that the generalized eigenvalues of 7 (¢py,) in
F, contain the pair {g=N, ¢~V 2} exactly once. Then the formal scheme 2™ is formally smooth
over Spf Oz, x1]]/(zoz1) of pure relative dimension N? — 1 such that the irreducible components
defined by ro = 0 and x1 = 0 are "™ and P, respectively. In particular, 2™ is formally
smooth over Spf O of pure relative dimension N?.

Proof. We fix an isomorphism T, ~ Ty = t%* x ¢Z such that ¢, = ¢2. We write k*N = My & M,
such that fh(qbg) has eigenvalues ¢~ and ¢~ ¥*2 on M,. Without loss of generality, we may assume
that M, is spanned by the first two factors and M, is spanned by the last N — 2 factors. Thus,
we obtain two unramified homomorphisms 7y: Ty — %(k) and 71: T, — 9n_2(k). Let Z, be the
local deformation problem of ry classifying liftings of 7. Let Z; be the local deformation problem
of r; classifying unramified liftings.

Suppose that N > 3. We say that lifting  of  to an object R of €y is standard if

o-(132) (¥ §).core)

for some Ay, By € GLy(R) and By € GLy_5(R). Let Z5'1* € 2™ be the locus of standard liftings.
Then we have a natural isomorphism

mix .
0,1 — 90 XSpfﬁ 91

of formal schemes over Spf 0.

For n > 1, denote by .Z,, the formal completion of GL,, ¢ along the unit section. Then £y acts
on 2™> by conjugation. We claim that Z* generates 2™ under the action of Zy. For this, it
suffices to show that for every lifting r of 7 to an object R of %, the maps

B: My — R®N — M,, B: M, — R®N — M,

®Note that since £ { (¢* — 1), the characteristic polynomial of r(t) on M is automatically (T — 1) for every
te IFw-
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induced by B from Lemma 2.1.3(1) for v = ¢,, are both zero. Since the two maps intertwine the
actions 7% and V@€, of T 2, it suffices to show that the generalized eigenvalues of r(h)’v®efN (62)
and the generalized eigenvalues of rﬁ(@?) are disjoint. However, this follows from the condition
that the generalized eigenvalues of 7(¢,,) in Fy contain the pair {g=, ¢ V*2} exactly once.

The above claim induces a canonical isomorphism

9&111)( XSpfﬁ (,;2”2 Xspf/; gN_Q\gN) - g™

By Proposition 3.3.5, 2 is formally smooth over Spf & of pure relative dimensions (N —2)2. Since
Ly Xspt o Ln—2\ZLy is formally smooth over Spf & of pure relative dimension N? — (N —2)? — 4,
it suffices to prove the proposition for N = 2.

Now we assume N = 2. After changing a basis, we may assume

77(¢q) — (B’ (—1)“+1q1_N)c, B = <2 (—13#-!—1) .

Then we have

q

For every object R of €, the set 2™>(R) is bijective to the set of pairs (B, X) where B € GLy(R)
and X € My(mpg) satisfying B = Bmodmg, that the characteristic polynomial of X is T2, and
the relation

(3.21) B'XB ' = —¢X.

Indeed, the bijection is given by r(¢,) = (B, (—1)**1¢'~N)c and r%(t) = 1, + X. We let 2% be
the subscheme of 2™ defined by the condition that r%(¢?) = (=1)*'¢'"¥B‘B~! is a diagonal
matrix. Take a lifting r € Z5"*(R) corresponding to the pair (B, X); we must have

5 ( 0 (—Dr(+ :c)) L (Y = (q‘N(l +a)(1+y) 0 )

q(1+y) 0 0 VP14 y) A +a)!

for some z,y € mp. Then by (3.21), X = (2 §) for some zy € mp satisfying (z — y)zo = 0. Put
x1 =2 —y. Then we obtain an isomorphism

5™ ~ Spt Ol[wo, 71, Y]]/ (zo71)

2 p+1 1-N pto—1 qg N 0
T (¢q) - <—1) q B B - 0 —N+2 | -

such that
e 1o = 0 if and only if r is unramified;
e z; = 0 if and only if Py(T) = (T — ¢ M)(T — ¢V *?), where P, is the characteristic
polynomial of r%(¢,,) = r“(qbg).

Finally, not that % acts on 2™ by conjugation, which induces a canonical isomorphism
gomix Xspfﬁ (31 Xspf@ gl\gg) :> gmix'

The proposition (for N = 2) follows as &} Xgpre -Z1\-Z2 is formally smooth over Spf & of pure
relative dimension 2. The entire proposition is now proved. [l

3.6. An almost minimal R=T theorem. In this subsection, we prove a version of the R=T
theorem for a global Galois representation. Assume N > 2.

We take an element § = (&), € (ZY)¥> satisfying &.; = —&r< n11-; for every 7 and 4. Assume
0 > (be — a¢) + 2 (Notation 2.3.1) and that ¢ is unramified in F. Fix an isomorphism ¢,: C = Qy
and assume that the complex algebraic representation of Resp/g GLy determined by § can be
defined over 1, ' E.
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We consider a pair (7, y) from Notation 3.1.1 with [ =Tp+ and I' = I'p, in which y = n“e}_N
for some p € Z/27Z. We take two finite sets X, and X of nonarchimedean places of F* such
that

o M H

min’

¥, and X} are mutually disjoint;
e 1. contains 3 ;
e every place v € X is inert in F and satisfies £ (||v]|*> — 1).

n

Definition 3.6.1. We say that 7 is rigid for (X5,,,3;") if the following are satisfied:

(1) For v in X7, | every lifting of 7, is minimally ramified (Definition 3.4.8).

(2) For v in X, the generalized eigenvalues of 7(¢,,) in Fy contain the pair {||v|| =V, [Jv|~V*+2}
exactly once, where w is the unique place of I’ above v.

(3) For v in &/, 74 is regular Fontaine-Laffaille crystalline (Deﬁnition 3.2.4).

(4) For a nonarchimedean place v of F'* not in ¥, U X U X}, the homomorphism 7, is
unramified.

min>

Suppose now that 7 is rigid for (XF, ) 3"). Consider a global deformation problem (Definition

3.1.6)
y = (f’ T]ueg E+ U E z’_, {‘@U}Uezgmuzﬁ;uzj)

min
where

o for v € 1. . 9, is the local deformation problem classifying all liftings of 7,;
o forv e er, P, is the local deformation problem 2™ of 7, from Definition 3.5.1;

o for v € I}, 9, is the local deformation problem 2" of 7, from Definition 3.2.5.
Then we have the global universal deformation ring RZY from Proposition 3.1.7.

Remark 3.6.2. Tt is possible that 7 is rigid for two pairs (X5, 3") and (31, ). Then RYY

and RYY are different in general, where . denotes the correspondmg global deformation problem
for (E*' .

min’

Now we state an R=T theorem. Let V be a hermitian space over F' of rank N such that V, is
not split for v € 3. Let (p,, Gr),es+ be the signature of V, and put d(V) == 3 v+ prgr.

+
Take a self-dual T] g5+ ust us Op,-lattice A in V ®p AE U U and a neat open compact

subgroup K of U(V)(A¥,) of the form
K- I Kx I U&O

vext. unt vgxiust. ust

min min

in which K, is special maximal for v € ;7. We have the system of (complex) Shimura varieties
{Sh(V,K’) | K" € K} associated to Resp+ /g U(V) indexed by open compact subgroups K’ C K,
which are quasi-projective smooth complex schemes of dimension d(V).® The element ¢ gives rise
to a continuous homomorphism

H U F+ — GL@(L&)

U€E+

where L is a finite free 0-module, hence induces a O-linear (étale) local system % on Sh(V,K’)
for every K’ C K, compatible under restriction.

6Strictly, we need to choose a CM type ® of F to define the Deligne homomorphism for the Shimura varieties.
More precisely, the Deligne homomorphism h: Resc/r G — (Resp+ /g U(V)) ®g R = [[ s+ U(V;) is the one
such that for z € (Resc/r G )(R) = C*, the T-component of h(z) equals 1, @ (Z/z)1,, after we identify U(V,)(R)
as a subgroup of GLx(C) via the unique place of F above 7 in ®. - -
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Let XF be a finite set of nonarchimedean places of F'* containing ¥, UX" U/, . In particular,
we have the abstract unitary Hecke algebra T% (Definition 2.2.3). Let ¢: T% — k be the
homomorphism such that

e for every nonarchimedean place v of F* not in X" that induces one place w of F, we
have ¢[r,, = ¢a (Construction 2.2.2) where @ = (ay,...,ay) is the unitary abstract
Hecke parameter at v (Deﬁnition 2.2.1) satisfying that {aq||v]|¥ =1, ..., ax||v||V 1} are the
generalized eigenvalues of 74 (¢z!) in Fy;

e for every nonarchimedean place v of F'* not in X% that splits into two places w; and wy of
F, we have ¢|r, , = ¢ (Construction 2.2.2) where a = ((a,1,...,1,n); (21, ..., 02,N))
is the unitary abstract Hecke parameter at v (Definition 2.2.1) satisfying that for i = 1,2,
{ai1]]v]| & e,y N||v|| 2 } are the generalized eigenvalues of rh(gb D) in Fy.

We write m for the kernel of ¢.

Theorem 3.6.3. Suppose that ;" = (0 if N is odd. Under the above setup, we assume
(DO): (already assumed) ¢ is odd, £ > (be — a¢) + 2, and £ is unramified in F';
(D1): £>2(N +1);
(D2): F“]Gal(f/F(Q)) is absolutely irreducible;
(D3): 7 is rigid for (X1, 55) (Definition 5.6.1);
(D4): for every finite set X1 of nonarchimedean places of F* containing X%, and every open
compact subgroup K' C K satisfying K, = K, for v € ¥/, we have
HE(Sh(V,K'), Z ®5 k) psiry, = 0

when d # d(V)."
Let T be the image of T% in End,a( (Sh(V K), %)) If Ty #0, then

(1) There is a canomcal zsomorphzsm RYY = Ty of local complete intersection rings over 0.

(2) The Ty-module H (Sh(V K), Z)m is finite and free.
(3) We have p = Nmod2

The rest of this subsection is devoted to the proof of the theorem. We will use the Taylor—Wiles
patching argument following [CHT08] and [Thol2]. Put S == &}, UL U XS, To prove the
theorem, we may replace F by a finite unramified extension in Q,. Thus, we may assume that k
contains all eigenvalues of matrices in 7(I'f).

Remark 3.6.4. By (D0), we know that F is not contained in F*({,). Thus, by ['l‘lm'l 2, Theo-
rem A.9], (D1) and (D2) imply that 7(Gal(F'/F*(())) is adequate in the sense of [Thol2, Defini-
tion 2.3].

Recall that a prime v of F'* is called a Taylor-Wiles prime for the global deformation problem
S it
e v ¢ S; v splits in F; and ||v]| = 1 mod ¢;
e 1, is unramified;
e 7(¢,) is not a scalar and admits an eigenvalue a, € k, called special eigenvalue, such that
7 (¢y) acts semisimply on the generalized eigenspace for a&,, where w is the place of F
above v induced by the inclusion FF C Ff.
A Taylor-Wiles system is a tuple (Q,{aw}veq) where Q is a (possibly empty) finite set of
Taylor-Wiles primes, and &, is a special eigenvalue for every v € Q. For such a system, we write
i =1 @ 1r° for every v € Q, where 7® (resp. 7°) is the generalized eigenspace for a, (resp. for

"This is automatic when d(V) = 0, and follows from (D2) when d(V) = 1.
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generalized eigenvalues other than «,). Then we have another global deformation problem (see
[Thol2, Definition 4.1])

C5/((‘9) = (7:7 UMG;_N7 S U Qa {-@U}’UGSUQ)

where %, is the same as in . for v € S; and for v € Q, %, is the local deformation problem of 7,
that classifies liftings 7, such that 7% is of the form r$ @ r° in which r? is a lifting of 7® on which
I, acts by scalars, and 7 is an unramified lifting of 7.
For each v € QQ, we
e put d, = dimy 77;
e let Py, C GLy be the standard upper-triangular parabolic subgroup corresponding to the
partition (N — d,, d,);
e let K, be the residue field of Ff, and A, the maximal quotient of k) of {-power order;
e fix an isomorphism K, ~ GLN(OFUJF) and denote by K,y C K, the parahoric subgroup
corresponding to Py, ;
e let K, ; be the kernel of the canonical map

Ky = Py, (k) = GLg, (k) =5 kY = A,
We then
e put Aq = [,eq Av; and let ag be the augmentation ideal of &[Aq];

e put mg :=mnN TJE\;UQ;
e put

Kz(Q) = H K’U X H Kv,i
vEQ veQ
for i = 0,1, which are open compact subgroups of K.

In particular, K;(Q) is a normal subgroup of Ky(Q); and we have a canonical isomorphism

(3.22) Ko(Q)/Ki(Q) = Aq.
Note that when Q = 0, Ko(Q) = K;(Q) = K.
For : = 0,1, we put
Hy, (@ = Homy (H (Sh(V,Ki(Q)), %), 0).
By (3.22), Hk,(q) is canonically a module over &[Aq)].
Lemma 3.6.5. Let the situation be as in Theorem 3.6.3. The O[Aq]-module Hy,(q)mq 5 a finite

and free. Moreover, the canonical map
HKl(Q)amQ/aQ - HKO(Q)me
s an isomorphism.
Proof. For a smooth complex scheme X and an abelian group A, we denote by X*" the underlying

complex manifold and C,(X*", A) the complex of singular chains for X*" with coefficients in A.
For i = 0,1 and every positive integer m, we denote by K*(Q) the kernel of the composite map

Ki(Q) = K= uy = [[ UA)(Op: /™).

Then KI"(Q) acts trivially on L ® ¢ 0 /0™, hence £ ®4 O /™ becomes constant on Sh(V, KI*(Q)).
By (D4), we have

He " (Sh(V, Ki(Q)), Ze)mg = lim He V) (Sh(V, K"(Q)), Le @0 /€™ i,
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and is O-torsion free. By Artin’s comparison theorem between the singular cohomology and the
étale cohomology, the dual complex

Homg (C, (Sh(V, Ki*(Q))™, L @5 €/0™), G /1)
calculates Hg (Sh(V,K"(Q)), L ®¢ 0/C™). By (D4), we have
Ha(Sh(V, Ki"(Q))™, Le ®¢ O /1™ )mg = 0

for d # d(V).

On the other hand, K(Q) is neat, which implies that t~'U(V)(FT)t N K*(Q) has no torsion
elements for every t € U(V)(A¥;). By (the same proof of) [I[X'T'17, Lemma 6.9], for every m > 1,
Co(Sh(V,K7"(Q))™, Le ®¢ O /™) is a perfect complex of free (€/0™)[Ag]-modules; and there is

a canonical isomorphism
Ce(Sh(V, KT'(Q))™, Le @0 O/17) @oinq) OAq)/aq = Co(Sh(V, KG'(Q)™, Le @ /1)
of complexes of (0'/ Em)[TJEVJrUQ]—mOduleS. It follows easily that the canonical map

(Hk,(@mq @0 /™) Jag = Hxy(@mq @0 O/

is an isomorphism, after localizing at mg and taking u,,-invariants.
Then the lemma follows by passing to the limit for m. 0

We now discuss the existence of Taylor-Wiles systems. For each v € S, we have the tangent space
L(2,) C HY(F,,ad7) from Definition 3.1.4. Let L(Z,)* C HY(F,,ad7(1)) be the annihilator of
L(2,) under the local Tate duality induced by the perfect pairing ad 7 x ad 7(1) — k(1) sending
(z,y) to tr(zy). Recall that ['p+ g is the Galois group of the maximal subextension of F'/F* that
is unramified outside S. For every subset T C S, we define H,| (I'r+g,ad7(1)) to be the kernel
of the natural map 7

H'(Tp+ g, ad7(1)) — EB\ HY(Ef, ad7(1))/L(Z,)*.

Recall the rings R?f’T (3.2) and R!ij(Q) from Proposition 3.1.7. Moreover, R!IVT(Q) is naturally an

algebra over RS

Lemma 3.6.6. Let the situation be as in Theorem 3.6.5. Let T be a subset of S. For every
integer b > dimy, H;L,T(Fpﬁs,ad 7(1)) and every integer n > 1, there is a Taylor-Wiles system
(Qns {w }veq,) satisfying

(1) |Qnl = b;

(2) |lv|| = 1mod ¢";

(3) R?V’?Qn) can be topologically generated over Rg‘}c’T by

1+ (_1)u+1fN
2

N(N —1)

gr=b— Y [ES:Q[] 5

veTNY)

— N[F* : Q]

elements.

Proof. By (3.1), Proposition 3.2.7 for v € 3}, Proposition 3.4.12 for v € ¥, (which is applicable
by (D3)), and Proposition 3.5.2 for v € ¥, we have for every v € S that

[Ff QZ]LAZI_D if v | ¢

dim; L(2,) — dim, H(F)\,ad 7(1)) = {0 if vt
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Then the lemma follows from [Thol2, Proposition 4.4] in view of Remark 3.6.4.% O
Proof of Theorem 3.6.53. By definition, we have
Hy s = Homy (H{ (Sh(V, K), Z)m, ),

under which Ty, is identified with the image of T% in Endg(Hg ) since HZEV)(Sh(V, K), Z)m is
O-torsion free by (D4).

First, we need to construct a canonical homomorphism RZ"Y — T,. It is well-known that
Tw[1/(] is a reduced ring finite over E. As Hk, is a finite free &-module, T, is a reduced
ring finite flat over €. Via ¢4, every (closed) point = of Spec Ty[1/¢] gives rise to an RACSDC
representation I1, of GLy(Ag) (Definition 2.3.2), satisfying that

(a) the associated Galois representation pr, ,, from Proposition 2.3.3(2) is residually isomor-

phic to 7 ®; F, (hence residually absolutely irreducible by (D2));
(b) I = BC(w) for a cuspidal automorphic representation 7 of U(V)(Ap+) satisfying that

()X appears (nontrivially) in Hgt(v)(Sh(V, K), Z ®g . C);
c) the archimedean weights o equals &, which follows from and Proposition 2.3.6.
h himed ights of 11 1 hich foll f b dP ition 2.3.6

The representation pyy, ,, induces a continuous homomorphism
pe: I'r — GLN(T,),

where T, denotes the localization of Ty[1/¢] at z. By a theorem of Carayol [Car94, Théoreme 2],
the product homomorphism

is conjugate to some continuous homomorphism py: I'r — GLy(Ty,) that is a lifting of 7%. More-
over, by Proposition 2.3.3(2c) and Lemma 2.1.3, we obtain a continuous homomorphism

To: D+ = Gn(Thw)

satisfying 7%, = pn that is a lifting of 7. We claim that r, satisfies the global deformation problem
<. Indeed, by (b) and Proposition 2.3.6, 11, ,, is unramified for nonarchimedean places w of F
not above X5, U, Thus, by (c) and Proposition 2.3.3(2b), 7, belongs to 25" for v € 3f; and
by Proposition 2.3.3(2a), Ty, is unramified for v € S. By (b), Corollary 2.3.7, and Proposition
2.3.3(2a), Tm, belongs to 2™ for v € X;F.°

univ

Therefore, by the universal property of R'J", we obtain a canonical homomorphism
(3.23) ¢: RYY — Ty

x€Spec Twm[1/4]

of rings over €. Moreover, it is clear that our homomorphism r, satisfies [CTIT08, Proposi-
tion 3.4.4(2,3)] as well, which implies that ¢ is surjective. Thus, it remains to show that ¢ is
injective.

We follow the strategy for [1hol2, Theorem 6.8]. Fix a subset T C S. We take an integer n > 1,
and a Taylor-Wiles system (Q,,, { }veq,) from Lemma 3.6.6. For each v € Q,,, we

o let Art,: F) — I'*b_ be the local Artin map;

Fy
e let w, € F, be the uniformizer such that Art,(w,) coincides with the image of ¢, in
Fab+.
Fr

8Strict1y speaking, the set S in [Thol2, Proposition 4.4] consists of only places split in F. But the same argument
works in our case as well.

9This is not correct if N is odd, which is the only reason that we suppose that Elt = () if N is odd in the
statement of the theorem.
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e let pr, be the commuting projection defined in [Thol2, Propositions 5.9 & 5.12];
e for every ae€ 0%, let V& € Z[K, 1\K,,0/Ky 1] be the characteristic function of the double

coset
In—1 O
Kv,l ( 0 CY) Kv,l

F+7

For : = 0,1, we put

M q, = (H Pl )HK (Qn)mqy, >

veEQn
and let T, q, be the image of T?UQ” in Endg(M;q,). We also put
M = Hyg .
Then the canonical map M — Hg m,, is an isomorphism, hence we obtain canonical surjective

homomorphisms

Tia, = Toq, = Tw
of rings over &'. Similar to T,,, we obtain a continuous homomorphism
Ti.Qn " FF+ — gN(Ti,Qn)a

which is a lifting of 7, for ¢ = 0, 1. We have the following two claims:

(1) For every v € Q,, there is a continuous character v,: O
A, such that

e for every a € 0F+,
i

® 7], has a (unique) decomposition 77 , © 1] q, , such that 77  is a lifting of 7}

o+ = T q, that factors through

the actions of V§ and v,(a) on M q, coincide;

on which I+ acts via the character v, o Art, ' and 77.Q, 18 an unramified lifting of
7.
(2) The composite map

HveQn Pl
M = Hgmg, = Hxo@Qu)mg, ——— Moq.

is an isomorphism. In particular, the canonical homomorphism Ty q, — Tw is an isomor-
phism; and 7¢ g, and ry, are equivalent liftings of 7.

Indeed, these claims follow easily from [Thol2, Propositions 5.9 & 5.12].
It follows from (1) that ry g, satisfies the global deformation problem .#(Q,,), which induces a
canonical surjective homomorphism

807’74: Ruynz‘én) - TLQn

of rings over . We regard T, q, as an O[Aq,]-module by (1). Now we claim that R, , is
naturally an 0[Aq, |-module as well, and that ¢, is O[Aq, ]-linear. Indeed, take a universal lifting

7’%” for 7 over R‘m“’ . Then for each v € Q,,, there is a unique character v?™V: A, — (R};’één))x

umv,

such that Ip+ acts on ryq ), via the character

Art; 1

v univ

[pr —— F+—>m — A, —>(Ran) .

Then R, ) becomes a ring over 0[Aq,| via the character [T eq, vi"": Aq, — (RY,))” . More-
over, @, is a homomorphism of rings over &[Aq, | by the local—global compatibility. By (2) and
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Lemma 3.6.5, we obtain a canonical commutative diagram

~

R};}(i‘én) /aq,

TlaQn/aQn = TO,Qn = Tm

univ
RJ”

of rings over &', where all horizontal arrows are isomorphisms.
Choose universal liftings

un1v FF+ % gN ( Rul’llV) , ,r,l;;l(lv ) FF+ _) gN( unév ) )

univ

for r over RY" and R}i}}‘v Gn)+ respectively, such that oY = r}“&n) mod aq, . By Proposition 3.1.7(2),
we obtain isomorphisms

RUM [ Xyl lercijen = R, R [Xusiglloeracijen = Rfg.

of rings over &. In particular, we have a surjective homomorphism RE,T — RV, which makes
RYY an algebra over Rloc
We put

Soo = ﬁ[[Xv;i,ijeT;lSi,jgN[[lea s . 7%“7
and let a,, C S, be the augmentation ideal. Put

R, = Rloc ol Zis- .\ Zg, p)]

where g, v is the number appearing in Lemma 3.6.6. Applying the usual patching lemma (see the
proof of [BLGG11, Theorem 3.6.1], or [Thol2, Lemma 6.10]), we have the following:

° There exists a homomorphism S, — R, of rings over & such that we have an isomorphism
Re /00 Roo =~ RYY of rings over RIOC

e There exist an R -module M, and an isomorphism M, /a. M., ~ M of RZ"V-modules.

e As an S,-module, M, is finite and free.

In particular, we have
depthp_ (M) > dim Se = 14 |T|N? +b.

On the other hand, by Proposition 3.2.7 for v € TN, Proposition 3.4.12 for v € TNX,, (which
is applicable by (D3)) and Proposition 3.5.2 for v € TN Y}, we know that RIOCT is a formal power
series ring over & in

N(N —1)

TIN Y (R Q]

veTNS;
variables. It follows that R, is a regular local ring of dimension

N(N - 1)
2

1 + (_1)u+1fN

+ g1 =1+ |T|N*+b— N[F": Q] 5

1+ |TIN*+ Y [Ef:Q
veTﬂZZ’

As dim R, > depthy (M), we obtain Theorem 3.6.3(3). By the Auslander-Buchsbaum theo-

rem, M, is a finite free Ro-module. Thus, M is a finite free R¥"V-module. In particular, the

surjective homomorphism ¢ (3.23) is injective, hence an isomorphism. Theorem 3.6.3(1,2) are
proved. 0
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4. RiGcipITY

4.1. Rigidity of symmetric powers of elliptic curves. In this subsection, we study rigidity
of symmetric powers of elliptic curves.

Let A be an elliptic curve over F*. TFor every rational prime ¢, we fix an isomorphism
Hét(Aaf,Zg) ~ ZEBQ, hence obtain a continuous homomorphism py: I'p+ — GL3(Zy). Suppose
that N > 2. We obtain a continuous homomorphism

TAe: FF+ — gN(Zg) = (GLN(Zg) X Z?) A {1,C}
by the formula 74 ,(y) = (Sym™ ™' pA,g(v),név’le};N('y))c(v), where ¢(y) = ¢ if and only if 7y €
I'p+ \ I'r. Denote by 74, the composition of 74, and the projection ¥y (Z;) — 9n(Fy).

Proposition 4.1.1. Let v be a nonarchimedean place of F. For all but finitely many rational
primes £ > N, every lifting of 744, to an object R of €7, (with respect to the similitude character
nfjve;;N) is minimally ramified in the sense of Definition 3.4.8.

Proof. For simplicity, we only prove the proposition for v nonsplit in F. The split case is similar
and easier, which we leave to the readers. Thus, let w be the unique place of F' above v. Fix a finite
totally ramified extension Fy, of F,, in F'} such that A" :== A® .+ F}, has either good or multiplicative
reduction. Let T7, be the image of the subgroup Gal(Ff/F!) of T'p, in T, = I'r,/Pr,. We fix
an isomorphism T, ~ T, = t% x qﬁg with the g-tame group, where ¢ = ||w||. We now assume
(> [F' :F,)and £{ T, (¢ —1). Then T) = T,. Let T = T(7ay.) be the set of isomorphism
classes of absolutely irreducible representations of Pp, appearing in fimv as before.

We first consider the case where A’ has split multiplicative reduction. Let u be the valuation
of the j-invariant j(A) in F), which is a negative integer. Assume further that ¢ is coprime to
u. Then par,(t) is conjugate to 1+ J, = (3 1) in GLy(Z,), which implies that Sym™ ™! p ¢(t) is
conjugate to 1 + Jy in GLy(Z,). It follows that ¥ is a singleton, say {7}; and every lifting o, of
0, is minimally ramified since ¢ { [T, (¢" — 1). Thus, every lifting r of 74, is minimally ramified.

We then consider the case where A’ has good reduction. Let «, 3 € Qy be the two eigenvalues of
pare(dy). Then «, B are Weil ¢~/2-numbers in Q, which depend only on A’, not on ¢. We further

assume that ¢ satisfies that a, 3 € Z), and that the image of the set

{(a/B)" 1 (/BN 72, (e BN (o B) )

in F, does not contain q. It follows that for every 7 € T, every lifting o, of g, is actually unramified
by Lemma 3.3.7(2) as £ 1 [T, (¢" — 1), hence minimally ramified. Thus, every lifting r of 74, is
minimally ramified.

Since in both cases, we only exclude finitely many rational primes ¢, the proposition follows. [

The proposition has the following immediate corollary.

Corollary 4.1.2. Let X7 be a finite set of nonarchimedean places of FT containing i 4 such
that A has good reduction outside X*. Then for all but finitely many rational primes €, 74, is
rigid for (X1,0) (Definition 3.6.1 with O = 7).

Proof. We need show that each of the four conditions in Definition 3.6.1 excludes only finitely many
rational primes ¢. By Proposition 4.1.1, condition (1) excludes only finitely many ¢. Condition
(2) is empty. Condition (3) holds if ¢ satisfies £ > N + 1 and ¥, N X+ = (. Condition (4) is
automatic. U
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4.2. Rigidity of automorphic Galois representations. In this subsection, we study rigidity
of reduction of automorphic Galois representations.

Let IT be an RACSDC representation of GLy(Ag) (Definition 2.3.2) for N > 2, and denote
by 3f; the smallest (finite) set of nonarchimedean places of F™ containing ¥\, ; such that IT,, is
unramified for every nonarchimedean place w of F not above ¥jj. Let E C C a strong coefficient
field of II (Definition 2.3.4). Then for every prime X of E, we have a continuous homomorphism
PILA FF — GLN(E)\)

When prp  is residually absolutely irreducible, by Proposition 2.3.3(2c) and Lemma 2.1.3(3), we
have an extension

ﬁn7)\7+2 FF+ — gN(OE/A)
of prix, with the similitude character yy = nVe, ™.
Conjecture 4.2.1. Let II and E be as above. Fix a finite set ¥ of nonarchimedean place of F*
containing X1, Then for all but finitely many primes X\ of E, we have
(1) pu is residually absolutely irreducible;
(2) ﬁH«\|Ga1(F/F(<@)) is absolutely irreducible, where € is the underlying rational prime of A,
(3) Ty = puars is rigid for (X1,0) (Definition 3.6.1 with O the ring of integers of E ).

Remark 4.2.2. When N = 2, Conjecture 4.2.1 is not hard to verify. Part (3) of Conjecture 4.2.1
was also studied in [Gui20] under several simplifying restrictions.

Concerning Conjecture 4.2.1(1,2), we have the following proposition.

Proposition 4.2.3. Let Il and E be as above. Suppose that there exists a nonarchimedean place
w of F' such that 11, is supercuspidal. Then

(1) There exists a finite set Ay of primes of E depending on 1, only, such that for every
A& A1, pry is residually absolutely irreducible.

(2) There exists a finite set Ay containing Ay from (1) such that for every A\ € Ao, the re-
striction ﬁH7>\|Gal(F/F(Q)) remains absolutely irreducible, where pr denotes the residual
representation of pna and { is the underlying rational prime of \.

The proof of part (2) was suggested to us by Toby Gee. Originally, our alternative argument
needs to further assume for (2) that II is a twist of the Steinberg representation at some nonar-
chimedean place of F not above X} .

Proof. Let Wg, be the Weil group of F,,. Since Il is supercuspidal, we have the induced con-
tinuous representation pr,: Wg, — GLy(C) via the local Langlands correspondence, which is
irreducible. Fix an arithmetic Frobenius element ¢,, in Wg,, which determines a natural quotient
map Wpg, — Z sending ¢,, to 1. For every integer b > 1, let W%w be the inverse image of bZ. Then
there exist an absolutely irreducible representation 7 of Ir, and a character y of W%w, such that

p,, 1S isomorphic to Indxf © 7 ®y, where b is the smallest positive integer satisfying 7% ~ 7. We

Fu
may choose a finite extension £’ of E inside C, and a finite set A’ of primes of E’, such that both
7 and x are defined over Opr (a). In particular, the image of pr, is contained in GLy(Ogr (a)),
up to conjugation.
Now let A} be the smallest set of primes of E’ containing A’ such that every A ¢ A/ satisfies

e w does not divide /;

e the underlying rational prime does not divide b|Ig, / ker pr,, |;

® v =T ®0, . Opg/ /N remains irreducible;

(A

b
e b remains the smallest positive integer that satisfies 7_';7” ~ Tyr.
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Then A is a finite set, satisfying that the composite map
ﬁHw,A’: pr — GLN(OEQ(A/)) — GLN(OE//A/)

is irreducible for X & A. Let £ = & be the archimedean weights of IT (Definition 2.3.2).

For (1), we let A; be the set of primes of E underlying A’; and then (1) follows by Proposition
2.3.3(2a).

For (2), let A5 be the union of A; constructed in (1) above and all primes A of F' whose underlying
rational prime ¢ satisfies either ¢ < N(be — ag) + 1 or 5f N3 # 0. Take a prime A\ € Ay. By
(1), pria is absolutely irreducible, whose coefficients we may assume to be just Og/A. Since the
degree of the extension F'((¢)/F" is coprime to ¢, the representation pm|gaF/r(c,) IS semisimple.
We claim that ppy is an induction of an irreducible representation p' of Gal(F/F") for some field
extensions F' C F’ C F({;) such that [F’ : F] equals the number of irreducible summands of
Pilca@ re,y- BY [CG13, Lemma 4.3], it suffices to show that the irreducible summands of
P Gal(F/F(c,)) are pairwise non-isomorphic. Since w is unramified in F'((,), it suffices to check
that the irreducible summands of pr A1, are pairwise non-isomorphic, which is already known by
our choice of A} above.

By our definition of Ay and Proposition 2.3.3(2b), pry is crystalline with regular Fontaine—
Laffaille weights in [a¢, be] and £ > N (b — a¢) +1 > (be — a¢) + 2. Thus, we must have F' = F by
Lemma 4.2.5 below. Therefore, pm|qaF/r(c,)) remains absolutely irreducible, hence (2) follows.

The proposition is proved. U

To finish the proof of Proposition 4.2.3(2), we need two lemmas, both of which are suggested
to us by Toby Gee. We start with some notation. For every finite extension L of Q, contained in
Q¢, we put 'z, == Gal(Q/L), denote by I, C ', the inertia subgroup and by Py C Iy the wild
inertia subgroup, and put T, =1, /Py.

Lemma 4.2.4. Let p: 'y — GLyn(F,) be a continuous homomorphism such that p(Py) = {1}.
Then there exists a finite unramified extension L' of L inside Qg such that plr,, is a direct sum of
characters.

Proof. Let t € 1;,/Py, be a topological generator and ¢ € Ty a lift of the arithmetic Frobenius.
Then we have T, = tllze% 5 #” subject to the relation ¢t¢~! = t*, where ¢* is the residue
cardinality of L. We regard p as a representation of T,. As I;/Py has pro-order prime to ¢,
the element p(t) is semisimple. Let b > 1 be an integer such that the eigenvalues of p(t) are
contained in Fj,, C F;. Then p(¢’) commutes with p(¢). Let ¢ > 1 be an integer such that
p(¢%) is semisimple. Then the unique unramified extension of L inside Q, of degree bc satisfies
the requirement of the lemma. O

Lemma 4.2.5. Consider a field tower Q, C L C L' C Q, in which L/Qy is finite unramified and
L'/L is finite Galois. Let ¢p: Ty — GL(Fy) be a continuous homomorphism for some integer
m =1, and put p == Indll:i, V. Suppose that
(a) p is crystalline with reqular Fontaine—Laffaille weights in [a,b] (Definition 3.2.4) for some
integers a and b satisfying 0 < b—a < —2; and
(b) (b—a)[l': L] <{—1.

Then L' is unramified over L.

Proof. We may assume a = 0. We assume on the contrary that L'/L is ramified. Up to replacing
L by the maximal subfield of L’ that is unramified over L, we may assume that L’'/L is totally
ramified. Up to replacing ¢ by its semisimplification, we may assume that ¢ is semisimple. Since
[L’ : L] is coprime to ¢, p = Indll:i, (1) is also semisimple. As Py is a pro-¢ normal subgroup
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of 'y, we have p(Pr) = {1} by [Ser72, Proposition 4]. By Lemma 4.2.4, there exists a finite
unramified extension L”/L inside Q, such that p|r_, is a direct sum of characters. Up to replacing
L by L"” and L' by L'L”, we may assume that p itself is a direct sum of characters of I'y, say

X1,---,Xn: L'y — FS. On the other hand, since p = Ind?i/ (1), there exist two distinct characters
x; and x; such that XiX;l is trivial on Iy,, which is the unique subgroup of I, of index [L' : L].
However, condition (a) implies that X@'X}l is a crystalline character of Fontaine-Laffaille weights
contained in [—b, b]. By the Fontaine-Laffaille theory, we have

X', = @ wr,

7: L—Qy

where w,: I, — F/ is the fundamental character of level 1 corresponding to 7, and b, is an integer
in [—b,b]. Since the Fontaine-Laffaille weights of p are regular, we have b, # 0 for all 7. Now
condition (b) implies that Xin_l can not be trivial on I7/, which is a contradiction. The lemma is
proved. 0

Concerning the entire Conjecture 4.2.1, we have the following theorem.

Theorem 4.2.6. Let 11 and E be as above. Suppose that there exists a nonarchimedean place of
F' at which 11 is supercuspidal. Then Conjecture 4.2.1 holds for 11 and E.

Proof. Let £ = & be the archimedean weights of II (Definition 2.3.2). Let Ay be the set in
Proposition 4.2.3(2). It suffices to prove (3) of Conjecture 4.2.1. We need show that each of the
four conditions in Definition 3.6.1 excludes only finitely many primes A. Condition (2) is empty.
Condition (3) holds if the underlying rational prime £ of A satisfies £ > (bg—a¢)+2 and 3 NET =0
by Proposition 2.3.3(2b). Condition (4) is automatic.

It remains to consider condition (1). Let A be a prime of E not in Ay whose underlying rational
prime ¢ satisfies

SENSt =0, (=2N+1), (> (b—a)+2, =g

for every place w of F' above X*. In particular, we have
(a) ¢ is unramified in F’
(b) II,, is unramified for every place w of F' above ¢; B
(€) PrialgaiF/r(cy 18 absolutely irreducible, which implies that rm(Gal(F/F*(¢))) is ade-
quate by Remark 3.6.4;
roposition 3.2.7 holds tor the local delormation problem of 711 5, IOr every v € ;
d) P ition 3.2.7 holds for the local defi i blem 2™ of 7y 5, fi Iyl
(e) Proposition 3.4.12 holds for 7y 5, for every v € XF.

For a collection Zs+ = {Z, | v € £*} in which 2, is an irreducible component of Spf R for
v € X7, we define a global deformation problem (Definition 3.1.6)

y(-@E+) = (fﬂ,)\a TINE;iNv ¥ty EZ? {‘@v}vez+u23)

where for v € Xt 9, is the prescribed irreducible component (which is a local deformation
problem by Proposition 3.4.12(2)) in Zx+; and for v € Xf, 2, is the local deformation problem
PV of 115, from Definition 3.2.5. Now by (a-e), and the same proof of [Thol12, Theorem 10.1]
(which assumes that X7 U] consists only of places split in F), we know that the global universal
deformation ring Ruyn(i‘év) is a finite &-module. Moreover, we have 4 = N mod2. By (d,e) and

the same proof of [Geell, Lemma 5.1.3] (which assumes that ¥+ U ¥/ consists only of places

split in ), we know that the Krull dimension of RYY, ) is at least one. Thus, RYYY, | [1/€] is

nonzero. Fix an isomorphism ¢,: C = Q. By choosing a Q-point of Spec R};BEZJE” [1/¢], we obtain
an RACSDC representation II(Zs+) of GLy(AFr) satisfying
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o [I(Zs+) is unramified outside X;

e for every place w of F above X7, there is an open compact subgroup U, of GLy(F,)
depending only on II,,, such that II(Z5+)Y» # {0};

e the archimedean weights of II(Zs+) are contained in [ag, be — N + 1];

® (o) and pry ®p, Q are residually isomorphic.

In fact, the second property is a consequence of Proposition 2.3.3(2a), Corollary 3.4.10 (which is
applicable since £ > ¢%), and the fact that irreducible admissible representations lying on a given
Bernstein component have a common level. Note that there are only finitely many RACSDC
representations of GLy(Afg) up to isomorphism, satisfying the first three properties. By the
strong multiplicity one property for GLy [PS79], we know that for ¢ large enough, II is the only
RACSDC representation of GLy(Ag) up to isomorphism, satisfying all the four properties.

Now we claim that for two different collections Zs+ and %, the RACSDC representations
II(Z5+) and II(Z%. ) are not isomorphic. Assuming this claim, then for ¢ large enough, we have
only one collection, which is {Z™" | v € X7}, that is, Definition 3.6.1(1) is satisfied. The theorem
is proved.

For the claim itself, we take a place v € ¥T. Then the local components of II(Zx+) above v
give rise to a continuous homomorphism r: I'pe — 4x(Qy), which corresponds to a Qe-point x,

in Spec R’ [1/(]. Now the dimension of the tangent space of Spec Ri%  [1/{] at z, is equal to

N? +dimg, H'(F,},adr) — dimg, H(F,},adr) = N? + dimg, H*(F,", ad r)
= N? + dimg, H(F}, (ad r)(1)) < N* 4 dimg, H'(F,,, (ad r*)(1)),

where w is the place of F induced by the embedding F' — F;". However, since I1(Zs+),, is generic,
we have dimg, H°(F,, (adr®)(1)) = 0 by [BLGGT14, Lemma 1.3.2(1)]. Thus, by Proposition
3.4.12(1), SpecRY¢ [1/¢] is smooth at z,, which implies that z, can not lie on two irreducible

T\ v
components. The claim then follows. 0
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