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INTRODUCTION

Cette thése trouve sa source dans le célébre papier de N. Katz p-adic properties of modular
schemes and modular forms [14]. Pour développer la théorie des formes modulaires p-adiques pour
GLo, Katz utilise deux résultats géométriques profonds pour les courbes elliptiques, & savoir, la
théorie du sous-groupe canonique et le théoréme d’Igusa sur la monodromie p-adique d’une famille
verselle de courbes elliptiques ordinaires. On se propose dans ce travail de généraliser ces deux
résultats aux groupes de Barsotti-Tate.

0.1. Soit Ok un anneau de valuation discréte complet, de corps résiduel parfait de caracté-
ristique p > 0 et de corps des fractions K de caractéristique 0. Notons S = Spec(Ok) et s son
point fermé. Soit G un groupe de Barsotti-Tate sur S. Dans la premiére partie de ce travail [I],
intitulée Canonical subgroups of Barsotti- Tate groups, je m’intéresse au probléme d’existence d’un
relévement canonique de I’homomorphisme de Frobenius de la fibre spéciale G,. Si Gy est ordi-
naire, le noyau de I’homomorphisme de Frobenius est un groupe de type multiplicatif, qui se reléve
uniquement en un sous-schéma en groupes fermé de G, fini et plat sur S. Si on ne suppose plus G
ordinaire mais seulement que “G est suffisamment proche d’un groupe de Barsotti-Tate ordinaire”,
ce qui se traduit de fagon précise en terme de la valuation d’un certain déterminant, je montre que
le noyau de I’homomorphisme de Frobenius de G se reléve canoniquement en un sous-schéma en
groupes de G, fini et plat sur S. C’est le sous groupe canonique de G. En d’autres termes, sous la
méme condition, ’homomorphisme de Frobenius de Gy se reléve canoniquement en une isogénie
de groupes de Barsotti-Tate sur S.

Ce probléme a été posé pour la premiére fois par Lubin en 1967 et résolu par lui pour les groupes
formels de dimension 1 [16]. Deux ans plus tard, Dwork a posé une question un peu plus faible pour
les schémas abéliens et 1’a résolue pour les courbes elliptiques, & savoir, est-ce qu’on peut étendre
la construction du sous-groupe canonique dans le cas ordinaire & un “voisinage tubulaire” (sans
exiger que le prolongement reléve le noyau du Frobenius) 7 En dimension supérieure, la conjecture
de Dwork a été résolue par Abbes et Mokrane [1]. Ultérieurement, il y a eu d’autres approches,
toujours pour les schémas abéliens, dues & Andreatta et Gasbarri [4], Kisin et Lai [15], et Conrad
[6].

Soit G un groupe de Barsotti-Tate tronqué de niveau 1 sur S. Suivant [1, 2], on peut munir
G d’une filtration canonique par des sous-schémas en groupes fermés, finis et plats sur S. Dans le
résultat principal de la premiére partie, je donne une condition différentielle simple et explicite pour
que G admette un sous-groupe canonique, et je montre que ce dernier est un cran de la filtration
canonique. Par un théoréme de Raynaud, G se plonge dans un S-schéma abélien. On se raméne
alors pour une partie de I’énoncé au cas d’un schéma abélien [1]. Pour montrer que le sous-groupe
canonique reléve le noyau du Frobenius (ce qui est nouveau méme pour les schémas abéliens), je
décris la filtration canonique d’un S-schéma en groupes commutatif, annulé par p, fini et plat sur
S, en terme de groupes de congruence. Cet énoncé, fortement intéressant en soi, fait le lien avec
lapproche d’Andreatta-Gasbarri [4].

0.2. Dans la seconde partie de cette theése [II], intitulée p-adic monodromy of the universal
deformation of an elementary Barsotti- Tate group, je généralise un théoréme d’Igusa qui dit que la
monodromie p-adique d’une famille verselle de courbes elliptiques ordinaires est maximale. Soient
k un corps algébriquement clos de caractéristique p > 0, S un k-schéma, G un groupe de Barsotti-
Tate sur S de hauteur h et de dimension d, U le lieu ordinaire de G (i.e. 'ouvert de S formé des
points audessus desquels les fibres de G sont ordinaires), £ un point géométrique de U. Notons G?}



le quotient étale maximal de Gy = S xg U sur U, G(n) le noyau de la multiplication par p™ dans
G et

Ty(G,§) = lim G(n)(€) = lim G7(n)(§)
le module de Tate de G en &, qui est un Zp-module libre de rang d* = h — d. Le groupe de
Barsotti-Tate étale G?} donne naissance a une représentation du groupe fondamental de U

(0.2.1) pa: m(U,€) — Auty, (T,(G,§)) ~ GLg- (Zy).

On dit que pg est 'homomorphisme de monodromie associé & G, et son image est la monodromie
p-adique de G. Suivant Igusa [13, 14], il est raisonnable de conjecturer que si G est versel, sa
monodromie est aussi large que possible; on s’attend souvent & ce que pg soit surjectif ou au
moins & ce que son image contienne un sous-groupe ouvert de GLg+(Z,). Mon résultat principal
dans cette partie est que pg est surjectif lorsque G est la déformation universelle de l'unique groupe
de Barsotti-Tate conneze de hauteur 3 et dimension 1.

Le théoréme d’Igusa a été 'origine de beaucoup de travaux et de nombreuses généralisations.
Citons en particulier la généralisation de Faltings et Chai [10] & l’espace de modules des variétés
abéliennes principalement polarisées de dimension g en caractéristique p munies d’une structure
symplectique de niveau n (premier a p), celles de Deligne-Ribet [7] et Hida [12] & certains espaces de
modules de type PEL, celle de Gross aux groupes formels de Lubin-Tate, et enfin celle d’Ekedahl
[9] & la jacobienne de la courbe stable universelle de genre g en caractéristique p, munie d’une
structure symplectique de niveau n (premier & p). Mon approche est fortement inspirée par celle
d’Ekedahl.

Pour un nombre rationnel A € (0, 1), je considére 'homomorphisme p* = pg lorsque G est la
déformation universelle du groupe de Barsotti-Tate élémentaire de pente A (i.e. dont le module
de Dieudonné est monogeéne de pente A\). On notera qu’un groupe de Barsotti-Tate de hauteur h
et dimension 1 est élémentaire de pente A = 1/h. Je conjecture que p* est surjectif. Le théoréme
d’Igusa équivaut & dire que p'/? est surjectif. Pour I'instant, j’ai pu mener mon approche jusqu’au
bout et montrer la conjecture seulement pour A = 1/3. Mais j’ai aussi obtenu des résultats in-
téressants sur la réduction modulo p de p*, pour tout A, qui peuvent étre considérés comme des
analogues en caractéristique p des résultats de Serre sur la représentation galoisienne modulo p
associée & une courbe elliptique sur un corps de nombres [18].

Dans la suite de cette introduction, je présenterai un résumé en francais des principaux résultats
de chaque partie.

1 Sous-groupes canoniques des groupes de Barsotti-Tate

1.1. Soient Ok un anneau de valuation discréte complet de corps résiduel k parfait de carac-
téristique p > 0 et de corps des fractions K de caractéristique 0, S = Spec(O). Soit G un groupe
de Barsotti-Tate tronqué de niveau 1 sur S. Pour énoncer le résultat principal, j’aurais besoin de
deux notions : la hauteur de Hodge de G, qui est un invariant numérique mesurant le défaut de
lordinarité de G, et la filtration canonique de G.

1.2. Posons S; = Spec(COk /pUk). La valuation v, de Ok normalisée par v,(p) = 1 induit une
valuation tronquée s, \{0} — [0,1). Posons G; = G x5 S; et Lie(GY) I'algébre de Lie de son dual



de Cartier. Rappelons que l'on a la dualité de Grothendieck [5, 3.2.1.3]

(1.2.2) Lie(GY) ~ A oms,),,..(G1,Ga),

fppf

ou G, est le schéma en groupes additif sur S;. L’homomorphisme de Frobenius de G, induit donc
un endomorphisme semi-linéaire de Lie(GY); on le note HW¢, et l'appelle morpshisme de Hasse-
Witt de Gy. Suivant [1], on définit la hauteur de Hodge de Lie(GY) comme la valuation p-adique
tronquée du déterminant d’une matrice de HW¢, . Il est clair que la fibre spéciale G est ordinaire
si et seulement si la hauteur de Hodge de Lie(GY) est nulle.

1.3. Suivant [1, 2], on peut munir G d’une filtration canonique, exhaustive et décroissante
(G%, a € Q>p) par des sous-schémas en groupes fermés de G, finis et plats sur S, appelée filtraion
canonique. Pour tout nombre réel a > 0, on pose G*7 = Uy~,G® ot b parcourt les nombres
rationnels supérieurs & a.

Théoréme 1.4 ([I] Thm. 1.4). Soient e lindice de ramification absolu de K, j =e/(p—1), G un
groupe de Barsotti-Tate tronqué de niveau 1 sur S, de hauteur h, d la dimension de ’algébre de
Lie de G4 sur k. Supposons p > 3 et la hauteur de Hodge de Lie(GY) strictement inférieure a 1/p.
Alors :

(i) Le sous-schéma en groupes G+ est localement libre de rang p® sur S.

(ii) La fibre spéciale de G'* est le noyau de I’homomorphisme de Frobenius de G.

Lorsque G est le noyau de la multiplication par p d’un schéma abélien sur S, I’énoncé 1.4(i)
a été prouvé par Abbes et Mokrane [1, 3.1.2] avec une borne moins optimale sur la hauteur de
Hodge. En utilisant un théoréme de Raynaud [5, 3.1], on peut plonger G dans un schéma abélien
sur S, ce qui nous permet d’étendre leur résultat & G. L’énoncé 1.4(ii) est nouveau méme pour les
schémas abéliens. Pour le prouver, on donnera une nouvelle description élémentaire de la filtration
canonique en terme des groupes de congruence. Cette approche est inspirée par celle d’Andreatta
et Gasbarri [4].

1.5. Rappelons la définition des groupes de congruence suivant [17]. Soient K une cloture
algébrique de K, 0 la cloture intégrale de Ok dans K, S = Spec(0), v la valuation de K
normalisée par v(p) = e. Pour tout A\ € 0%, posons

Gl A;)p —Le®m).

PA(T) =
Si0 <o) <e/(p—1),le polynome Py(T) a des coefficients entiers, et on peut munir G =
Spec(O%[T]/PA(T)) d’une structure de schéma en groupes tel que la co-multiplication soit définie
parT — 1T +T®1+AXT'®T et le co-inverse par T' — —H%. On appelle G* le groupe de
congruence de niveau A (la terminologie est due a Raynaud). Si v(A\) = 0, G\ est isomorphe au
groupe multiplicatif i, sur S. Si v(\) = e/(p—1), G est isomorphe au groupe étale constant Z/pZ
sur S.

Pour tout A € 0 avec 0 < v(\) <e/(p— 1), on définit un homomorphisme

0x: Gy — pp = Spec(Ox[X]/(XP — 1))

en posant X — 14+ AT au niveau des algébres de Hopf. Observons que la restriction de 6, aux fibres
spéciales est un isomorphisme et que 6 est un isomorphisme si v(A) = 0. Pour tous A,y € O
vérifiant 0 < wv(y) < v(A) < ¢/(p — 1), posons 0y~ : Gy — G, 'homomorphisme défini par
T — (A/y)T au niveau des algébres de Hopf. On a 6y =6, 00, ,.



1.6. Soient G un S-schéma en groupes commutatif, annulé par p, fini et plat sur S, GV son
dual de Cartier. Pour tout A € 0% tel que 0 < v(A\) < e/(p — 1), 6, induit un homomorphisme
injectif de groupes

0x(G): Homg(G,Gy) — Homg(G, ) = GY(K)
dont I'image ne dépend que de a = v(\) [I, Lemma 7.4]. On pose GV(K)[ l'image de 0)(G).
On obtient ainsi une filtration exhaustive décroissante de GV (K), indexée par Q N [0, ﬁ], qu’on
appelle filtration par les groupes de congruence.

Théoréme 1.7 ([I] Thm. 1.6). Soient G un S-schéma en groupes commutatif, annulé par p, fini
et plat sur S, GV son dual de Cartier. Alors, sous I’accouplement canonique

G(K) x GY(K) — pp(K),

on a, pour tout a € Q>o,

VE)FTE si0<a< 2
K

p—1’
. ep
), st a > m

G (R = {

Andreatta et Gasbarri [4] ont utilisé les groupes de congruence pour montrer l'existence du
sous-groupe canonique pour les schémas abéliens. Le théoréme 1.7 explique le lien entre 'approche
de [1] et de cette thése via la théorie de ramification et celle de [4].

1.8. Introduisons maintenant une troisiéme filtration, la filtration de Bloch-Kato, qui jouera
un role clé dans les démonstrations de 1.4(i) et de 1.7. Soient X un schéma propre et lisse sur S,
X = X xg 5. Considérons le diagramme cartésien

X5
5= Speck

et les faisceaux des cycles évanescents sur Xz

(3

<
3

e =7 RY,(Z/pZ(q)),

ot ¢ > 0 est un entier et Z/pZ(q) désigne le g-éme tordu de Tate de Z/pZ. 1l est clair que
V% ~ Z/pZ. Par le théoréme de changement de base propre, on a une suite spectrale

EJ9(X) = HY (Xs, Uk ) (—q) — H'*(Xy, Z/pI),
qui induit une suite exacte
(1.8.1) 0 — HY(X5,Z/pZ) — 0 (X7, Z/pZ) - H° (X5, U%)(—1) — H3(X5, Z/p7Z).
La suite exacte de Kummer 0 — p, — G,, — G;,, — 0 sur X5 induit le morphisme de symbole
h: f*j*ﬁ;(ﬁ L
Posons U%WL = Wl et pour tout a € Q=g

UTk = hy (1 + 71 O),



ou par abus de notation 7% désigne un élément de &% tel que v(7*) = a. D’aprés [1, Lemme 3.1.1],
onaU'Wy =0sia> 2.

En prenant la cohomologie, on obtient une filtration de H' (X7, Z/pZ) définie par

HY (X7, Z/pZ) sia=0

(1.8.2) UaHl(Xﬁa L|pL) = {u—l(HO(XS’ Uewl)(=1)) siae€Qso

appelée filtration de Bloch-Kato.

1.9. Soit G un S-schéma en groupes commutatif, annulé par p, fini et plat sur S. On se
propose de munir le groupe GY(K) d’une filtration en utilisant les cycles évanescents. Pour ce
faire, on utilisera le théoréme suivant de Raynaud [5, 3.1.1] : il existe une suite exacte de faisceaux
fppf abéliens sur S

(1.9.3) 0—-G—A—B—0,

ou A et B sont des schémas abéliens sur S. On appelera une telle suite exacte une résolution de G
par des schémas abéliens.
La suite exacte (1.8.1) étant fonctorielle, on a un diagramme commutatif

at%(B
(194) 0 —= H'(Bs, Z/pZ) —> H'(By, Z/pZ) —= HO(Bs, wh)(—1) 22

L

0 —— H'(45,2/pZ) — 0 (A5, Z/pZ) — H°(A5, ¥} )(-1)

HQ(Bga Z/pZ)

im

al%a
2—(>)H2(Ag, Z./pZ).

Rappelons que pour tout schéma abélien X sur un corps algébriquement clos L, on a un
isomorphisme canonique [I, Cor. 4.6]
Helt(X7 ]FP) = Eth(X7 Fp)7

ot Ext! est Pextension dans la catégorie de faisceaux fppf abéliens sur L. En particulier, ’homo-
morphisme «; dans (1.9.4) s’identifie & ’homomorphisme fonctoriel

Ext'(Bs, Z/pZ) — Ext'(As, Z/pZ)
induit par l'isogénie A — B. Donc compte tenu de (1.9.3), on a
Ker(a1) = Hom(Gs, Z/pZ) = (G¥) (K)(~1),
ot (GV)¢ désigne la partie étale du dual de Cartier de G. De méme, on a
Ker(az) = Hom(G,Z/pZ) = G” (K)(-1).

Posant N = Ker(as), On obtient un diagramme commutatif

(19.5) 0 — (GV)*(K)(~1) —= GV (K)(~-1) ——> N

i\"/l &2 &3
dy°(B)

0 — H'(Bs,Z/pZ) — H(By, Z/pZ) — H°(Bs, U})(~1) — H?(Bs, Z/pZ)



Pour a € Q>¢, on pose o
UGY(K) = vy ' (U*H' (B, Z/pZ)) (1)

On obtient ainsi une filtration exhaustive décroissante de GV (K), qu’on appelle filtration de Bloch-
Kato.

Proposition 1.10 ([I] Prop. 5.5). Soient G un S-schéma en groupes commutatif, annulé par p,
fini et plat sur S, e l'indice de ramification absolu de K, ¢’ = ;T”l. Alors :

(i) Le morphisme u dans (1.9.5) est surjectif.

(ii) Sous l’accouplement parfait canonique

G(F) X Gv(?) — MP(K)’

on a, pour tout a € Q>¢,
- U eGY(K) i0< ‘s
(1.10.1) GHE): = GY(K) sid<a<e]
GV(K) sia>e.

En particulier, la filtration (UG (K),a € Qo) ne dépend pas de la résolution de G par des
schémas abéliens.

La relation d’orthogonalité (1.10.1) entre la filtration canonique et la filtration de Bloch-Kato
joue un role central dans la premiére partie de cette thése. Elle nous permet, d’une part de réduire
Pénoncé 1.4(1) & un calcul cohomologique des schémas abéliens, et d’autre part de déduire le
théoréme 1.7 de la proposition suivante.

Proposition 1.11 ([I] Prop. 7.8). Sous les hypotheses de (1.10), on a GV (K)lel = ureGV(K) pour
tout nombre rationnel a tel que 0 < a <e/(p—1), ot (GV(K)l) est la filtration par les groupes
de congruence de G¥(K) définie dans (1).

Pour un schéma abélien A sur S, Andreatta et Gasbarri [4, 6.8] ont défini une filtration sur
H'(A7,Z/pZ) en utilisant les groupes de congruence, et Pont comparée avec la filtration de Bloch-
Kato (1.8.2). La proposition ci-dessus est une généralisation de loc. cit. aux schémas en groupes
finis annulés par p.

2 Monodromie p-adique de la déformation universelle d’un
groupe de Barsotti-Tate élémentaire

2.1. Soient k un corps algébriquement clos de caractéristique p > 0, s,r des entiers premiers
entre eux tels que 0 < s <7, A = 2. On désigne par G* le groupe de Barsotti-Tate sur k& dont le
module de Dieudonné est engendré par un élément e vérifiant la relation (F"~* —V*).e =0; on
I’appelle groupe de Barsotti-Tate élémentaire de pente . 11 est de hauteur r et de dimension s. On

notera que tout groupe de Barsotti-Tate de hauteur h et de dimension 1 est isomorphe a G'/".

2.2. D’aprés Grothendieck, le foncteur de déformations de G* en caractéristique p est pro-
représentable par un schéma formel .7, formellement lisse de dimension (r—s)-s sur k, i.e. on a un
isomorphisme .#* ~ Spf(R) ot R = k[[(t; j)1<i<(r—s),1<j<s)]- Posons mp l'idéal maximal de R et
S,, = Spec(R/m’™") pour n > 0. On note ¥* la déformation formelle universelle de G* au-dessus



de .#*; c’est un systéme de groupes de Barsotti-Tate G,, sur S, tels que G,, = G411 X 81 On-
D’aprés de Jong, ¢* s’algébrise en un groupe de Barsotti-Tate G* sur S* = Spec(R). On appelle
S* l’espace de modules local algébrique de G* et G* la déformation algébrique universelle (en
caractéristique p) de G*.

2.3. Soient U* le lieu ordinaire de G* sur S*, £ un point géométrique de U*. On sait que U
est 'ouvert complémentaire d’un diviseur défini par un parameétre régulier de S* [II, Cor. 4.13].
Considérons la représentation de monodromie associée & G* (0.2.1)

(2.3.1) (U €) — Autz, (Tp(G)‘,Z)) ~ GL,_4(Zy)
Motivé par un célébre théoréme d’Igusa [14, thm. 4.3], on fait la conjecture suivante :

Conjecture 2.4. L’homomorphisme p* est surjectif pour tout nombre rationnel X € (0,1).

2.5. Le théoréme d’Igusa, mentionné ci-dessus, correspond au cas ou A = 1/2; on a alors
S'/2 ~ Spec(k[[t]]), UY?2 = ¢ est le point générique de S'/2, et ’homomorphisme p'/? est une
représentation galoisienne

p'/?: Gal(€/€) — Gly, (T, (GY2,7)) ~ 2.

2.6. Considérons le cas oit A = 1/3. On a S'/3 = Spec(R) ot R = k[[t1,ts]], et UY3 =
Spec(R[1/t1]). Le théoréme suivant est le résultat principal de la seconde partie de cette thése.

Théoréme 2.7 ([II] Thm. 1.7). La conjecture 2.4 est vraie pour A = 1/3, i.e. ’homomorphisme
p1/3: 1 (U1/37E) - Auth (TP(Gl/SaE)) = GL?(ZZJ)

est surjectif.

2.8. Pour tout nombre rationnel A € (0,1), on désigne par
P m (U €) — Autp, (TP(G)\7E)/pr(G)\7g>) ~ GL,—(Fp),
la réduction modulo p de ’homomorphisme p*. On a les résultats suivants :

Proposition 2.9. (i) L’%image de p* contient un sous-groupe H de GL,_s(F,) tel que le sous-
ensemble H U {0} de l'algebre des matrices M, _ ) (r—s)(Fp) s0it un corps fini a p"~* éléments.
(ii) L’ordre du groupe Im(p*) est divisible par p"—*~1.
(iii) Sir —s =1 ou 2, I’lhomomorphisme p* est surjectif.

Pour démontrer 2.7 et 2.9, mon approche, inspirée par celle d’Ekedahl [9], consiste, d’une part
a étudier la monodromie d’une déformation de G* sur un trait de caractéristique p, et d’autre
part & construire des traits sur I’espace de modules local algébrique S* au-dessus desquels G* a
une large monodromie. Chemin faisant, on a obtenu des résultats intéressants qu’on se propose de
résumer dans la suite.

2.10. Soient A = k[[r]] I'anneau des séries formelles en une variable sur k, K son corps
des fractions, K une cloture algébrique de K, K®P la cloture séparable de K dans K. Posons
S = Spec(A), s (resp. 1) le point fermé (resp. générique) de S, 77 le point géométrique de S



correspondant & K, I = Gal(K*?/K) le groupe de Galois de K sur K et v la valuation de K
normalisée par v(7) = 1.

Soient G un groupe de Barsotti-Tate sur S, GV son dual de Serre. L’algébre de Lie de G, notée
Lie(GY), est un module libre de rang fini sur A. L’homomorphisme de Frobenius de G induit alors
un endomorphisme semi-linéaire de Lie(GY) [II, 2.7.1]. On Pappelle morphisme de Hasse- Witt et
on le note HW¢. L’invariant de Hasse de G, noté hw(QG), est la valuation du déterminant d’une
matrice de HW¢ [I1, 5.4]. Cet invariant, analogue en caractéristique p de la hauteur de Hodge qu’on
a introduit au début du chapitre §1, mesure l'ordinarité de G ; G est ordinaire si et seulement si
hw(G) =0, et G est génériquement ordinaire si et seulement si hw(G) < co. Le cas ot hw(G) =1
a un intérét particulier. En effet, on peut reformuler le théoréme d’Igusa comme suit.

Théoréme 2.11 ( [II] Théo. 5.14). Soit G un groupe de Barsotti- Tate conneze de dimesion 1 et de
hauteur 2 sur S tel que hw(G) = 1. Alors G est versel sur S et ’lhomomorphisme de monodromie
associé a G

pe: I = Gal(K/K) — Autg, (T,(G,7)) ~ L}

est surjectif.

2.12. Pour un groupe de Barsotti-Tate général sur S, on peut décrire la réduction modulo p
de I’homomorphisme de monodromie associé. Rappelons d’abord quelques propriétés sur le groupe
d’inertie I. Soient I, C I le sous-groupe d’inertie sauvage, I; = I /I, le groupe d’inertie modérée.
On a un isomorphisme canonique

(2.12.1) 0: I, = @ Ihd,
(d,p)=1

ou d parcourt ’ensemble des entiers positifs premiers & p, uq est le groupe des racines d-éme de
'unité dans k, et le morphisme de transition j,,, — pq est donné par ¢ — ¢"/¢ lorsque d divise m.
Pour tout d, on note 64: I; — pq4 la projection induite de (2.12.1). Soient ¢ une puissance de p, F,
le sous-corps de k & g éléments. On a F¥ = 41 on peut donc écrire Opn_1: Iy — ]F;n.

Soient G un groupe de Barsotti-Tate sur S de hauteur & et de dimension d, G(1) le noyau de
la multiplication par p sur G. On pose d* = h — d et

(2.12.2) pa: I — AutFp(G(l)(f)) ~ GLg- (Fp)
la réduction modulo p de 'homomorphisme de monodromie associé a G.

Proposition 2.13 ([II] Prop. 5.11). Soient r,s des entiers premiers entre euz tels que 0 < s < r,
A= 2,q =7p"° G une déformation de G au-dessus de S telle que hw(G) = 1. Alors la
représentation pe est modérée; de plus, G(1)(K) est un F,-espace vectoriel sur lequel action
induite de I est donnée par le caractere 0y _1: Iy — F.

Cette proposition est un analogue en caractéristique p d’un résultat de Serre sur la monodromie
modulo p associée aux groupes formels de dimension 1 en caractéristiques mixtes [18, Prop. 9]. Sa
preuve, inspirée par loc. cit., est basée sur ’étude du morphisme de Hasse-Witt de G.

2.14. Soient G un groupe de Barsotti-Tate sur S = Spec(A4), G sa fibre spéciale, d* la
dimension de son dual de Serre G. On dit que G est HW-cyclique [I1, 5.6] 8’il remplit les conditions
équivalentes suivantes :

(i) Il existe un élément e de Lie(GY) tel que

(e, HWq. (e), ... , (HWg,)® ~1(e))



forment une base de HW¢, .
(ii) L’algebre de Lie de GV admet une base sur A dans laquelle HW s est représenté par une
matrice A coefficients dans A de la forme

00 - 0 —a
1 0 0 —as
(2.14.1) h=|0 1 - 0 —as
00 -+ 1 —ag

L’équivalence de (i) et (ii) découle facilement du lemme de Nakayma.

2.15. On montre que pour tout nombre rationnel A € (0,1), toute déformation de G* 4 S est
HW-cyclique [II, 5.8]. Ce fait important est une conséquence immédiate d’un calcul du morphisme
de Hasse-Witt de la déformation universelle de G*. D’autre part, tout groupe de Barsotti-Tate
connexe sur S avec hw(G) = 1 est HW-cyclique. La proposition 2.13 se déduit alors de I’énoncé
(i) de la proposition suivante.

Proposition 2.16 ([IT] Prop. 5.11, 5.13). Soient G un groupe de Barsotti-Tate HW-cyclique sur
S de hauteur h et de dimension d,

0 0 0 —a
10 -+ 0 —as
h=|0 1 - 0 —ay
0 0 1 —Qq*

une matrice de HW . Posons d* = h —d et ¢ = p*" .

(i) Supposons G connexe et hw(G) = v(ay) = 1. Alors la représentation pe (2.12.2) est modérée ;
de plus, G(1)(K) est un F,-espace vectoriel de dimension 1 sur lequel I; agit par le caractére
Og—1: Iy — ]F;.

(if) Supposons d* > 1, v(a;) > 2 pour tout 1 <i < d*—1 et v(aq-) = 1. Alors 'ordre du groupe
Im(pg) est divisible par p* —.

(iii) Posons f(X) = x»" + adx«Xpd*f1 +o 4o X, a1 =1, et
io = lg_ugr}i*{z;v(ai) =0} —1.
Supposons qu’il existe o € k tel que v(f(a)) = 1. Alors on a 0 <ig < d* — 1, et l'ordre de Im(p¢;)
est divisible par p'.

La forme explicite de HW ¢ nous permet d’identifier G(1)(K) au groupe additif formé par les
racines de f(X), et par suite de décrire explicitement I’action de I sur G(1)(K).

Cette proposition est 'ingrédient principal dans les preuves de 2.7 et 2.9. En effet, les énoncés
2.16(i) et 2.16(ii) suffisent pour démontrer 2.9 [II, 7.3]. Pour prouver 2.7, on se raméne a vérifier
la non-nullité d’une classe de cohomologie associée & un groupe de Barsotti-Tate sur un trait (cf.
[IT, 7.9]). L’énoncé 2.16(iii) nous permet de donner un critére explicite pour que cette classe soit
non-nulle [II, 5.18].
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CANONICAL SUBGROUPS OF BARSOTTI-TATE GROUPS

1 Introduction

1.1. Let Ok be a complete discrete valuation ring with fraction field K of characteristic 0 and
perfect residue field k of characteristic p > 0. We put S = Spec(0k) and denote by s (resp. n) its
closed (resp. generic) point. Let G be a truncated Barsotti-Tate group of level 1 over S. If G is
ordinary, the kernel of its Frobenius endomorphism is a multiplicative group scheme and can be
uniquely lifted to a closed subgroup scheme of G, finite and flat over S. If we do not assume G
ordinary but only that “G is not too supersingular”, a condition that will be explicitly expressed in
terms of the valuation of a certain determinant, we will prove that we can still canonically lift the
kernel of the Frobenius endomorphism of G to a subgroup scheme of G, finite and flat over S. We
call it the canonical subgroup of G. Equivalently, under the same condition, we will prove that the
Frobenius endomorphism of G4 can be canonically lifted to an isogeny of truncated Barsotti-Tate
groups over .S. This problem was first raised by Lubin in 1967 and solved by himself for 1-parameter
formal groups [16]. A slightly weaker question was asked by Dwork in 1969 for abelian schemes
and answered also by him for elliptic curves [9] : namely, could we extend the construction of
the canonical subgroup in the ordinary case to a “tubular neighborhood” (without requiring that
it lifts the kernel of the Frobenius) ? The dimension one case played a fundamental role in the
pioneering work of Katz on p-adic modular forms [14]. For higher dimensional abelian schemes,
Dwork’s conjecture was first solved by Abbes and Mokrane [1] ; our approach is a generalization of
their results. Later, there have been other proofs, always for abelian schemes, by Andreatta and
Gasbarri [3], Kisin and Lai [15] and Conrad [7].

1.2. For an S-scheme X, we denote by X; its reduction modulo p. The valuation v, of K,
normalized by v,(p) = 1, induces a truncated valuation s, \{0} — QnN[0,1). Let G be a truncated
Barsotti-Tate group of level 1 and height h over S, GV be its Cartier dual, and d be the dimension of
the Lie algebra of G over k. The Lie algebra Lie(GY) of GY is a free Og,-module of rank d* = h—d,
canonically isomorphic to Homg, ). (G1,G,) ([12] 2.1). The Frobenius homomorphism of G, over
S induces an endomorphism F' of Lie(GY), which is semi-linear with respect to the Frobenius
homomorphism of &g,. We define the Hodge height (3) of Lie(GY) to be the truncated valuation
of the determinant of a matrix of F. This invariant measures the ordinarity of G.

1.3. Following [1], we construct the canonical subgroup of a truncated Barsotti-Tate group
over S by the ramification theory of Abbes and Saito [2]. Let G be a commutative finite and
flat group scheme over S. In [1], the authors defined a canonical exhaustive decreasing filtration
(G%, a € Q>¢) by finite, flat and closed subgroup schemes of G. For a real number a > 0, we put
Gt = Uy>,G?, where b runs over rational numbers.

Theorem 1.4. Assume that p > 3, and let e be the absolute ramification index of K and j =
e/(p—1). Let G be a truncated Barsotti- Tate group of level 1 over S, d be the dimension of the Lie
algebra of G over k. Assume that the Hodge height of Lie(GY) is strictly smaller than 1/p. Then,
(i) the subgroup scheme G+ of G is locally free of rank p? over S ;
(i) the special fiber of Gt is the kernel of the Frobenius endomorphism of G.
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1.5. Statement (i) was proved by Abbes and Mokrane [1] for the kernel of multiplication by
p of an abelian scheme over S. We extend their result to truncated Barsotti-Tate groups by using
a theorem of Raynaud to embed G into an abelian scheme over S. To prove statement (ii), which
we call “the lifting property of the canonical subgroup”, we give a new description of the canonical
filtration of a finite, flat and commutative group scheme over S killed by p in terms of congruence
groups. Let K be an algebraic closure of the fraction field of S, O3 be the integral closure of Ok
in K. Put S = Spec(0%). For every A € O with 0 < v,(\) < 1/(p—1), Sekiguchi, Oort and Suwa
[20] introduced a finite and flat group scheme G of order p over S (see (7)) ; following Raynaud,
we call it the congruence group of level A. If v,(A) = 0, G is isomorphic to the multiplicative
group scheme 1, = Spec(O%[X]/(XP — 1)) over S; and if v,(A) = 1/(p — 1), G, is isomorphic to
the the constant étale group scheme F,,. For general A € 0% with 0 < X\ < 1/(p — 1), there is a
canonical S-homomorphism 6, : Gy — ip, such that 0 ® K is an isomorphism. For a finite, flat
and commutative group scheme G over S killed by p, 8y induces a homomorphism

0,(G): Homz(G,G\) — GY(K) = Homg(G, pp).

We prove that it is injective, and its image depends only on the valuation a = vp(A) ; we denote
it by GV (K)[ where e is the absolute ramification index of K (the multiplication by e will be

justified later). Moreover, we get a decreasing exhaustive filtration (GV(K)!*,a € QN [0, -510)

Theorem 1.6. Let G be a finite, flat and commutative group scheme over S killed by p. Under
the canonical perfect pairing

G(?) X GV(F) — NP(K)v

we have for any rational number a € Q>,

GVE)FT5 if 0<a<

GY(K), if a> 2

ep
p—1’

Ga+ (F)L _ {

Andreatta and Gasbarri [3] have used congruence groups to prove the existence of the canonical
subgroup for abelian schemes. This theorem explains the relation between the approach via the
ramification theory of [1] and this paper, and the approach of [3].

1.7. This article is organized as follows. For the convenience of the reader, we recall in section
2 the theory of ramification of group schemes over a complete discrete valuation ring, developed
in [2] and [1]. Section 3 is a summary of the results in [1] on the canonical subgroup of an abelian
scheme over S. Section 4 consists of some preliminary results on the fppf cohomology of abelian
schemes. In section 5, we define the Bloch-Kato filtration for a finite, flat and commutative group
scheme over S killed by p. Using this filtration, we prove Theorem 1.4(i) in section 6. Section 7
is dedicated to the proof of Theorem 1.6. Finally in section 8, we complete the proof of Theorem
1.4(ii).

1.8. This article is a part of the author’s thesis at Université Paris 13. The author would like to
express his great gratitude to his thesis advisor Professor A. Abbes for leading him to this problem
and for his helpful comments on earlier versions of this work. The author thanks Professors W.
Messing and M. Raynaud for their help. He is also grateful to the referee for his careful reading
and very valuable comments.

1.9. Notation In this article, Ok denotes a complete discrete valuation ring with fraction
field K of characteristic 0, and residue field k of characteristic p > 0. Except in Section 2, we will
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assume that k is perfect. Let K be an algebraic closure of K, ¥k = Gal(K/K) be the Galois group
of K over K, U7 be the integral closure of O in K, mz the maximal ideal of %, and k be the
residue field of 0.

We put S = Spec(Ok), S = Spec(0%), and denote by s and n (resp. 5 and 7)) the closed and
generic point of S (resp. of S) respectively.

We fix a uniformizer 7 of 0. We will use two valuations v and v, on Ok, normalized respec-
tively by v(m) =1 and v,(p) = 1; so we have v = ev,, where e is the absolute ramification index
of K. The valuations v and v, extend uniquely to K ; we denote the extensions also by v and Vp.
For a rational number a > 0, we put m, = {z € K;v,(z) > a} and S, = Spec(Oz/m,). If X is a
scheme over S, we will denote respectively by X, X5 and X, the schemes obtained by base change
of X to S,5and S,.

If G is a commutative, finite and flat group scheme over S, we will denote by GV its Cartier
dual. For an abelian scheme A over S, AV will denote the dual abelian scheme, and , A the kernel
of multiplication by p, which is a finite and flat group scheme over S.

2 Ramification theory of finite flat group schemes over S

2.1. We begin by recalling the main construction of [2]. Let A be a finite and flat &'k-algebra.
We fix a finite presentation of A over Ok

0—1— Oklxy, - ,x,) > A—0,

or equivalently, an S-closed immersion of i: Spec(A) — A%. For a rational number a > 0, let X*
be the tubular neighborhood of ¢ of thickening a (|2] Section 3, [1] 2.1). It is an affinoid subdomain
of the n-dimensional closed unit disc over K given by

XUK) ={(2v1," yzn) € OF| v(f(z1,-+,25)) > a, VfeI}.

Let Wo(X%) be the set of geometric connected components of X“. It is a finite ¥ -set that does
not depend on the choice of the presentation ([2] Lemma 3.1). We put

(2.1.1) FU(A) = mo(Xg).

For two rational numbers b > a > 0, X? is an affinoid sub-domain of X*. So there is a natural
transition map F°(A) — F(A).
2.2. We denote by AFP 4, the category of finite flat Ox-algebras, and by ¥x-Ens the category

of finite sets with a continuous action of ¥k . Let

Z: AFP,, — 9Yk-Ens

A +—  Spec(4)(K)
be the functor of geometric points. For a € Qxg, (2.1.1) gives rise to a functor
F: AFPy  — 9i-Ens.

For b > a > 0, we have morphisms of functors ¢ : & — F% and ¢¢ : F° — F9, satisfying the
relations ¢ = ¢® o ¢ and ¢ = ¢f o ¢° for ¢ > b > a > 0. To stress the dependence on K, we
will denote .Z (resp. .#*) by Fk (resp. F5). These functors behave well only for finite, flat and
relative complete intersection algebras over Ok (EGA IV 19.3.6). We refer to [2] Propositions 6.2
and 6.4 for their main properties.
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Lemma 2.3 ([1] Lemme 2.1.5). Let K'/K be an extension (not necessarily finite) of complete
discrete valuation fields with ramification index ex: k. Let A be a finite, flat and relative complete
intersection algebra over O . Then we have a canonical isomorphism F ., /" (A') ~ F&(A) for

all a € Qsg.

2.4. Abbes and Saito show that the projective system of functors (F*, F — F)acqs, gives
rise to an exhaustive decreasing filtration (9%,a € Qo) of the group %, called the ramification
filtration ([2] Proposition 3.3). Concretely, if L is a finite Galois extension of K contained in K,
Gal(L/K) is the Galois group of L/K, then the quotient filtration (Gal(L/K)*)scq-, induced by
(95 )acs, is determined by the following canonical isomorphisms -

FL) ~ Gal(L/K)/ Gal(L/K)°.

For a real number a > 0, we put 5t = Up> 9%, and if a > 0 9% = My, G% , where b runs over
rational numbers. Then 42" is the inertia subgroup of 9k ([2] Proposition 3.7).

2.5. We recall the definition of the canonical filtration of a finite and flat group schemes over
S, following [1]. Let Grg be the category of finite, flat and commutative group schemes over S. Let
G be an object of Grg and a € Q. Then there is a natural group structure on .#(A4) ([1] 2.3),
and the canonical surjection .#(A) — .F#%(A) is a homomorphism of ¥x-groups. Hence, the kernel
G*(K) = Ker(F(A) — F%(A)) defines a subgroup scheme G¢ of G, over 5, and the schematic
closure G* of G} in G is a closed subgroup scheme of G, locally free of finite type over S. We put
GY = G. The exhaustive decreasing filtration (G, a € Q>) defined above is called the canonical
filtration of G ([1] 2.3.1). Lemma 2.3 gives immediately the following.

Lemma 2.6. Let K'/K be an extension (not necessarily finite) of complete discrete valuation
fields with ramification index ek x, O be the ring of integers of K', and K’ be an algebraic
closure of K' containing K. Let G be an object of Grg and G' = G xg Spec(Ox). Then we have
a canonical isomorphism G*(K) ~ G'**x'/x (K') for all a € Qq.

2.7. For an object G of Grg and a € Q>¢, we denote G** = UpsaG? and if @ > 0, G¢~ =
Oo<b<aGb, where b runs over rational numbers. The construction of the canonical filtration is
functorial : a morphism « : G — H of Grg induces canonical homomorphisms u® : G* — H?,
ut : GF — He and v : G — HO.

Proposition 2.8 ([1] Lemmes 2.3.2 and 2.3.5). (i) For any object G of Grg, G°T is the neutral
connected component of G.

(ii) Let u : G — H be a finite flat and surjective morphism in Grg and a € Qso. Then the
homomorphism u®(K) : G*(K) — H%(K) is surjective.

2.9. Let A and B be two abelian schemes over S, ¢ : A — B be an isogeny (i.e. a finite flat
morphism of group schemes), and G be the kernel of ¢. Let v (resp. p) be the generic point of the
special fiber A, (resp. Bs), and 0, (resp. @L) be the completion of the local ring of A at v (resp.
of B at u). Let M and L be the fraction fields of 02, and ﬁl respectively. So we have the cartesian
diagram

Spec M —— Spec 6, — A

]

Spec L —— Spec @L —B
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We fix a separable closure L of L containing K, and an imbedding of M in L. Since ¢ : A — B is
a G-torsor, M /L is a Galois extension, and we have a canonical isomorphism

(2.9.1) G(K) = Fx(G) > F(0,) = Gal(M/L).
Using the same arguments of ([1] 2.4.2), we prove the following

Proposition 2.10. For all rational numbers a > 0, the isomorphism (2.9.1) induces an isomor-
phism G*(K) ~ Gal(M/L)".

3 Review of the abelian scheme case following [1]

From this section on, we assume that the residue field k of O is perfect of characteristic p > 0.

3.1. Let X be a smooth and proper scheme over S, and X = X x gS. We consider the cartesian
diagram
J

N

X5 X Xﬁ
5=Speck —> S <——17 = Spec K

and the sheaves of p-adic vanishing cycles on Xz

(3.1.1) v =7 R%.(Z/pZ(q)),

where ¢ > 0 is an integer and Z/pZ(q) is the Tate twist of Z/pZ. It is clear that ¥ ~ Z/pZ. By
the base change theorem for proper morphisms, we have a spectral sequence

(3.1.2) EP(X) = HP (X, W) (—q) — HP*9(X;, Z/p),
which induces an exact sequence
(3.1.3) 0 — HY(X5,Z/pZ) — HY (X7, Z/pZ) = H° (X5, Vi) (—1) — H*(X5, Z/pZ).
3.2. The Kummer’s exact sequence 0 — i, — G,, — G,,, — 0 on X3 induces the symbol map
(3.2.4) hx i1 J.0% — V.
We put U%WL = UL and for a € Q,

(3.2.5) Uy = he(1 + 7% O),

where by abuse of notation 7 is an element in & with v(7®) = a . We have U*¥} =0if a >
([1] Lemme 3.1.1).
Passing to the cohomology, we get a filtration on H' (X5, Z/pZ) defined by :

€p
p—1

UH! (X7, Z/pZ) = B (X, Z /D),
(3.2.6) UHY (X7, Z/pZ) = v '(H (X5, U ) (=1)), for a € Qso,

called the Bloch-Kato filtration.
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Theorem 3.3 ([1] Théoréme 3.1.2). Let A be an abelian scheme over S, ,A its kernel of multi-
plication by p, and ¢’ = 1%. Then under the canonical perfect pairing

(3.3.1) WA(K) x HY(Ay, Z/pZ) — L/pZ,
we have for all a € Q>o,

g U¢~"HY(A5,Z/pZ)  if0<a<¢;
PA (K) = 1 .
H' (A5, Z/pZ) ifa>e¢.

3.4. Let X be a scheme over S, X = X xg S. For all a € Q~, we put S, = Spec(O%/m,)
and X, = X xg S, (1). We denote by D((X1)¢) the derived category of abelian étale sheaves over
X 1. A morphism of schemes is called syntomic, if it is flat and of complete intersection.

Let X be a syntomic and quasi-projective S-scheme, r and n be integers with » > 0 and n > 1.

In [13], Kato constructed a canonical object /,Eﬂy in D((X1)et), and if 0 <7 < p — 1 a morphism
©p /7[:]? — jio]?, which can be roughly seen as “1/p" times of the Frobenius map”. We refer to
[13] and ([1] 4.1.6) for details of these constructions. Let .#, (1) be the fiber cone of the morphism
or —1for 0 <r <p-—1;s0 we have a distinguished triangle in D((X1)¢t)

(3.4.2) Fn(r)x — /r[f]? e, /TE‘”Y +, .

The complexes .7, (r)s (0 < r < p—1) are called the syntomic complezes of X. For our purpose,
we recall here some of their properties for r = 1.

3.5. According to ([13] section 1.3), for any integer n > 1, there exists a surjective symbol map

0% = AN (SDy).

n+1

For a geometric point T of X3, we put
I AR
et = (0x:)) = @708
By ([13] 1.4.2), the above symbol map at Z factorizes through the canonical surjection ﬁ’%f —
&1/p" 61

Theorem 3.6 ([13] 1.4.3). Assume that p > 3. Let X be a smooth and quasi-projective scheme
over S. Then there is a canonical isomorphism (%1 (1)) >V, which is compatible with the
symbol maps &% — A (S1(1)x)z and hx : 6L — Uk o (3.2.4).

3.7. Let X be a smooth and quasi-projective scheme over S. Let ¢x, and ¢z, be the absolute

Frobenius morphisms of X; and S;, and let ng) be the scheme defined by the cartesian diagram



For all integers ¢ > 0, we denote by F the composed morphism

q w" g q q—1
QX1/§1 — ngm/gl - Qfl/gl /d(le/gl ),

where the second morphism is induced by the Cartier isomorphism

—1 . q ~ °
Cyl/gl : Qyip)/gl — %Q(le/gl).
Let ¢ be the class in 05 of a p-th root of (—p). We set
(3.7.1) P = Coker(ﬁx1 LN ﬁX1>,

F—1
9 = Ker <Q§(1/Sl — Qﬁ(l/sl/d(ﬁxl)).

Proposition 3.8 ([1] 4.1.8). The notations are those as above, and we assume moreover that
p > 3. Let T be a geometric point in Xs.
(i) There exist canonical isomorphisms

P = coker(ffo(/[”) EIiN jfo(/”)), 2 Ker(éfl(/“] ) 2 %”1(/[0]))

1,X 1,X 1,X 1,X

so the distinguished triangle (3.4.2) gives rise to an exact sequence
(3.8.1) 0 2% N ANy D 20

(il) Let e(T) = S0=5 T*/i! € Z,[T). Then the morphism oz in (3.8.1) is induced by the map
Ox, = — 63/p&5 given by
ae(=a(¢ -1,
where a is a lift of a € Ox,  and C € K is a primitive p-th root of unity.
(iil) The composed map

S4/pSE T AN AW ) > 25
s the unique morphism sending a € ﬁ%f to a”'da € 25.
Remark 3.9. Statement (i) of Proposition 3.8 implies that, via the canonical isomorphism ' (71 (1)%) ~
VL (3.6), P can be identified with the submodule U°WY, of UL defined in (3.2.5).

Proposition 3.10 ([1] 4.1.9). Assume that p > 3. Let X be a smooth projective scheme over S,
t={p—1)/p.

(i) The morphism F — ¢ : O%x, — O%, factorizes through the quotient morphism O%x, — U%,;
and we have an exact sequence

(3.10.1) 0—F,— Og, % 05 — P —0.

(ii) Let 6 : HY(X1, 22) — H2(X1,F,) be the cup-product with the class of (3.10.1) in Ext?(2, F,),

and o o
dy' s HO(X5, Uk )(—1) — H*(X5,Fp)
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be the connecting morphism in (3.1.3). Then the composed morphism

HO(X ), 2) — HO(Xs, 2 (A1(1)5)) = HO(Xs, W) 20

H2(X5,F,)(1)
coincides with (dg, where the middle isomorphism is given by Theorem 3.6, and ( is a chosen p-th
root of unity. o

(i) Assume moreover that H(X,, Ox ) = Os, forr =1 andt. Then we have an exact sequence
(3.10.2)

0— Hl(Xg, Fp) — Ker (Hl (Yl, ﬁyt) E)

Hl(ylv ﬁXl)) - HO(Yla ‘@) 5—E> HQ(X§7 FI))

3.11.

Let M be a free 05 -module of rank 7 and ¢ : M — M be a semi-linear endomorphism with
respect to the absolute Frobenius of O, . Following [1], we call M a -05 -module of rank 7. Then
@(M) is an Og _-submodule of M, and there exist rational numbers 0 S a1 <a <---<a, <1,
such that

M/p(M) ~ &I, O /m,.

We define the Hodge height of M to be >.._, a;. For any rational number 0 < ¢ < 1, we put
My =M ®ﬁ§1 ﬁgt.

Proposition 3.12 ([3] 9.1 and 9.7). Assume that p > 3. Let A be an element in O, and r > 1
an integer. We assume v = v,(A\) < % and let M be a @-Og -module of rank r such that its Hodge
height is strictly smaller than v.

(i) The morphism ¢ — X : M — M factorizes through the canonical map M — M;_, and the
kernel of o — X\ : Mi_, — M 1is an Fp-vector space of dimension r.

(ii) Let Ny be the kernel of the morphism Mi_, — M induced by ¢ — X\, and N be the OF-
submodule of My_, generated by No. Then we have dimp(N/mzN) = dimp, No = 7.

3.13. We can now summarize the strategy of [1] as follows. Let A be a projective abelian
scheme of dimension ¢ over S. By Proposition 3.10(iii), we have

(3.13.1) dimg, H' (A}, F,) + dimg, Ker <H0(A1, ) 22, 02 (4, IF,,))
= dime Ker (Hl(Al, ﬁzt) i H1 (Zl, ﬁA1)> .

By Remark 3.9 and Proposition 3.10(ii), the left hand side equals dimp, U°H' (A, Z/pZ) (3.2.6).
Taking account of Theorem 3.3, we get

(3.13.2) 2g — dimp, (, 47T (K)) = dimp, Ker (Hl(Al, O%,) I HY(A, ﬁX1)>,
where j = & (i) to M = H'(4,, O%,) and X = ¢, we obtain immediately the first

statement of Theorem 1.4 for projective abelian schemes. In fact, Abbes and Mokrane proved a
less optimal bound on the Hodge height ([1] 5.1.1).
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4 Cohomological preliminaries

4.1. Let f: X — T be a proper, flat and finitely presented morphism of schemes. We work
with the fppf-topology on T', and denote by Picx /7 the relative Picard functor R}ppff* (G).-

If T' is the spectrum of a field, Picx/r is representable by a group scheme locally of finite type
over k. We denote by Picg(/T the neutral component, and put Pick/p = U,>; 7" Pic())(/T, where
n : Picy,p — Picx,r is the multiplication by n. Then Picg(/T and Picy,, are open sub-group
schemes of Picx /7.

For a general base, Picx,r is representable by an algebraic space over T ([4] thm. 7.3). We
denote by Picg(/T (resp. Pick ) the subfunctor of Picx,r which consists of all elements whose
restriction to all fibres X, t € T', belong to Picg(t/t (resp. Pick, ;). By (SGA 6 XIII, thm 4.7), the
canonical inclusion Pic’ y7 — Plcx,r is relatively representable by an open immersion.

4.2. Let f: A — T be an abelian scheme. If T is the spectrum of a field, the Néron-Séveri
group Picy,r / PiC?q/T is torsion free, i.e. we have Pic%/T = Pic} /. This coincidence remains true
for a general base T' by the definitions of Pic% 7 and Pic) ;. Moreover, Picj r is formally smooth
(cf. [18] Prop. 6.7), and PicQ/T is actually open and closed in Picy /7, and is representable by a
proper and smooth algebraic space over T, i.e. an abelian algebraic space over 7. By a theorem of
Raynaud ([10] Ch. 1, thm. 1.9), every abelian algebraic space over T is automatically an abelian
scheme over 7. So Pic%/T = Pic)y /7 is an abelian scheme, called the dual abelian scheme of A, and
denoted by AV.

Let H be a commutative group scheme locally free of finite type over T. Recall the following
isomorphism due to Raynaud ([19] 6.2.1) :

(4.2.3) Riypifo(Ha) = A om(HY , Pica,r),
where Hy = H xp A, H" is the Cartier dual of H, and Z om is taken for the fppf-topology on 7.

Proposition 4.3. Let A be an abelian scheme over a scheme T, and H a commutative group
scheme locally free of finite type over T'. Then we have canonical isomorphisms

(4.3.1) Ext* (A, H) = Aom(HY,AY),
(4.3.2) Ext' (4, H) = HY (T, &t (A, H)) = Hom(H", AY).

Proof. For any fppf-sheaf F on T', we have
Hom(HY, #om(E,G,,)) ~ #om(HY @z E,G,) ~ #om(E,H).
Deriving this isomorphism of functors in F and putting F = A, we obtain a spectral sequence
EYY = Ext?(HY, Eat1(A,G,,)) = ExtPTI(A, H).
Since 7 om(A,G,,) = 0, the exact sequence
0— Ey°’ — &at* (A, H) — EY' — E3°

induces an isomorphism
Ext* (A H) ~ #om(H,Ext' (A, G)).
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Then (4.3.1) follows from the canonical identification &zt (A, G,,) ~ AV ([8] 2.4). For (4.3.2), the
spectral sequence

ED? = HP (T, Eat'(A, H)) = Ext’*(A, H)

induces a long exact sequence

0 — Hof (T, # om(A, H)) — Ext' (4, H) 5 H) (T, Eat' (A, H)) — HZ, (T, 2 om(A, H)).
Since s om(A,H) = 0, the arrow (1) is an isomorphism, and (4.3.2) follows by applying the
functor HY, (T, _) to (4.3.1). O

4.4. The assumptions are those of (4.3). We define a canonical morphism
(4.4.3) Ext'(A, H) — H{,¢(A, H)

as follows. Let a be an element in Ext' (A, H) represented by the extension 0 — H — E — A — 0.
Then the fppf-sheaf E is representable by a scheme over T', and is naturally a H-torsor over A.
The image of a by the homomorphism (4.4.3) is defined to be the class of the torsor E. Since this
construction is functorial in 7', by passing to sheaves, we obtain a canonical morphism

(4.4.4) Ext' (A, H) — Ri, o f(Ha).

Via the isomorphisms (4.2.3) and (4.3.1), we check that (4.4.4) is induced by the canonical map
Av = PiC(f)l/T — PiCA/T.

Since H is faithfully flat and finite over T, the inverse image of the fppf-sheaf H by f is
representable by H 4, i.e. we have f*(H) = H 4. Therefore, we deduce an adjunction morphism

(4.4.5) H — RY, i f(Ha).

Proposition 4.5. Let f : A — T be an abelian scheme, and H be a commutative group scheme
locally free of finite type over T. Then the canonical maps (4.4.4) and (4.4.5) are isomorphisms.

Proof. First, we prove that (4.4.4) is an isomorphism. By (4.2.3) and (4.3.1), we have to verify
that the canonical morphism

A om(HY,AY) — A om(H",Pica,r)

is an isomorphism. Let g : HY — Pic4 /7 be a homomorphism over T'. For every t € T', the induced
morphism g, : HY — Picy,, falls actually in Pic],, /¢ because H V' is a finite group scheme.
Hence, by the definition of Pic’ /T the homomorphism g factorizes through the canonical inclusion
AY = Piclyp — Picar; so the canonical morphism Hom(HY, AY) — Hom(H",Pica,r) is an
isomorphsim.

Secondly, we prove that (4.4.5) is an isomorphism. For T-schemes U and G, we denote Gy =
G x7 U. We must verify that for any T-scheme U, the adjunction morphism

(4.5.1) p(U) : HU) — Rippe fx(Ha)(U) = H(Av)

is an isomorphism. We note that H(U) = Hy(U) and H(Ay) = Hy(Ay) ; therefore, up to taking
base changes, it suffices to prove that ¢(7') (4.5.1) is an isomorphism. We remark that f is surjective,
hence ¢(T) is injective. To prove the surjectivity of ¢(T), we take an element h € H(A), i.e. a
morphism of T-schemes h : A — H ; by rigidity lemma for abelian schemes (cf. [18] Prop. 6.1),
there exists a section s : T'— H of the structure morphism H — T such that so f = h. Hence we
have ¢(T')(s) = h, and ¢(T') is an isomorphism. O
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Corollary 4.6. Let T be the spectrum of a stirctly henselian local ring, f : A — T an abelian
scheme, and H a finite étale group scheme over T'. Then we have canonical isomorphisms

HY (A, H) ~ Hi (A, H) ~ Ext' (A, H).

Proof. The first isomorphism follows from the étaleness of H ([11], 11.7). For the second one, the
“local-global” spectral sequence induces a long exact sequence

0— H%ppf (Ta R(f)ppff* (HA)) - H%ppf(Av H) - H?ppf(Ty Rflppff* (HA)) - Hf2ppf (T7 Rprpff* (HA))

By Prop. 4.5, we have R?ppff*(HA) = H. Since T is strictly henselian and H étale, we have

Hiopt
and the corollary follows from 4.5 and (4.3.2).

4.7. Let T be a scheme, and G be a commutative group scheme locally free of finite type
over T. We denote by G, the additive group scheme, and by Lie(G"Y) the Lie algebra of GV. By
Grothendieck’s duality formula ([17] IT §14), we have a canonical isomorphism

(4.7.1) Lie(GY) ~ s omr(G,G,),

where we have regarded G and G, as abelian fppf-sheaves on T'. If T is of characteristic p and G
is a truncated Barsotti-Tate group over T, then Lie(GV) is a locally free of finite type &r-module
([12] 2.2.1(c)).

Similarly, for an abelian scheme f: A — T, we have a canonical isomorphism ([5] 2.5.8)

(4.7.2) Lie(AY) ~ &xt1(A,Gy) ~ R f.(G,).
In the sequel, we will frequently use the identifications (4.7.1) and (4.7.2) without any indications.

The following Lemma is indicated by W. Messing.

Lemma 4.8. Let L be an algebraically closed field of characteristic p > 0, R be an L-algebra
integral over L, and M be a module of finite presentation over R, equipped with an endomorphism
@ semi-linear with respect to the Frobenius of R. Then the map ¢ —1: M — M is surjective.

Proof. First, we reduce the lemma to the case R = L. Consider R as a filtrant inductive limit
of finite L-algebras (R;):cs- Since M is of finite presentation, there exists an ¢ € I, and an R;-
module M; of finite presentation endowed with a Frobenius semi-linear endomorphism ¢;, such that
M = M; ®r, R and ¢ = ¢; ® 0, where ¢ is the Frobenius on R. For j > i, we put M; = M; ®g, R;
and ¢; = ¢; @R, 0, where o; is the Frobenius of R;. In order to prove ¢ — 1 is surjective on M,
it is sufficient to prove the surjectivity of ¢; — 1 on each M; for j > 7. Therefore, we may assume
that R is a finite dimensional L-algebra, and M is thus a finite dimensional vector space over L.

We put M; = |J,,~; Ker(¢™) and My = (),~; Im(¢™). Then we have a decomposition M =
M, @& M; as p-modules, such that ¢ is nilpotent on M; and bijective on My (Bourbaki, Algebre
VIII §2 n° 2 Lemme 2). Therefore, it is sufficient to prove the surjectivity of ¢ — 1 in the following
two cases :

(i) ¢ is nilpotent. In this case, the endomorphism 1 — ¢ admits an inverse 143" ., ¢". Hence
it is surjective. B

(ii) ¢ is invertible. We choose a basis of M over L, and let U = (a; j)1<ij<n be the matrix
of ¢ in this basis. The problem reduces to prove that the equation system Z?=1 am-xf —x; = b;
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(1<i<n)in X = (x1,---,2,) has solutions for all b = (by,--- ,b,) € L™. Since U is invertible,
let V' = (¢;5)1<i,j<n be its inverse. Then the equation system 2?21 aiijf — x; = b; is equivalent

to @} — 370 cijxy = b for 1 < i <n with &' = 37, ¢; ;b;. But these n equations define a finite
étale cover of Spec L of degree p™. Hence they admit solutions in L, since L is separably closed.

This completes the proof. O

Corollary 4.9. Let H be a Barsotti- Tate group or an abelian scheme over Sy (1). Then Ext?(H,F,) =
0 for the fppf topology on S1.

Proof. Let K be the fraction field of the ring of Witt vectors with coefficients in k ; so K is a finite
extension of degree e of Ko. Let 0% be the ring of integers of the maximal unramified extension

of Ky in K. Then U5, = /PO is integral over the algebraically closed field k= oy /pﬁ}‘(z. As

Ext?*(H,G,) = 0 ([5] Proposition 3.3.2), the Artin-Schreier’s exact sequence 0 — F, — G, =

G, — 0 induces an exact sequence
Ext!(H,G,) £=5 Ext'(H,G,) — Ext*(H,F,) — 0.

Since Ext'(H,G,) is a free Oz, -module ([5] 3.3.2.1), the corollary follows immediately from Lemma
4.8. O

5 The Bloch-Kato filtration for finite flat group schemes killed
by p

5.1. Recall the following theorem of Raynaud ([5] 3.1.1) : Let T' be a scheme, G be a commutative
group scheme locally free of finite type over T. Then locally for the Zariski topology, there exists a
projective abelian scheme A over T, such that G can be identified to a closed subgroup of A.

In particular, if G is a commutative finite and flat group scheme over S = Spec(& ), we have
an exact sequence of abelian fppf-sheaves over S

(5.1.1) 0—-G—A—B—0,

where A and B are projective abelian schemes over S. In the sequel, such an exact sequence is
called a resolution of G by abelian schemes.

5.2. Let f: X — Y be a morphism of proper and smooth S-schemes. For any integer ¢ > 0,
we have a base change morphism fZ(¥7) — ¥% of p-adic vanishing cycles (3.1.1) (SGA 7 XIII
1.3.7.1). For ¢ = 1, this morphism respects the Bloch-Kato filtrations (3.2.5), that is, it sends
2(UW3) to UL for all a € Q.

Passing to cohomology, we get a functorial map HP (Y5, ¥ )(—q) — HP (X5, U%)(—q) for each
pair of integers p, ¢ > 0. These morphisms piece together to give a morphism of spectral sequences
(3.1.2) Eép’Q)(Y) — Egp’Q)(X), which converges to the map HP™9(Yy, Z/pZ) — HPI( X5, Z/pZ)
induced by f7. Therefore, we have the following commutative diagram

1,0

(5.2.2) 0 ——> H!(Vs, Z/pZ) — H! (Y, /pl) —> HO(Va, W} )(~1) — 2> H2(Ys, Z/p)

ial laz \Lag \L(,u;
dt0

0 — H'(Xs5, Z/pZ) — HY (X3, Z/pZ) — H° (X5, UL )(—1) —= H*(X5,Z/pZ).
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It is clear that the Bloch-Kato filtration on H' (X7, Z/pZ) (3.2.6) is functorial in X. More precisely,
the following diagram is commutative :

(5.2.3) U“H! (Ys;, Z/pZ)— H' (Y5, Z,/pZ)

| |-

UaHl (Xﬁ7 Z/pZ)C—> Hl (Xﬁ7 Z/pZ)

5.3. Let G be a commutative finite and flat group scheme over S killed by p, and 0 — G —
A — B — 0 aresolution of G by abelian schemes (5.1.1). We apply the construction (5.2.2) to the
morphism A — B. Using Corollary 4.6, we obtain immediately that
Ker az = Ker (Extl(Bn, F,) — Ext'(Az, Fp))
= Hom(Gﬁv IFP) = GV(F)(i]-)a
Ker o = Ker (Extl(Bs, F,) — Ext'(As, Fp))
= Hom(G5,F,) = (Ger) " (K)(-1),

where Gy = G/G°F is the étale part of G (cf. 2.8). Setting N = Ker a3z, we can complete (5.2.2)
as follows :
(5.3.4)

0 (Gar) ¥ (B)(~1) —= GV (R)(~1) —* >N~ — =~~~ ~0
L

7 [’Yz &3

J d3°(B)

0 — HY(Bs,Z/pZ) — H'(B5;,Z/pZ) — H°(Bs, ¥L)(-1) —
| | .

0 — HY (A5, Z/pZ) — H' (A4, Z/pZ) — H° (A5, V) (—1) —

We will show later that the morphism w is surjective.

Definition 5.4. The assumptions are those of 5. We call the Bloch-Kato filtration on G (FLand
denote by (UG (K),a € Qx0), the decreasing and exhaustive filtration defined by U°GY(K) =
GY(K), and for a € Qso,

(5.41) UG (K) = 3 (UH (By, Z/pE)) (1).

Proposition 5.5. Let ¢/ = pefl , G be a commutative finite and flat group scheme over S killed by

p, and 0 — G — A — B — 0 be a resolution of G by abelian schemes (5.1.1).
(i) For all a € Q>p, we have

(5.5.1) U*GY(K) ~ Ker (U“Hl(Bn, Z/pZ)(1) LLION U“H' (A7, Z/pZ)(l))

~ oy (N(l) NH®(Bs, Ua\Ifl(B))> ;
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where N (1) is identified to a subgroup of H(Bs, V1(B)) by v3(1) in (5.3.4).

(i) The morphism u : G¥(K)(—1) — N in (5.3.4) is surjective. In particular, N is contained
in the kernel of the morphism dy°(B) in (5.3.4).

(iii) Under the canonical perfect pairing

(5.5.2) G(K) x GY(K) — pp(K),

we have, for all a € Q>o,

G (K)* = U *GY(K)  if0<a<e;
GV (E) ifa>e¢.

In particular, the filtration (U*GY(K),a € Qx¢) does not depend on the resolution of G by abelian
schemes.

Proof. Statement (i) is obvious from definition 5.4 and diagrams (5.2.3) and (5.3.4).

For (ii) and (iii), thanks to Lemma 2.6, we need only to prove the proposition after a base
change O — O/, where K'/K is a finite extension. Therefore, up to such a base change, we may
add the following assumptions.

(1) We may assume that k is algebraically closed, K contains a primitive p-th root of unity,
and G(K) = G(K).

(2) For X = A or B, we consider the cartesian diagram

Xq4i>X<LX77

T

§=5s—= 8§ <—-1

and the étale sheaf \II%(,K = i*RYj.(Z/pZ) over X,. By an argument as in the proof of ([1] 3.1.1),
we may assume that H(X,, ¥ ) = HO(X,, U 4 ).

Since UWL = 0 for a > ¢’ ([1] Lemme 3.1.1), we have U¢' GV (K) = Ker(u)(1) = (Gg)" (K).
Statement (iii) for a = 0 follows immediately from Proposition 2.8(i). The pairing (5.5.2) induces
a perfect pairing

(5.5.3) GO (K) x Im(u)(1) — p,(K).

In particular, we have dimg, (Im(u)(1)) = dimg, (G (K)).

Let u (resp. v) be the generic point of By = Bz (resp. of Ay = As), and U be a geometric point
over v. Then ¥ induces by the morphism v — p a geometric point over i, denoted by . Let 0,
(resp. 0),) be the local ring of B at u (resp. of A at v), O (resp. Oy) be the henselization of £, at
7 (resp. of 0, at 7). We denote by ﬁu and 0, the completions of 0, and 0, and by (6’1)% (resp.
by (5,,)%) the henselization of é’\u (resp. of 5,,) at 7t (resp. at 7). Let Lo (resp. M) be the fraction
field of €}, (resp. of 0,), Ly" (resp. M§") be the fraction field of &y (resp. of 0%). We denote by
L (resp. by M) the fraction field of ﬁu (resp. of é’\y), and by L*" (resp. by M“") the fraction field
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of (O,)k (resp. of (6,)1). We notice that 7 is a uniformizing element in &), and in (5,)%
Oy Ly L (Op)
o, Lo L 0,

Since G = Ker(A — B), we have an identification Gal(M/L) ~ G(K) = G(K). We fix a
separable closure L of L, and an imbedding of M in L, which induces a surjection ¢ : Gal(L/L) —
Gal(M/L). By 2.10, we have p(Gal(L/L)*) = Gal(M/L)* = G*(K), for all a € Qs¢. In particular,
we have
(5.5.4) @(Gal(L/L"")) = Gal(M/M N L"") = Gal(M*" /L"") = G**(K).

Since L""/L is unramified, we have, for all a € Q~g,
(5.5.5) Gal(M"“"/L*")* = Gal(M/L)* = G*.

Let pp be the composition of the canonical morphisms

HO(387 \D}?) = HO(BS> \P}?,K) - (W}B,K)ﬁ = Hl(Spec Lgrnup) - Hl(Spec LY pp),

and we define p4 similarly. By functoriality and (5.5.4), we have a commutative diagram

(5.5.6) 0 N(1) HO(B,,UL) — > HO(A,, U})

T

0 — HY(G"*(K), up) A H'(Spec L"", i,) —=> H*(Spec M"", 11,,),

where the lower horizontal row is the “inflation-restriction” exact sequence in Galois cohomology.
By ([6] Prop. 6.1), pp and p4 are injective. Hence Im(u)(1) € N(1) is identified with a subgroup
of HY(G"(K), up). By assumption (1), we have H(G**(K), 1) = Hom(G*(K), 1, (K)), which
has the same dimension over F,, as G°T(K). Hence by the remark below (5.5.3), we get

(5.5.7) Im(u)(1) = N(1) = H (G (), 1) = Hom(G"* (K), i, (K)).

This proves statement (ii) of the proposition.

Statement (iii) for @ = 0 has been proved above. Since the filtration G is decreasing and
UGY(K) = GY(K), we may assume, for the proof of (iii), that 0 < a < €’. It suffices to prove
that, under the pairing (5.5.3), we have

GH(K)t = Im(u)(1) NH(B,, US —*Wh).
From (5.5.6) and (5.5.7), we check easily that (5.5.3) is identified with the canonical pairing
G (K) x HY (G (K), pp) — pp(K).

Hence we are reduced to prove that, under this pairing, we have

(5.5.8) G (K)*t = HY(GN(K), pp) N HO(B,, US W),
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where the “N” is taken in H!(Spec L7, u,) (5.5.6).
Let h: (L"")* — H'(Spec L"", u,,) be the symbol morphism. We define a decreasing filtration
on H'(Spec L, 11,,) in a similar way as (3.2.5) by

U°H! =H!', and UH! =hA(1+ wb(é\’“)%) for all integers b > 0.
We extend this definition to all b € Q¢ by setting UPH! = UMH!, where [b] denotes the integer part
of b. By ([1] Lemme 3.1.3), for all b € Q~, we have H(B,, U'W}) = p5' <UbH1(Spec L, up)).
Therefore, the right hand side of (5.5.8) is
(5.5.9) HY (G (K), pp) N U~ H(Spec L™, u,,).

We identify H'(GY*(K), 1,,) with the character group Hom(Gal(M“" /L"), u,(K)); then by ([1]
Prop. 2.2.1), the subgroup (5.5.9) consists of the characters y such that x(Gal(M¥" /Lur)(e' ~a)+) =

0. In view of (5.5.5), we obtain immediately (5.5.8), which completes the proof.
O

Remark 5.6. The proof of 5.5(iii) follows the same strategy as the proof of ([1] Théorem 3.1.2).
The referee point out that we can also reduce 5.5(iii) to 3.3. Indeed, the commutative diagram

0 G A B 0
- T
0 G A B 0

induces, by snake lemma, an exact sequence of finite group schemes 0 — G — ,A 2, »B Ya-o.
We consider the following perfect pairing

(o,0)4

pA(K) pA(K) x H' (A7, Fp) ————TF H! (Ag, )
’ T
B (E) = ,B(E)  ,B(E) x H(ByF) — —"—F,  H(B,F,)
L |
Go+ (R)—= G(E) G(E) x GY(E)(=1) — =2 T, V(R

By functoriality, the homomorphism ¢ is adjoint to as and v is adjoint to 7., i.e. we have

(o), /B = (x,02(f))a and (¥(y),9)B = (Y,72(9))a, for all x € JA(K), y € ,B(K), [ €
HY(B7,F,) and g € GY(K). By 2.8(ii), ¢ induces a surjective homomorphism ,B**(K) — G*T(K)
for all a € Q>¢. Now statement 5.5(iii) follows from (5.4.1) and Theorem 3.3 applied to B.

6 Proof of Theorem 1.4(i)

6.1. For r € Qs, we denote by G, , the additive group scheme over S,. (1). Putting t = 1-1/p,

we identify G, with an abelian fppf-sheaf over S1 by the canonical immersion i : S; — Si. Let
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F : G411 — Gg be the Frobenius homomorphism, and ¢ a p-th root of (—p). It is easy to check
that the morphism F — ¢ : G,,1 — Gg,1, whose cokernel is denoted by P, factorizes through the
canonical reduction morphism G4,1 — Gq 1, and we have an exact sequence of abelian fppf-sheaves
on Si.

(6.1.1) 0—=F)— Gay —5 Gay — P — 0.

This exact sequence gives (3.10.1) after restriction to the small étale topos (X1)e¢ for a smooth
S-scheme X.

Proposition 6.2. Assume p > 3. Let G be a truncated Barsotti- Tate group of level 1 over S, and
t =1—1/p. Then we have the equality

dimp, U°GY(K) = dimg, Ker <Lie(G;/ ) Foe, Lie(GY)),

where UGY(K) is the Bloch-Kato filtration (5.4), and the morphism in the right hand side is
obtained by applying the functor Homgl(Gl, _JtothemapF —c:Gyy — Gy 1.

6.3. Before proving this proposition, we deduce first Theorem 1.4(i). Let G be a truncated
Barsotti-Tate group of level 1 and height h over S satisfying the assumptions of 1.4, d be the
dimension of Lie(GY) over k, and d* = h — d. It follows from 5.5(iii) and 6.2 that

dimg, G717 (K) = h — dimg, Ker (Lie(GtV ) £=¢, Lie(GI)) .

Since Lie(ér) is a free 05 -module of rank d*, we obtain immediately Theorem 1.4(i) by applying
Proposition 3.12 to A =c and M = Lie(ér).
The rest of this section is dedicated to the proof of Proposition 6.2.

Lemma 6.4. Let G be a Barsotti-Tate group of level 1 over S, t =1 — %. Then the morphism

¢ : Ext'(G1,F,) — Ext'(G1,Ga) induced by the morphism F, — G, in (6.1.1) is injective.

Proof. By ([12] Théoréme 4.4(e)), there exists a Barsotti-Tate group H over S such that we have
an exact sequence 0 — G — H 2P H - 0, which induces a long exact sequence

Ext!(H,,F,) =% Ext!(H,,F,) — Ext!(Gy,F,) — Ext*(H,,F,).

It is clear that the multiplication by p on Extl(Fl,IFp) is 0, and Ext2(F1,FP) = 0 by Corollary
4.9; hence the middle morphism in the exact sequence above is an isomorphism. Similarly, using
Ext?(H1,Ga,) = 0 ([5] 3.3.2), we prove that the natural map Ext'(H;,G, ) — Ext'(G1,G,) is
an isomorphism. So we get a commutative diagram

Ext!'(H,,F,) — Ext'(G},F,)

b

Eth (Fl, Gaﬁ,) ——— Eth (él, Ga,t)a
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where the horizontal maps are isomorphisms. Now it suffices to prove that ¢y is injective.

Let K be the fppf-sheaf on S; determined by the following exact sequences :
0—-F,—=G4:—K—=0, 0—-K—=G, —=P—0.
Applying the functors Ext?(H,, ), we get
Hom(H;,K) — Ext'(H1,F,) 25 Ext' (1, Gay);
0 — Hom(H1,K) — Hom(H1,G, 1) — Hom(H{,P).

Since Hom(H1, G,1) = 0 ([5] 3.3.2), the injectivity of ¢y follows immediately.

O

6.5. Assume that p > 3. Let G be a commutative finite and flat group scheme killed by p
over S, and 0 - G — A — B — 0 be a resolution of G by abelian schemes (5.1.1). We denote

F—c

P (B) = Coker(05, — 05,) (3.7.1), and similarly for #(A). According to Remark 3.9, we have

an identification

(6.5.1) H°(Bs, U¢UL) ~ HY(Bg, #(B)) = H°(B,, #(B))

as submodules of H(Bs, ¥L); in the last equality, we have identified the topos (Bs)s with (B1)es.

We denote
Ker(B,F — ¢) = Ker (Hl(Bl, Gay) —5 H'(By, Ga,l))
= Ker (Lie(Btv) Eoe, Lie(B;/)),

Ker(B, 05) = Ker (HO(Bl, 2(B)) °=, H2(Bs, F,,)),

where g is the morphism defined in Proposition 3.10(2); we have also similar notations for A.

Since the exact sequence (3.10.2) is functorial in X, we have a commutative diagram
(6.5.2) 0 — H'(Bs,F,) —— Ker(B,F — ¢) ——= Ker(B,dg) — 0
iﬁl lﬂz lﬂs
0 —— H'(45,F,) —— Ker(A4,F — ¢) —— Ker(A,d65) — 0.

Lemma 6.6. The assumptions are those of (6).
(i) In diagram (6.5.2), we have

(6.6.1) Ker 3; = Ker (Extl(Bs, F,) — Ext'(As, Fp)> = (Gg)V(K)(-1);
(6.6.2) Ker 2 = Ker (Lie(Gz/) Lo, Lie(GY));
(6.6.3) Ker 33 = H%(Bs, 2(B)) N N(1) ¢ H°(Bs, U}),

where N (1) is defined in (5.3.4).
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(ii) We have the equality
(6.6.4) dimp, U°GY(K) = dimg, Ker ; + dimg, Ker fs.

In particular, we have
(6.6.5) dimg, UGV (K) > dimg, Ker <Lie(Gtv ) £ Lie(G1V)>,

Moreover, the equality holds in (6.6.5) if and only if the morphism Coker 31 — Coker (5 induced
by diagram (6.5.2) is injective.

Proof. (i) By Corollary 4.6, we have a canonical isomorphism Ext'(Xs,F,) ~ H'(Xgs,F,) for
X = Aor B. Hence formula (6.6.1) follows easily by applying the functors Ext?(_,F,) to the exact
sequence 0 — Gz — Ay — Bs — 0. Applying the morphism of functors F — ¢ : Ext"(_,(Ga’t) —
Ext’(_,G,,1) to the exact sequence 0 — G — A — B — 0, we obtain the following commutative
diagram

0 — Lie(G, ) — Lie(B,) — Lie(4, )

0 —> Lie(G, ) — Lie(B, ) — Lie(4, )

where we have used (4.7.1) and (4.7.2). Formula (6.6.2) follows immediately from this diagram.
For (6.6.3), using (6.5.1), we have a commutative diagram

Ker(B, 65) — > HO(Bs, ¥l,)

o

Ker(A, §5) — 2> HO(Ag, WY,),

where the maps (1) and (2) are injective. Hence we obtain
Ker 83 = Ker(B, §g) N Ker (HO(BS, U!(B)) — H°(As, \Ifl(A))>
= Ker(B,dg) N N(1).
The morphisms dg and dé’o are compatible in the sense of Proposition 3.10, and Proposition 5.5

implies that Ker(B,dg) N N (1) = H%(Bs, £(B)) N N(1), which proves (6.6.3).
(ii) By the isomorphism (5.5.1) and the surjectivity of the morphism u in (5.3.4), we have

dimg, U°GY(K) = dimg, (GV(K)(—l) N U°H'(Bg, Z/pZ))
(6.6.6) = dimg, ((Gét)V(K)(—1)> + dimp, (N NH°(Bs, Ue\Iﬂ(B))(—l)) .

Then the equality (6.6.4) follows from (i) of this lemma and (6.5.1). The rest part of (ii) follows
immediately from diagram (6.5.2). O

29



6.7. Proof of Proposition 6.2 We choose a resolution 0 - G — A — B — 0 of G by abelian
schemes (5.1.1). By Lemma 6.6, we have to prove that if G is a truncated Barsotti-Tate group of
level 1 over S, the morphism ¢;2 : Coker 3; — Coker (5 induced by diagram (6.5.2) is injective.

By 4.6, we have H, (X5, F,) = H, (X1,F,) = Ext'(X,,F,) for X = A or B. Thus the morphism
(3, is canonically identified to the morphism Ext'(B;,F,) — Ext'(4;,F,) induced by the map
A — B. Applying the functors Ext’(_,F,) to 0 — G; — A, — B; — 0, we obtain a long exact
sequence

Ext'(By,F,) — Ext'(4,,F,) — Ext'(Gy,F,) — Ext*(B1,F,).

Since Ext?(B;,F,) = 0 by 4.9, we have Coker #; = Ext'(G1,F,). The commutative diagram

0 — Ker(B,F — ¢) — Lie(B)) ——% Lie(BY)

g Lo

0 — Ker(A,F — ¢) — Lie(AY) ——% Lie(AY),

induces a canonical morphism ¢ : Coker 3, — Cokery = Ext'(G1,Gq,). Let ¢ : Ext'(G1,F,) —
Extl(Gl,Gw) be the morphism induced by the map F, — G, in (6.1.1). Then we have the
following commutative diagram

Extl(él7 F,) = Coker 8; e Coker [

T b

Eth (61, Ga,t)-

Now Lemma 6.4 implies that ¢ is injective, hence so is ¢12. This completes the proof.

7 The canonical filtration in terms of congruence groups

7.1. Recall the following definitions in [20]. For any A € 0%, let ¥ (M) be the group scheme
Spec(O%|T, 1Jrﬁ]) with the comultiplication given by T — T® 14+ 1® T 4+ AT ® T, the counit by

T = 0 and the coinverse by T' +— —H%. If v(A) <e/(p—1), we put

(1+\T)? -1

Py(T) = e

€ OglT]

and let ¢y : 9N — ¢ be the morphism of G4group schemes defined on the level of Hopf
algebras by T — Px(T)). We denote by G the kernel of ¢, so we have G\ = Spec(O%[T]/PA(T)).
We call it, following Raynaud, the congruence group of level A. It is a finite flat group scheme over
S = Spec(0%) of rank p.

7.2. For all A\ € O with v(\) < e/(p — 1), let Oy : Gy — pp, = Spec(Ox[X]/(XP — 1))
be the homomorphism given on the level of Hopf algebras by X — 1 4 AT. Then 6, ® K is an
isomorphism, and if v(A\) = 0, 8, is an isomorphism. For all A,y € 0% with v(y) < v(A) <e/(p—-1),
let 05~ : Gy — G, be the map defined by the homomorphism of Hopf algebras T' +— (A/v)T. We
have 0y = 0,00, 5.
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7.3. Let A\ € 0% with v(\) <e/(p—1), A be an abelian scheme over S. We define
(7.3.7) Ox(A) : ExtL(A, Gy) — Ext:(A, pp)

to be the homomorphism induced by the canonical morphism 6y : Gy — p,, where, by abuse of
notations, A denotes also the inverse image of A over S, and Ext1§ means the extension in the

category of abelian fppf-sheaves over S. Similarly, let G be a commutative finite and flat group
scheme killed by p over S'; we define

(7.3.8) 0,(G) : Homg(G, G) — Homg(G, ) = GY(K)

to be the homomorphism induced by 6. If G = , A, where A is an S-abelian scheme, the natural

XPp . . .
exact sequence 0 — ,A — A — A — 0 induces a commutative diagram

(7.3.9) Homg(, A, Gy) — Extg(4, Gy)

GA(pA)l lHX(A)

PAV (F) Ethg(Aa /u’p)a

where horizontal maps are isomorphisms (4.3.2). Hence, 05(A) is canonically identified to 65 (,A).

Lemma 7.4. Let A,y € O with v(y) < v(A\) < e/(p—1), G be a commutative finite and flat
group scheme killed by p over S.

(i) 0x(Q) is injective.

(i) The image of 0x(G) is contained in that of 6,(G).

(iii) The image of 0x(G) depends only on v(X), and it is invariant under the action of the Galois
group Gal(K /K).

Proof. We have a commutative diagram

(7.4.1) Hom(GY,GV) 22

(Ui

Homgz(GY,GY) ——>

——— Homg(Z/pZ,G")

©) —— Homy(Z/pZ,G"),
where the horizontal maps are induced by 6y : Z/pZ — GY, and the vertical maps are induced by
the base change 7 — S. Since 6, is an isomorphism over the generic point (7), the map (2) is an
isomorphism. Hence statement (i) follows from the fact that (1) is injective by the flatness of G
and G,.

Statement (ii) follows easily from the existence of the morphism 6, : Gx — G, with 6, =
0, 00 ~. The first part of (iii) follows immediately from (ii). Any o € Gal(K/K) sends the image
of 0x(G) isomorphically to the image of 6,()(G), which coincides with the former by the first
assertion of (iii). O

7.5. Filtration by congruence groups Let a be a rational number with 0 <a <e/(p — 1),
and G be a commutative finite and flat group scheme over S killed by p. We choose A € 0% with
v(\) = a, and denote by GV (K)! the image of 0)(G). By Lemma 7.4, GV (K)l?l depends only on
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a, and not on the choice of \. Then (GY(K)!,a € QN[0,e/(p — 1)]) is an exhaustive decreasing
filtration of GV (K) by Gal(K /K)-groups.
7.6. Let A € O with 0 <v(\) <e/(p—1), f: A — S be an abelian scheme, and f: A — S

its base change by S — S. In ([3] §6), Andreatta and Gasbarri consider the homomorphism
0\ (A) : Hi, ¢ (A, Gx) — Hi, (4, pp) induced by 6y, where by abuse of notation, G denotes also

the fppf-sheaf Gy restricted to A. We have a commutative diagram

(Gx)
(7.6.2) Exty(A, ay) 2 HE (A, Gy)
(A(A)l lG’A(A)

Sp(ﬂp)

EXt (A /J/P) - fppf(A /’LP)

where the horizontal arrows are the homomorphisms (4.4.3).

Lemma 7.7. (i) The homomorphisms p(Gx) and ©(u,) in (7.6.2) are isomorphisms. In particular,
the homomorphism 0 (A) is canonically isomorphic to 05(A) (7.3.7).

(ii) The canonical morphism H}ppf(ﬂ, pp) — HY(Ag, pp) is an isomorphism. Let H' (Az, p,) ")
be the image of 6\(A) composed with this isomorphism. Then via the canonical isomorphism
H' (As, pp) =~ p AV (K), the subgroup H'(Ag, 11,)"™] is identified to , A (K)PWVI.

Proof. (i) For H = G or p,, the “local-global” spectral sequence induces an exact sequence

= p0 T oy D) -
(771) 0— H%ppf(sa R(f)ppff*(HZ)) - H%ppf(Aa Hyz ) - prpf(Sa Rflppff*(HZ))

By Prop. 4.5 and (4.3.2), we have isomorphisms
fppf(S prpff ( )) fppf(S @@xt (A,H)) = Ethg(Aa H)

Therefore, we obtain a homomorphism (H) : fppf(A Hz) — Extlg(A,H). We check that the
composed map ¢ (H) o p(H) is the identity morphism on Extlg(A, H); in particular, ¢(H) is
surjective. By Prop. 4.5, we have also R(f)ppf?* (Hz) = Hg; on the other hand, it follows from ([3]
Lemma 6.2) that H%ppf(g, Hg) = 0. Hence ¢(H) is injective by the exact sequence (7.7.1), and

©(H) and ¢ (H) are both isomorphisms.
(ii) We have a commutative diagram

(.U‘p)
Ethg(Aa .Up) prpf(A /J“P)

(Ui l@)

EXt%(Aﬁa pip) — H' (As, pp),

where the vertical maps are base changes to the generic fibres, and the horizontal morphisms are
(4.4.3), which are isomorphisms in our case by (4.6) and statement (i). The morphism (1) is easily
checked to be an isomorphism using (4.3.2), hence so is the morphism (2). The second part of
statement (ii) is a consequence of (i). O

The following proposition, together with Proposition 5.5, implies Theorem 1.6.
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Proposition 7.8. Let G be a commutative finite and flat group scheme over S killed by p. Then,
for all rational numbers 0 < a < e/(p — 1), we have G¥(K)l*l = UP*GV(K), where UG (K) is
the Bloch-Kato filtration (5.4).

Proof. Let 0 » G — A — B — 0 be a resolution of G by abelian schemes (5.1.1). We have, for all
X € O with 0 < v(X) <e/(p—1), a commutative diagram

0 — Homg(G,Gy) —— Extlg(B, Gy) — Extlg(A, G,)

Vﬁ‘h(G) JQA(B) J@A(A)

0— GV(K) —— ,BY(K) —— ,AV(K).

Hence, for all rational numbers a satisfying 0 < a < e/(p — 1), we have by 7.7(ii)
(7.8.1) GV(E) = gV (K)n,BY(K) = GY(K) nHY (B, u,)1.

According to ([3] Theorem 6.8), the filtration (H!(Bg, 1,)1,0 < a < e/(p — 1)) coincides with

the filtration (UP*H! (B, u,,),0 < a < -47) (3.2.6). Hence by (7.8.1) and (5.4.1), the two filtrations

(GY(K)l) and (UP*GY(K)) on GV(K) coincide. This completes the proof.

O

8 The lifting property of the canonical subgroup

In this section, by abuse of notations, G, will denote the additive group both over .S and over

S. For a rational number r > 0, we denote by Ga,rs {fr(’\) and G, the base changes to S, of the
respective group schemes.

8.1. Following [21], for a, ¢ € O with ac = p, we denote by G, . the group scheme Spec(ﬁf[y}/(yp—
ay)) over O with comultiplication
yr
Wp—i

p—1
yoyeliloyt 23 Ly

l=p iz w
and the counit given by y = 0, where w; (1 < i < p—1) are universal constants in &% with v(w;) = 0
(see [21] p.9). Tate and Oort proved that (a,c) — G, gives a bijection between equivalence classes
of factorizations of p = ac in 03 and isomorphism classes of & -group schemes of order p, where
two factorizations p = aic; and p = ascy are called equivalent if there exists u € 0% such that

as = uP~ta; and ¢o = u'Pey.

Let A € 0% with 0 < v,(A) < 1/(p — 1). There exists a factorization p = a(A\)c(X) such that

G =~ Ga(r),e(n)- More explicitly, we may take c(\) = % and a()\) = ﬁ, and we notice

that v,(a(A)) =1 — (p — 1)v,(A) is well defined independently of the factorization p = a(\)c(A).

Lemma 8.2 ([3] Lemma 8.2 and 8.10). Let 0 < r < 1 be a rational number and A € O with
vp(N) <1—1/p and v,(AP~1) > r.
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(i) Let p) be the morphism of groups schemes g™ = Spec(ﬁ’gt [T]) — Ga, = Spec(ﬁgr [X])
defined on the level of Hopf algebras by X — Zf;ll(—)\)i’lTTl. Then p) is an isomorphism. Mo-
reover, the following diagram is commutative

g™ P gO")

N
F—a(X)

Ga,r —— Ga,rv

where F is the Frobenius homomorphism and a(\) € O is introduced in (8).

. A
(ii) Let 6, be the composed morphism Gy, N gr(/\) LGN Ga,r. Then oy, generates Lie(G}\/m) ~
Homgr(GA,r,Ga,r) as an ﬁgr—module.

Lemma 8.3 ([3] Lemma 8.3). Let A € O3 with ﬁ <vp(A) < ==, and r = (p—1)vy(X\). Then
the following diagram is commutative

D1

A AP
g™ @
Ll»rl lpip
A
%TO\) & Ga,r Fral) Ga,h

where v, s the reduction map.

8.4. Let X € O with v, () = %, t =1-—1/p, and G be a commutative finite and flat group
scheme killed by p over S. We define ¢ to be

(8.4.1) P : Homg (G, Gy) > Homg, (G, G ) 2, Homg (Gy,Gqa ) = Lie(G, ),

where ¢; is the canonical reduction map, and ¢ is the morphism induced by the element 4§, €
Homg, (G, Ga,r) (8:2(i)).

Proposition 8.5. Let A € 0% with vy(X\) = %, t=1-—1/p, and G be a a Barsotti-Tate group of
level 1 over S, satisfying the hypothesis of Theorem 1.4. Then we have an exact sequence

(851) 0— Homg(é, G,\) q>—G> Homgt (ét, Ga,t) Frald)

HOI?(lg1 (61, Ga71),
where a(X) is defined in 8.

Proof. From Lemma 8.3, we deduce a commutative diagram
(8.5.2)
b1

Homg, (G, G.1) — Homg, (G, 7V) Homg, (G1, 7))

Ll'tl Li’tl lpfp
2 F—a(\)

Homg, (G1, G 1) — Homg, (éhgt()\)) o Homg, (G, Ga,t) > Homg, (G1,Ga,1),
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where the upper row is exact and ¢1 ; and Ll . are reduction maps. Therefore, the composition of @4
with the morphism F—a()\) in (8.5. 1) factorizes through the upper row of (8.5.2), and equals thus 0.
Let L be the kernel of the map F —a()) in (8.5.1). Then ® induces a map ' : Homg(G,G») — L.
We have to prove that @ is an isomorphism.

Let d* be the rank of Lie(G, ) = Homg (G1,Gq,1) over O, and recall that v,(a())) = 1/p.

Since G satisfies the assumptions of Theorem 1.4, applying Prop. 3.12 to Lie(é\{) and the operator
F — a()\), we see that the group L is an Fp-vector space of dimension d*. On the other hand,
Homg(G, Gy) is identified with G7—1 “TT(K)* by Theorem 1.6. Thus it is also an F,-vector space
of dimension d* by Theorem 1.4(i). Therefore, to finish the proof, it suffices to prove that ®’ is
surjective.

By Lemma 8.2(i), we have the following commutative diagram

F—a(A
Homg (G, G at)—(gHomS (G1,Gan)

[e% ibl,t

_ A
0 —> Homg, (G, G.) —> Homg, (G1, Gos) > Homg, (Gr, Ga).

S
~

where (14 is the reduction map. The composed morphism « o @ is the canonical reduction map,
whose injectivity will implies the injectivity of ®’. Thus the following lemma will conclude the
proof of the proposition. O

Lemma 8.6. Assume that p > 3. Lett = 1 —1/p, A € O with v,(\) = 1/p, and G be a
commutative finite flat group scheme killed by p over S. Then the reduction map

L Homg(é, G») — Homg, (G, Gar)
18 1njective.

Proof. We put G xg S = Spec(A), where A is a Hopf algebra over 0% with the comultiplication
A. An element f € Homg(G,Gy) is determined by an element 2 € A satisfying

Alz)=z1+1Q@zx+ Iz
(1+Az)P -1

(8.6.1) Py(z) = =

Suppose that ¢;(f) = 0, which means = € myA. We want to prove that in fact = 0. Let us write
x = A% where a > p — 1 > 2 is an integer, and y € A. Substituting z in (8.6.1), we obtain

Py Z ( >)\z(a+1) i_ 0.

Since vp(/\ip(fi’)) =0for1 <i<p-—1and A is flat over Ok, we see easily that y = \**1y; for
some y; € A. Continuing this process, we find that z € Nyeq.,maA =0 (1). O

Lemma 8.7. Let G be a Barsotti-Tate group of level 1 and height h over S, and H be a flat closed
subgroup scheme of G. We denote by d the dimension of Lie(G;) over k, and d* = h —d. Then the
following conditions are equivalent :

35



(i) The special fiber Hy of H coincides with the kernel of the Frobenius of G.

(i’) The special fiber H- of H- = (G/H)" coincides with the kernel of the Frobenius of G .
(i) H has rank p® over S and dimy, Lie(H) > d.

(ii") H* has rank p* over S and dimy, Lie(H}) > d*.

Proof. We have two exact sequences

0—-H—-G—-G/H—O0
0—-H' -G - HY 0.

Denote by F¢. (resp. by Vg,) the Frobenius (resp. the Verschiebung) of G,. Assume that (i)
is satisfied, then we have HY = Coker(Ugy) by duality. Since G is a Barsotti-Tate group of
level 1, H;" coincides with Im(Uev) = Ker(Fgv). Conversely, if Hy- = Ker(Fgv), we have also
H, = Ker(§¢.). This proves the equivalence of (i) and (i’).

If (i) or (i’) is satisfied, then (ii) and (ii’) are also satisfied (SGA 3; VII 7.4). Assume (ii)
satisfied. Since Ker(F ) has rank pdimx Lie(He) (Joc. ¢it.) and is contained in both Ker(§g.) and
H,, condition (ii) implies that these three groups have the same rank ; hence they coincide. This
proves that (ii) implies (i). The equivalence of (i’) and (ii’) is proved in the same way. O

8.8. Proof of Theorem 1.4(ii). By Lemma 8.7, the following lemma will complete the proof
of 1.4(ii).

Lemma 8.9. Let G be a Barsotti- Tate group of level 1 and height h over S, satisfying the hypothesis
of Theorem 1.4, d be the dimension of Lie(GY) over k, and d* = h — d. Let H be the flat closed
subgroup scheme G711, and H- = (G/H)V. Then H* has rank p* over S and dimy, Lie(HL) >
d*.

Proof. Since H has rank p? over S by 1.4(i), H* has rank p? over S and dimg, (G/H)(K) = d*.
Let A € 0% with v,(\) = 1/p, and ¢t = 1 — 1/p. The canonical projection G — G/H induces an
injective homomorphism

(8.9.1) Homg(G/H,G,) — Homg(G, G)).

By Theorem 1.6, H*(K)!s! = Homg(G/H, G,) is orthogonal to (G/H)# 1" (K) under the perfect
pairing (G/H)(K)x H-(K) — p,(K). As H = G717, Prop. 2.8(ii) implies that the group scheme
(G/H)7=17 is trivial. Hence we have

dimp, Homg(G/H, G,) = dimp, H(K) = d* = dimp, Homg(G, G)),

and the canonical map (8.9.1) is an isomorphism. By the functoriality of ®¢ (8.4.1), we have a
commutative diagram

(8.9.2) Homg(G/H,G)) == Homg(G, G)) ,
"
Lie(H, ) Lie(G,)

where the lower row is an injective homomorphism of &g -modules. Put Ny = Homg(é, G,),
M =Lie(G}) and M; = Lie(G}) ®4, 05, = Lie(G}). By 8.5(ii), Ny is identified with the kernel
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of F —a(X\) : My — M. Let N be the &%-submodule of M, generated by Ny. Applying 3.12(ii) to
the morphism F — a(\), we get

By (8.9.2), N is contained in M’ = Lie(ﬁﬁ') C M. By applying Lemma 8.10 (ii) below to N C M’,
we obtain

. . . . =L
Let wg1 be the module of invariant differentials of I~ over &g, . Then we have wy. = wg1 ®e
t 5 + t

k and .
M' =1Lie(H; ) = Homg, (wi1, OF,)
t

Applying Lemma 8.10 (i) to w51, we obtain

From the relations Lie(H;") ® k = Lie(Hz) = Homg(wy ., k), we deduce
(8.9.5) dimz wy. = dimy, Lie(H;").

The desired inequality dimy, Lie(HZ) > d* then follows from (8.9.3), (8.9.4) and (8.9.5).
O

Lemma 8.10. Let t be a positive rational number, M be an ﬁgt -module of finite presentation.
(i) Put M* = Homg, (M, O5,). Then we have dimg(M*/mzpM*) = dimg(M/mzM).
(ii) If N 1s a finitely presented Og, -submodule of M, then dimg(N/mzN) < dimg(M/mzM).
Proof. Since M is of finite presentation, up to replacing K by a finite extension, we may assume
that there exists a positive integer n and a finitely generated O /7" O k-module My, where 7 is

a uniformizer of O, such that 05 = O%/m" 0% and M = My ®@¢, 0. Note that there exist
integers 0 < a1 < ---a, < n such that we have an exact sequence of Ox-modules

(8.10.1) 0— Oy L 05 — My — 0,

where ¢ is given by (2;)1<i<r — (7% 2;)1<i<r. In order to prove (i), it suffices to verify that
dimy, (Mg /7 M) = dimg (Mo /7 My), where M§ = Homg, (Mg, Ok /7" Ok). Let

(Ok |7 0Og)" 25 (O /7" Ok )" — My — 0

be the reduction of (8.10.1) modulo 7™. Applying the functor Home, (_, Ok /7" Ck) to the above
exact sequence, we get

0— My — (O /n"Ok)" 22 (O [n" Ok )"
with ¢ = ¢,,. Hence M is isomorphic to the submodule ®!_, (7" % Ok /7" Ok ) of (O /7" Ok)",

and we have
dimy (M /mM§) = r = dimg (Mo /7 My).
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For statement (ii), by the same reasoning, we may assume that there exists a finite &'x-submodule
Ny of My such that N = Ny ®¢, O7.We need to prove that dimy(No/mNo) < dimy (Mo/7Mo).
Let My be the kernel of My of the multiplication by 7. We have an exact sequence of Artinian
modules

O_)TK'MO —>M0 ng —>M0/7TMQ — 0.

By the additivity of length of Artinian modules, we obtain dimy (M) = dimy (My/7Mp). Similarly,
we have dimy (;Ng) = dimg(No/7mNp). The assertion follows from the fact that Ny is a submodule
of ﬂ-Mo. O

Remark 8.11. If we could prove the exact sequence (8.5.1) without knowing a priori the rank of
Homg (G, Gy) for vy(A) = 1/p, then we would get another proof of the existence of the canonical
subgroup of G. Since then, by Proposition 3.12 and (8.5.1), Homg(G,Gy) has Fp,-rank d* under

the assumptions of 1.4. Then we identify it to be a subgroup of G¥(K) by 0,(G) (7.8.8), and define
H to be the subgroup scheme of G determined by H(K)* = Homg(G,G). The arguments in this
section imply that H is the canonical subgroup of G. For abelian schemes, this approach is due to
Andreatta-Gasbarri [3].
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p-ADIC MONODROMY OF THE UNIVERSAL DEFORMATION OF AN
ELEMENTARY BARSOTTI-TATE GROUP

1 Introduction

1.1. Let k be an algebraically closed field of characteristic p > 0, S be a scheme over k, G be
a Barsotti-Tate group over S of height h and dimension d. Let U be the ordinary locus of G (i.e.
the open subscheme of S parametrizing the ordinary fibers of ), and assume that U is not empty.
Let & be a geometric point of U, G¢¢ be the maximal étale quotient of Gy = G x5 U over U. We
denote by G(n) (resp. G¢¢(n)) the kernel of the multiplication by p™ on G (resp. G&t) and by

T, (G, E) = lim G(n)(E) = lim G (n)(©)

n n

the Tate module of G at £, which is a free Z,-module of rank d* = h — d. The étale Barsotti-Tate
group G¢} over U gives rise to a continuous homomorphism

(1.1.1) PG 771(U, E) — Auth(Tp(G,E)) ~ GLd* (Zp)

We are interested in the monodromy of G, that is, the image of pg. Motivated by a well known
result of Igusa, it has been longly thought that when G is wversal, its monodromy is as large as
possible (and often that pg is surjective), or at least that Im(pg) contains an open subgroup of
GLg+(Zy). In this paper, we prove that p¢ is surjective when G is the universal deformation of the
unique connected Barsotti-Tate group of height 3 and dimension 1.

1.2. This problem has been extensively studied in various settings. The first pioneering result is
due to Igusa [15, 17] who proved that the monodromy homomorphism attached to a versal family
of ordinary elliptic curves in characteristic p is surjective. Faltings and Chai [10] generalized this
theorem to the moduli space of principally polarized abelian varieties of dimension g in characte-
ristic p with a symplectic level n structure (n prime to p). We refer to [5] for other proofs of this
result, and to Deligne-Ribet [6] and Hida [13] for other generalizations to some moduli spaces of
PEL-type.

Though it is has been first formulated in a global setting, Igusa’s theorem is purely local, and
has got some local generalizations. Gross [11] extended it to one-dimensional formal A-modules
over a complete discrete valuation ring of characteristic p, where A is the integral closure of Z, in a
finite extension of Q,. More recently, Achter and Norman [1] proved that for certain deformations
of Barsotti-Tate groups, the p-adic monodromy representation has large image.

We should mention also the generalization of Ekedahl [9] to the jacobian of the universal n-
pointed curve in characteristic p, equipped with a symplectic structure. His approach is inspired
by Igusa’s local proof, and has strongly inspired our work.

Finally, we would like to see our problem as an analogue in characteristic p of a famous result
of Serre over number fields [18], namely, if an elliptic curve F over a number field has no complex
multiplication, the Galois representation attached to its /-adic Tate modules has an open image in
[1, GL2(Z¢), where £ runs over all prime numbers. Some ideas of this paper are inspired by Serre’s
method for studying Galois representations modulo p.
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1.3. Let s,r be relatively prime integers such that 0 < s < r and r # 0, A = s/r, G* be
the Barsotti-Tate group over k£ with a monogenic Dieudonné module generated by an element e
satisfying the relation (F"=° — V*).e = 0 (3.3). We call G* the elementary Barsotti- Tate group
of slope X over k; it has height r and dimension s. The terminology is justified by the fact that
any Barsotti-Tate group over k is isogenous to a product of some G*’s. We notice that a connected
Barsotti-Tate group over k of height 4 and dimension 1 is necessarily isomorphic to G'/* (3.5).

Let S* be the “algebraic” local moduli in characteristic p of G*, G* be the “algebraic” universal
deformation of G* over S*. The scheme S* is affine of ring R ~ E[[(t:j)1<i<r—s,1<j<s)], and the
Barsotti-Tate group G* is obtained by algebraizing the “formal” universal deformation of G* over
Spf(R) (cf. 4.5 and 4.7). Let U be the ordinary locus of G* (i.e. the open subscheme of S*
parametrizing the ordinary fibers of G*); it is the complement in S* of a divisor defined by a
regular parameter of R (4.13). Let ¢ be a geometric point over the generic point ¢ of U*. We
consider the monodromy representation

(1.3.2) p*:m (UM €) — Autg, (T,(G,§)) ~ GL,—4(Z,)

associated to G* (1.1.1). Inspired by a well known result of Igusa [15, 17|, we conjecture the
following :

Conjecture 1.4. For any rational number \ € (0,1), the homomorphism p* is surjective.

Though it has been formulated in a global setting, Igusa’s theorem mentioned above corresponds
to the case A = 1/2; then 8'/2 = Spec(k[[t]]) and the ordinary locus U'/? is reduced to the generic
point ¢ of 8'/2. Let K be the fraction field of R = k[[t]], K be a separable closure of K, £ be
the associated geometric generic point of S/2. The monodromy homomorphism (1.3.2) is reduced
to a Galois representation

p!/?: Gal(K* /K) — Autg, (T,(GY/?,8)) ~ 7.
Theorem 1.5 (Igusa, [17] Thm. 4.3). Conjecture 1.4 is true for A = 1/2.

In section 5, we will reformulate this theorem in a slightly more general form (5.14), and reprove
it following [17].

1.6. In this paper, we consider the case A = 1/3; then S'/3 = Spec(R) with R = k[[t1, t»]], and
U'/3 = Spec(R[1/t1]). The following theorem is our main result, and will be ultimately proved in
section 7.

Theorem 1.7. Conjecture 1.4 is true for A\ = 1/3, i.e. the homomorphism
P (U3 €) — Autz, (T,(GY3,€)) ~ GL2(Z,)

1§ surjective.

1.8. For a general slope A\, we denote by
(1.8.1) P 1 (UM ) — Autp, (T,(G*,€)/pT,(G*,§)) ~ GL,_,(F))

the canonical reduction modulo p of p*. Then we have the following partial results on 7*.
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Proposition 1.9. (a) The group Im(p*) contains a subgroup H of GL,_(F,) such that the subset
H U {0} of the matriz algebra M(,_g)x (r—s)(Fp) is a finite field with p"~* elements.

(b) The order of Im(5) is divisible by p"~*~".

(c) If r — s = 2, the homomorphism B> is surjective.

This proposition will be proved in section 7.

1.10. Let A = k[[n]] be the ring of formal power series over k in one variable m, K be the
fraction field of A, v be the valuation on K normalized by v(r) = 1. Let K be an algebraical
closure of K, K*P be the separable closure of K contained in K, I be the Galois group of K%
over K, I, C I be the wild inertia subgroup, I; = I/I, be the tame inertia group. Recall that for
every integer n > 1, there is a canonical surjective character 6,n_q : I; — ]F; (5.2), where F,n is
the finite subfield of k with p™ elements.

We put S = Spec(A). Let G be a Barsotti-Tate group over S, GV be the Serre dual of G,
Lie(GY) be its sheaf of Lie algebras. The Hasse-Witt map of G, denoted by HW, is the semi-
linear endomorphism on Lie(G") induced by the Frobenius homomorphism of G (2.7.2). We define
hw(G) to be the m-adic valuation of the determinant of a matrix of HW¢, and call it the Hasse
invariant of G (5.4).

Proposition 1.11. Let 7,5 be relatively prime integers with 0 < s < v, X = s/r, and G* the
elementary Barsotti-Tate group over k of slope \. Let G be a deformation of G* over S with
hw(G) = 1, and G(1) be the kernel of the multiplication by p on G. Then the action of I on

G(1)(K) is tame; G(1)(K) is an F,-—s-vector space of dimension 1 on which the induced action
of Iy is given by the surjective character 0,r—<_q : I; — IF;,.,S.

This proposition is an analogue of ([18] Prop. 9) in characteristic p, and will be proved in (5.12).

1.12. The paper is organized as follows. In section 2, we review some well known facts on
ordinary Barsotti-Tate groups. Section 3 contains some preliminaries on the classical Dieudonné
theory. In section 4, after recalling the general deformation theory of a Barsotti-Tate group over
k, we compute the Hasse-Witt map of the universal deformation of G* (4.12). Section 5, which is
the heart of the paper, is dedicated to the study of the monodromy of a Barsotti-Tate group over
a complete trait. Section 6 is elementary, and contains a criterion (6.3) for the surjectivity of a
homomorphism from a profinite group to GL2(Z,). In section 7, we gather the results of previous
sections to complete the proof of 1.7 and 1.9.

1.13. This paper is a part of the author’s thesis at University Paris 13. The author would like
to express his great gratitude to his thesis advisor Prof. A. Abbes for his encouragement during
this work, and also for his various helpful instructions and comments on earlier versions of this
paper.

1.14. Notations Let S be a scheme of characteristic p > 0. A BT-group over S stands for a
Barsotti-Tate group over S. Let G be a commutative finite group scheme (resp. a BT-group) over
S. We denote by GV its Cartier dual (resp. its Serre dual), by wg the sheaf of invariant differentials
of G over S, and by Lie(G) the sheaf of Lie algebras of G. We put G®) the pull-back of G by the
absolute Frobenius of S, Fg: G — G the Frobenius homomorphism and Vg: G®) — G the
Verschiebung homomorphism. If G is a BT-group and n an integer > 1, we denote by G(n) the
kernel of the multiplication by p™ on G ; we have GV (n) = (GV)(n) by definition.

Starting from section 3, k will denote an algebraically closed field of characteristic p > 0,
W (k) the ring of Witt vectors with coefficients in k, and K the fraction field of W (k). We denote
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abusively by the same letter o the Frobenius homomorphisms of k, W (k) and Kj. Let A be one
of the following rings k, W (k) or Ko, and let M be a A-module. We denote by M) or M7 the
module A ®, M, i.e. we have 1 ® (Am) = c(A\) @ m in A®, M for all A € A and m € M. We
notice that, since k is algebraically closed, the natural inclusion M — M? given by z — 1 ® x is
bijective.

2 Review of ordinary Barsotti-Tate groups

In this section, S denotes a scheme of characteristic p > 0.

2.1. Let G be a commutative group scheme, locally free of finite type over S. We have a
canonical isomorphism of coherent €g-modules ([14] 2.1)

(2.1.1) Lie(GY) ~ A oms,, (G, G,),

where 77 oms, . is the sheaf of homomorphisms in the category of abelian fppf-sheaves over S, and
G, is the additive group scheme. The Frobenius homomorphism of G, induces an endomorphism

(2.1.2) HW¢ : Lie(GY) — Lie(GY),

semi-linear with respect to the absolute Frobenius map Fs : Og — Og, called the Hasse- Witt map
of G. More precisely, if f : G — G, be an element of Lie(G"), then HW¢g(f) is the composed

homomorphism Fg, o f : G — G,(lp ) = Gg. By the functoriality of the Frobenius, we have also

HW¢(f) = f®) o Fg, where f® . G — (G((lp) is the base change of f by the absolute Frobenius
of S, i.e. the following diagram is commutative :

G —2% o)
f f(P)
G, &) G

a -

2.2. By a commutative p-Lie algebra over S, we mean a pair (L, ), where L is a locally
free sheaf of finite type over S, and ¢ : L — L is a semi-linear endomorphism with respect to
the absolute Frobenius Fg : 0s — Og. When there is no risk of confusion, we omit ¢ from the
notation. We denote by p-£ieg the category of commutative p-Lie algebras over S.

Let (L, ) be an object of p-Lieg, and L(P) = 05 ®ges,rs} L be the twist of L by the absolute
Frobenius of g, i.e. if X and x are local sections of &g and L respectively, we have 1®(A-x) = \P®x.
We define the linearization of ¢ to be the Og-linear homomorphism

(2.2.3) o: LW

given by A®z — Ap(x). We notice that, in general, the canonical map L — L®) given by z — 1®x
is neither injective nor surjective.
For an object L of p-£ieg, we put

% (L) = Sym(L) = @nen L7,
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where L®? = 0g. Let .#,(L) be the ideal sheaf of % (L) defined, for an open subset V C S, by
D(V, A(L)) = {a®F — p(z) ; 2 € T(V, % (L))}.

We put %,(L) = % (L)/#,(L), and call it the p-enveloping algebra of L. We endow %,(L) with
the structure of a Hopf-algebra with the comultiplication given by A(z) = 1® z + x ® 1 and the
coinverse given by i(z) = —z.

Let G be a commutative group scheme, locally free of finite type over S. We say that G is of
coheight one if the Verschiebung V : G») — G is the zero homomorphism. We denote the category
of such objects by &Vg. For an object G of &V g, the Frobenius Fgv of the Cartier dual GV of
G is the zero homomorphism ; so the Lie algebra Lie(G") is locally free of finite type over S (8]
VIIo Théo. 7.4(iii)). The Hasse-Witt map of G (2.1.2) endows Lie(G") with a commutative p-Lie
algebra structure over S.

Proposition 2.3 ([8] VIIA, Théo. 7.2 et 7.4). The functor 8V g — p-Lieg defined by G — Lie(GY)
is an anti-equivalence of categories; a quasi-inverse is given by the functor p-Lieg — &V defined
by (L, ¢) — Spec(%,(L)).

2.4. Assume S = Spec(A) affine. Let (L, ¢) be an object of p-Lieg such that L is free of rank
n over Us, (e1,--- ,e,) be a basis of L over s, (hi;j)1<i j<n be the matrix of ¢ under the basis
(€1, ,en), i.e. p(ej) = Y i hyje; for 1 < j < n. Then the group scheme associated to (L, ¢) is
explicitly given by

Spec(#,(L)) = Spec (A[Xl, XY hijxalgjgn),

i=1

with the comultiplication A(X;) = 1®X,;+X;®1. By the Jacobian criterion of étaleness [EGA IV
22.6.7], the finite group scheme Spec(%,(L)) is étale over S if and only if the matrix (h;;)1<; j<n is
invertible. This condition is equivalent to requiring that the linearization of ¢ (2.2.3) is universally
injective.

Corollary 2.5. An object G of ®Vg is étale over S, if and only if the linearization of its Hasse-
Witt map (2.1.2) is universally injective.

Proof. The problem being local over S, we may assume S affine and L = Lie(GV) free over Os.
By Theorem 2.3, G is isomorphic to Spec(%,(L)), and we conclude by the last remark of 2.4. [

Definition 2.6. Let G be a BT-group over S. We say that G is ordinary if there exists an exact
sequence of BT-groups over S

(2.6.1) 0—G™ - G- G% -0,
such that G™ is multiplicative and G is étale BT-group.

We note that when it exists, the exact sequence (2.6.1) is unique up to a unique isomorphism,
since there is no non-trivial homomorphisms from a multiplicative BT-group to an étale one. The
property of being ordinary is clearly stable by base change.

If S is the spectrum of a field, we have a priori an exact sequence of the form 0 - G° — G —
G — 0, where G° is merely a connected BT-group and G is an étale BT-group ([7] Chap.11,
§7). Therefore, G is ordinary if and only if its connected part G° is of multiplicative type.
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2.7. Let G be a BT-group over S of height h and dimension d. The Lie algebra Lie(GY) is
locally free of rank (h — d) over S, and canonically identified with Lie(GY(1))(|3] 3.3.2). We define
the Hasse-Witt map of G

(2.7.2) HW¢ : Lie(GY) — Lie(G")
to be the Hasse-Witt map of G(1) (2.1.2).

Proposition 2.8. Let G be a BT-group over S. The following conditions are equivalent :
(a) G is ordinary over S.

b) For every x € S, the fiber G, = G ®g k(x) is ordinary over k(z), .

c) The finite group scheme Ker Vg is étale over S.

c’) The finite group scheme Ker Fg is of multiplicative type over S.

d) The linearization of the Hasse-Witt map HW¢ of G is universally injective.

(
(
(
(

First, we prove the following lemmas.

Lemma 2.9. Let T be a scheme, H be a commutative group scheme locally free of finite type over
T. Then H is étale (resp. of multiplicative type) over T if and only if, for every x € T, the fiber
H @7 k(x) is étale (resp. of multiplicative type) over k(z).

Proof. We will consider only the étale case ; the multiplicative case follows by duality. Since H is
T-flat, it is étale over T if and only if it is unramified over T. By [EGA IV 17.4.2], this condition
is equivalent to that for every point « € T, the fiber H ®1 k() is unramified over (), hence the
conclusion. O

Lemma 2.10. Let G be a BT-group over S. Then Ker Vi is an object of the category Vg, i.e.
it is locally free of finite type over S, and its Verschiebung is the zero homomorphism. Moreover,
we have a canonical isomorphism (Ker Vg)Y ~ Ker Fgv, which induces an isomorphism of Lie
algebras Lie((Ker Vi)") ~ Lie(Ker Fgv) = Lie(GY), and the Hasse-Witt map (2.1.2) of Ker Vg is
identified with HW g (2.7.2).

Proof. The group scheme Ker Vi is locally free of finite type over S ([14] 1.3(b)), and we have a
commutative diagram

VKer Va

(Ker Vg)(p)

Ker Vg

V)

(G®)®P) e}

By the functoriality of Verschiebung, we have Vi = (Vg)® and Ker Vi) = (Ker V) ®). Hence
the composition of the left vertical arrow with V() vanishes, and the Verschiebung of Ker Vi is
Z€ero.

By Cartier duality, we have (Ker V)" = Coker(Fgv (1y). Moreover, the exact sequence

Fgviy Vav
S GY() 2, (Gv(l))(”) ZGTL V(1)
induces a canonical isomorphism

(2101) COkeI‘(ng(l)) = Im(VGv(l)) = Ker FGV(I) = Ker FGW.
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Hence, we deduce that

(2.10.2) (Ker V)" ~ Coker(Fgv (1)) — Ker Fgv — GY(1).

Since the natural injection Ker Fgv — GV(1) induces an isomorphism of Lie algebras, we get
(2.10.3) Lie((Ker Vi)") ~ Lie(Ker Fgv) = Lie(GV (1)) = Lie(G").

It remains to prove the compatibility of the Hasse-Witt maps with (2.10.3). We note that the dual
of the morphism (2.10.2) is the canonical map F' : G(1) — Ker Vg = Im(Fi(q)) induced by Fg ().
Hence by (2.1.1), the isomorphism (2.10.3) is identified with the functorial map

Homs,, (Ker Vg, G,) — Homs,, . (G(1),Gy)

induced by F, and its compatibility with the Hasse-Witt maps follows easily from the definition
(2.1.2). O

Proof of 2.8. (a)=(b). Indeed, the ordinarity of G is stable by base change.

(b)=(c). By Lemma 2.9, it suffices to verify that for every point z € S, the fiber (Ker V) ®s¢
k(z) ~ Ker Vg is étale over x(x). Since G, is assumed to be ordinary, its connected part (G)°
is multiplicative. Hence, the Verschiebung of (G )° is an isomorphism, and Ker Vi, is canonically
isomorphic to Ker V(g )« C (G5)®", so our assertion follows.

(¢) & (d). It follows immediately from Lemma 2.10 and Corollary 2.5.

(c)<=(c’). By 2.9, we may assume that S is the spectrum of a field. So the category of com-
mutative finite group schemes over S is abelian. We will just prove (c)=-(c’) ; the converse can be
proved by duality. We have a fundamental short exact sequence of finite group schemes

(2.10.4) 0 — Ker Fg — G(1) &5 Ker Vg — 0,
where I is induced by Fg(q). This induces a commutative diagram

00— (Ker ) ® — (G(1))” > (Ker V) ® —0

lvl iVGu) \LV”

0 — Ker Fg G(1) Ker Vg

0

where vertical arrows are the Verschiebung homomorphisms. We have seen that V" = 0 (2.10).
Therefore, by the snake lemma, we have a long exact sequence

(2.105) 0 — Ker V' — Ker Vgq) % (Ker Vi) — Coker V' — Coker Vg1y 2 Ker Vg — 0,
where the map « is the Frobenius of Ker Vi and ( is the composed isomorphism
Coker(Vg(1)) ~ G(1)/ Ker Fg1) — Im(Fg(1)) ~ Ker V.

Then condition (c) is equivalent to that « is an isomorphism ; it implies that Ker V' = Coker V’ = 0,
i-e. the Verschiebung of Ker Fg is an isomorphism, and hence (c’).
(c)=(a). For every integer n > 0, we denote by F¢ the composed homomorphism

G Fe, g few, Lot aom)
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and by V4 the composed homomorphism

ny Vo pn—1 n— V. (pn—2
qm) _cr g e Ve,

)

FZ and V& are isogenies of BT-groups. From the relation V% o F& = p”, we deduce an exact
sequence

(2.10.6) 0 — Ker It — G(n) 2, Ker V& — 0,

where F™ is induced by F{. For 1 < j < n, we have a commutative diagram

n—j
a(®?)

(2.10.7) o) —— S0
G.

One notices by the functoriality of Verschiebung that Ker Vg;(;_f) = (Ker V5™’ )®")_ Since all maps

in (2.10.7) are isogenies, we have an exact sequence

’
K3

(210.8) 0 — (Ker V™)) S Ker Vg 22 Ker VA — 0.

Therefore, condition (c) implies by induction that Ker VZ is an étale group scheme over S. The j-th

iteration of the Frobenius Ker V37 — (Ker V5™’ )#") is therefore an isomorphism, and Ker Vi
is identified with a subgroup scheme of Ker V4 by the composed map

in_jm t Ker V29 25 (Ker V29) ) 220, Kep v

We claim that the kernel of the multiplication by p™~7 on Ker VZ is Ker V5 ~7 Indeed, from the

relation p" =7 - Idgen) = Fg;j ) OV(Z(;?), we deduce a commutative diagram (without dotted arrows)
(2.10.9) Ker V2 o)
~ vl
N Pn,j w\])
N
N
& . .
KerV2Z—-———+1—-—-—->=qg0®)
pnfj e n—j /
e p
/' . n—j
b7t Floh
Ker V2 o).

It follows from (2.10.8) that the subgroup Ker V4 of G(") is sent by Vg(;]j) onto Ker Vé. Therefore
diagram (2.10.9) remains commutative when completed by the dotted arrows, hence our claim. It
follows from the claim that (Ker VZ),>1 constitutes an étale BT-group over S, denoted by G,

By duality, we have an exact sequence

(2.10.10) 0 — Ker FJ, — Ker F — (Ker F&~)#) — 0,
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Condition (c¢’) implies by induction that Ker FZ is of multiplicative type. Hence the j-th iteration
of Verschiebung (Ker Fiy 7)#) — Ker F5™7 is an isomorphism. We deduce from (2.10.10) that
(Ker F@)p>1 form a multiplicative BT-group over S that we denote by G™!* Then the exact
sequences (2.10.6) give a decomposition of G of the form (2.6.1). O

Corollary 2.11. Let G be a BT-group over S, and S be the locus in S of the points x € S such
that G, = G ®g k() is ordinary over k(z). Then S° is open in S, and the canonical injection

Serd 5 S is affine.

The open subscheme S of S is called the ordinary locus of G.

3 Review of classical Dieudonné theory

3.1. Let k be an algebraically closed field of characteristic p > 0, W (k) be the ring of Witt
vectors with coefficients in k, D be the Dieudonné ring D over k, i.e. the noncommutative ring
W (k){F,V} over W(k), generated by two variables F and V satisfying the following relations

F-A=0(\)-F, V-d=c'N-V, F-V=V.F=p,

where A € W(k) and o is the Frobenius endomorphism of W (k).

By a Dieudonné module over k, we mean a left D-module M which is finitely generated as
a W(k)-module. Equivalently, a Dieudonné module M over k is a W(k)-module of finite type
endowed with two morphisms of W (k)-modules Fy; : M® — M and Vj; : M — M? such that

(311) FMVM :p~Id]u and VMF]V[ :p-IdMa.

3.2. We say that a Dieudonné module is of finite length if so is its underlying W (k)-module.
Let Modp. . (k) be the category of Dieudonné modules of finite length, p-®3F, be the category of
commutative finite group schemes over k killed by a power of p. After Dieudonné, there exists an
anti-equivalence of categories M : p-&F;, — Modp, s (k) ([12] Chap II 4.2).

By passing to projective limits, we can extend the functor M to BT-groups over k. More
precisely, to a BT-group G over k, we associate a Dieudonné module M(G) which is free of finite
type over W (k) ; the functor G — M(G) is an anti-equivalence of categories between the category
of BT-groups over k and the category of Dieudonné modules over k, free of finite type over W (k)
([12] Chap. III 5.6). Let G be a BT-group over k, then basic properties of the functor M are listed
below :

(a) We have a canonical isomorphism M(G(®)) = M(G)?, and the morphisms F and V on M(G)
are induced respectively by the Frobenius Fg : G — G and the Verschiebung Vg : G®) — G. For
every integer n > 1, we have M(G(n)) = M(G)/p"M(G), and the morphisms F' and V' on M(G)
induce respectively the structural morphisms F,, : M(G(n))? — M(G(n)) and V,, : M(G(n)) —
M(G(n))? of the Dieudonné module M(G(n)).

(b) We have a canonical exact sequence, called the Hodge filtration ([3] 3.3.5)

(3.2.2) 0 — wg — M(G(1)) — Lie(GY) — 0.

The k-vector space (wg)® C M(G(1))® is identified with the image of V; : M(G(1)) —
M(G(1))® ([16] 2.5.2). Hence, we get an isomorphism of k-vector spaces

(3.2.3) (Lie(GY)) "~ M(G(1))® / Im(V;) = M(G)® / Tm (V).
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On the other hand, the exact sequence

 Yew G(1) Fay G(1)®) VG“))G(l) e

induces an exact sequence of Dieudonné modules

(3:2.4) = M(G(1)) 25 M(G(1)") 25 M(G(1) -

In view of (3.2.3), the latter induces a commutative diagram

(3.2.5) M(G(1))®) > M(G(1))

|
(Lie(G))® 22— Lie(GY),

where the vertical arrows are the natural projections (3.2.2), ¢ is injective, and ¢q is induced by
F}. Since F; is induced by the Frobenius of G, hence by functoriality, ¢ is the linearization (2.2.3)
of the Hasse-Witt map of G (2.7.2).

(¢) Assume that G has height h and dimension d; put d* = h — d. Then we have dim wg = d,
dimy, Lie(GY) = d* and M(G) is free of rank h over W (k) by (3.2.2).

3.3. Elementary BT-groups Let s,r be relatively prime integers such that 0 < s < r and
r# 0; put A = 2. We define a Dieudonné module M? over k by

(3.3.6) M* =D/(F'=% = V*),

where D is the Dieudonné ring over k (3.1). We note that M?* is free of rank r over W (k) and
M*)V - M* ~ k[F]/F"*. We denote by G* the BT-group over k such that M(G*) = M*. By
3(c) and (3.2.3), the height of G* is r and its dimension is s. We call G* the elementary BT-group
of slope \ over k. Note that G* ~ Q,/Z,, if A = 1, and G* is connected if A < 1.

3.4. Isocrystals By an isocrystal over k, we mean a finite dimensional Ky-vector space E equip-
ped with a bijective o-linear endomorphism F : F — E. Given a Dieudonné module (M, Fys, Var)
over k, we can associate to it an isocrystal E = Ko ®w ) M with the o-linear endomorphism
given by 0 @ (i) Far. For a BT-group G over k, we denote by E(G) the isocrystal Ko @ M(G). By
Dieudonné-Manin’s classification of isocrystals over k ([7] Chap.IV §4), the category of isocrystals
over k is semi-simple, and each E(G?) is a simple object. Moreover, any isocrystal coming from a
BT-group over k is a direct sum of E(G?)’s. Consequently, any BT-group over k is isogenous to a
finite product of G*’s. Moreover, in the dimension one case, we have the following :

Lemma 3.5 ([7] Chap. IV, §8). If a BT-group G over k is isogenous to G+ (resp. G+ ), then G
is isomorphic to it. In particular, the BT-group associated to a one-dimensional formal group over
k of finite height r is necessarily isomorphic to G'/".

4 The local moduli of an elementary BT-group

4.1. Let k be an algebraically closed field of characteristic p > 0, r be a positive integer,
R = k[[t1,--- ,t.]], m be the maximal ideal of R. We put . = Spf(R), S = Spec(R) and for each
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integer n > 0, S,, = Spec(R/m"*!). By a BT-group ¢ over the formal scheme .7, we mean a
sequence (G, )n>0 of BT-groups over (S,)n>0 equipped with isomorphisms G, 41 Xs,,, Sn >~ Gp.

According to ([16] 2.4.4), the functor G — (G Xgs Sp)n>0 defines an equivalence of categories
between the category of BT-groups over S and the category of BT-groups over .. For a BT-group
¢ over ., the corresponding BT-group G over S is called the algebraization of ¥.

4.2. Let S = Spec(R) and .# = Spf(R) be as in (4.1). We denote by Q, , = lim Qg , the
sheaf of 1-differential forms of . over k. The module of global sections of Q, s, over .7 is ﬁ}z Ik
the module of continuous differentials of R over k with respect to m-adic topology ; hence Q, Jk is
a free 0 o-module of rank r (EGA 0Oy 21.9.3).

Let 4 = (Gn)n>0 be a BT-group over .. We put wy = lim wg, the sheaf of invariant

n

differential forms of ¢ over ., and Lie(4") = lim Lie(G))). Then wy and Lie(¢") are finite free

n

O »-modules. We recall that there exists a canonical homomorphism of & s-modules ([16] 2.5.3)
(4.2.1) KS :wy — Q) ®6,, Lie(@").

Let Ty = Home,, (Q;/k, O 1) be the tangent sheaf of . The Kodaira-Spencer map of ¢ is
the homomorphism

(4.2.2) Kod : Ty, — A ome,, (wy,Lie(4"))

induced by (4.2.1). We say that ¢ is a versal over .7 if its Kodaira-Spencer map is surjective.

4.3. Let G be the algebraization of a BT-group ¢ over .. By (EGA 0Ory 21.9.4), the module
of global sections of Qi@/k: the sheaf of differential 1-forms of S, coincides with Q}Z/k ; hence Q}g/k

is free of rank 7 over g, and its completion along the closed point of S is equal to 915, /K- We have
also a canonical homomorphism

(4.3.3) KS:wg — Q}S/k R Lie(GY),
and the induce Kodaira-Spencer map
(4.3.4) Kod : Tg/, — S omeg (we,Lie(GY)),

where Ty, = %”omﬁs(Q};/k, Os). But wy and Lie(¥) coincide respectively with the completion
of wg and Lie(GY) along with the closed point of S (EGA I 10.8.4). Therefore, the morphisms
KS (4.2.1) and Kod (4.2.2) for ¢ are obtained respectively by applying the completion functor to
(4.3.3) and (4.3.4). We say that G is versal over S if (4.3.4) is surjective. Note that G is versal if
and only if ¢ is versal.

4.4. We recall briefly the theory of deformations of a BT-group. Let AL, be the category of
local artinian k-algebras with residue field k. For an object A of ALy, we denote by s4 : Spec(k) —
Spec(A) the closed point of A. We notice that all morphisms of AL are local.

Let Gg be a BT-group over k, A be an object of ALj. A deformation of Gy over A is a pair
(G, ¢), where G is a BT-group over Spec(A) and ¢ is an isomorphism ¢ : s5G = G ®4 k — Gp.
Two deformations (G, ¢) and (G’, ¢") over A are isomorphic if there exists an isomorphism of BT-
groups ¥ : G — G’ such that ¢ = ¢’ o s%(1). Let’s denote by Z the functor which associates to
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each object A of 2L the set of isomorphism classes of deformations of Gy over A;if f: A — B is
a morphism of ALy, then the map 2(f) : 2(A) — 2(B) is given by extension of scalars. We call
2 the deformation functor of Gy over ALy.

Proposition 4.5 ([14] 4.8). Let Gy be a BT-group over k of height h and dimension d, 9 be the
deformation functor of Gy over ULy ; put d* = h — d.

(a) The set P (kle]/e?) is a k-vector space isomorphic to Homy(wg,, Lie(GY)) such that the
class of the trivial deformation [Go ®y, k[e]/€%] corresponds to 0.

(b) The functor 2 is pro-representable by a formally smooth formal scheme # over k of relative
dimension dd*, i.e. ¥ = Spf(R) with R ~ k[[(tij)1<i<a~1<j<d]], and there exists a BT-group &
over . such that, for any object A of ULy, and any deformation (G, ) of Gy over A, there is a
unique homomorphism of local k-algebras p : R — A with G ~ 9 Qg A.

(c) Let T5,1(0) = T/ @r k be the tangent space of 7 at its unique closed point,

(4.5.1) Kodg : T /1,(0) — Homy (wg,, Lie(Gy))

be the Kodaira-Spencer map (4.2.2) of 4 evaluated at the closed point of .. Then Kody is bijective,
and it can be described as follows. For an element f € T ,,(0), i.e. a homomorphism of local k-
algebras f : R — kle]/€%, Kodo(f) is the element in Homy (wg,, Lie(Gy)) corresponding to the class
of deformation [¢ ®@r (kle]/€?)] by (a).

Remark 4.6. Let (¢j)1<;<q be a basis of wa,, (fi)1<i<a~ be a basis of Lie(Gy). In view of 4.5(c),
we can choose a system of parameters (t;;)1<i<d+.1<j<d of & such that

0
Kodo(=—) =€} ® f;
O(atlj ) ¥l f’“
where (€})1<j<a is the dual basis of (e;)1<j<a. Moreover, if m is the mazimal ideal of R, the
parameters t;; are determined uniquely modulo m?.

Corollary 4.7 (Algebraization of the universal deformation). The assumptions being those
of (4.5), we put moreover S = Spec(R) and G the algebraization of the universal formal deformation
¢ (4.1). Then the BT-group G is versal over S (4), and satisfies the following universal property.
Let A be a noetherian complete local k-algebra with residue field k, G be a BT-group over A endowed
with an isomorphism G ® 4 k ~ Gy ; then there exists a unique continuous homomorphism of local
k-algebras o : R — A such that G ~ G Qg A.

Proof. For the versality of G (or of ¢), we note that each side of the Kodaira-Spencer map Kod
(4.2.2) is a free O -module of rank dd*, and its reduction mod the maximal ideal of €& is an
isomorphism by 4.5(c). It follows that Kod is an isomorphism, hence the conclusion.

Let G be a deformation of Gy over a noetherian complete local k-algebra A with residue field k.
We denote by m 4 the maximal ideal of A, and put A,, = A/m;’fr1 for each integer n > 0. Then by
4.5(b), there exists a unique local homomorphism ¢,, : R — A,, such that G® 4,, ~ G®gr A,. The
©y’s form a projective system (¢, )n>0, whose projective limit ¢ : R — A answers the question. [

Definition 4.8. The notations are those of (4.7). We call S the local moduli in characteristic p
of Gy, and G the universal deformation of G in characteristic p. We will omit “in characteristic
p” for short.
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4.9. Let r be a positive integer, R = k[[t1,--- ,t,]], m be the maximal ideal of R. We put
S = Spec(R), and for each integer n > 0, R,, = R/m"*! and S,, = Spec(R,,). Let G be a BT-group
over S. In general, we denote by an index n the objects (e.g. schemes, modules, homomorphisms,
--+) obtained by extension of scalars from R to R, ; for example, S,, = Spec(R,,), G, = G x5 Sp,
Lie(G)) ~ Lie(GY )y, - - -

We have the Hasse-Witt map HW¢ : Lie(GY) — Lie(GV) (2.7.2) and the Kodaira-Spencer map
KS (4.2.1 and 4). Following [14], we will compute the map HW¢, in terms of HW¢, and KSp.

Let (69)19'5(1 be a basis of wg,, (f7)1<i<a- be a basis of Lie(Gy ). Under these basis, the Hasse-
Witt map HW g, is expressed by a matrix ho of type (d*,d*) with coefficients in k, while KSy is
expressed by a matrix kg of type (d*,d) with coefficients in m/m?. Let M(Gp) be the Dieudonné
module of Gy. Recall that the k-vector space M(Gy(1)) is an extension of Lie(Gy) by wg, (3.2.2),
and the map HW¢, factors through an injective map (3.2.5)

(4.9.1) b : Lie(GY) % Lie(GY)® £ M(Go(1)),

where ¢ is the canonical injection a + 1 ® a. We choose a lift (f°) of the basis (f)1<i<a- to

M(Go(1)). Under the basis (f7) and (€9, f;), the morphism 4 is expressed by a matrix of the form

<20> , where by is a matrix of type (d,d*) with coefficients in k. Note that by depends on the
0

choice of the lifting (f0).

Proposition 4.10 ([14] A 2.1.8). Under the assumptions above, there exists a basis (f})1<i<a- of
Lie(GY) over Ry lifting (f°)1<i<a+, such that the Hasse-Witt map HWg, is expressed under (f})
by the matriz

h1 =ho — ko - bo

with coefficients in Ry = k & m/m?,

Remark 4.11. Let Gy be a BT-group over k, S be the local moduli of Gy, G be the universal
deformation of Go. We apply the computation above to S =S and G = G. If (tij)1<i<d* 1<j<d 1S

a system of parameters of S adapted to the bases (69)133'3(1 and (f?)1<i<a+ in the sense that

0
KOdO ( ot
)

)=¢j"® f),

where (e?*) is the basis dual to (e?). Then Ky is just the matriz (t;;) mod m?.

We will apply the general theory above to elementary BT-groups over k.

Proposition 4.12. Letr, s be relatively prime integers with0 < s <r, A\ = 2, G* be the elementary

BT-group over k with slope A (3.3), S = Spec(R) be its local muduli, G be the universal deformation
of G*. Then, there exists a system of parameters (tij)1<i<r—si<j<s of R and a basis of Lie(G")
over R, such that the Hasse-Witt map of G is expressed by the matriz

00 -« 0 —t1,

10 -+ 0 —to,

(4.12.1) h=(0 L - 0 s,
0 0 -+ 1 —t_qgq

52



Proof. We begin by computing the Hasse-Witt map of G*. Since M(G*) = M* (3.3.6) by definition,
we have

M [pM* = k{F,V}/(FV,VE,F"~% - V*),

where k{F,V} is the noncommutative polynomial ring over k generated by F,V satisfying the
relations F-a =a?-F and V-a = a'/?-V for all a € k. As k is perfect, the relation (3.2.3) implies
that

Lie((GM)Y) = MYV - M* = K[F)/(F"™),
and the Hasse-Witt map of G* is given by the multiplication by F. We denote by e the class of 1
in M*/pM?. Then the vectors

(4.12.2) Ve VZ.e -, Vie e F-e -, FF7"l.¢

form a basis of M /pM* over k adapted to the Hodge filtration of M /pM* (3.2.2), i.e. (V -e, V2.
e,--+,V*-e)is a basis of wgx, and the images of (e, F-e,--- , F"7*"!.¢) is a basis of Lie((G*)V).
Under these basis, the injective morphism v : Lie((G*)Y) — M* /pM* (4.9.1) is expressed by the

matrix <b0>, where
bo

00 - 00
9 9 0 10 -« 00

bo=|° - 7 | €My, s(k) and Bo= 01 0 0 €M, _sxr_s(k).
0 -~ 0 0 : . :
0 0 1 00 - 10

On the other hand, we choose a system of parameters (¢; ;)1<i<r—s,1<j<s adapted to the basis
(4.12.2). So the reduction KSy of the Kodaira-Spencer map (4.2.1) of G is expressed by the matrix
Ko = (t; ;) € Mr_g) xs(m/m?) (cf. 4.11). Applying 4.10, we get a basis (f})1<i<r—s of Lie(GY)
such that the Hasse-Witt map of Gy is represented by the matrix

00 - 0 —t,
10 o 0 —th,
bi=ho—ro-bo=|0 1 0 0 5,
00 o 1 —t,,

Let v be a section of Lie(G") over S lifting the vector fi € Lie(GY), and denote by ¢ the Hasse-
Witt map of G for short. Then the vectors (v, p(v),- -+, " 571(v)) form a basis of Lie(G") over
Os lifting the basis (f})1<i<r—s. If

P T W) = a1 vt a2 @(v) £ a9 T (v)

with a; € R, then we have a; = ft;,s modm? for 1 < i < r —s. Let (tij)i<i<r—si<j<s be the
system of parameters of R with ¢; ; = tgjj if 1 <j <s-—1,andt;s = —a;. Then the Hasse-Witt
map of G is expressed by the desired formula under the basis (v, p(v),---, 0" *"1(v)). O

The following corollary follows immediately from 4.12 and 2.8.

Corollary 4.13. Under the assumptions of (4.10), the ordinary locus of G over S is the open
subscheme U = Spec(R[1/t1 4]).
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5 Monodromy of a BT-group over a complete trait of cha-
racteristic p > 0

5.1. Let k be an algebraically closed field of characteristic p > 0, A be a complete discrete
valuation ring of characteristic p, with residue field k¥ and fraction field K, K be an algebraic
closure of K, K5 be the maximal separable extension of K contained in KX, K* be the maximal
tamely ramified extension of K contained in K*°°. We put I = Gal(K*P/K), I, = Gal(K*?/K")
and I, = I/I, = Gal(K'/K).

Let m be a uniformizer of A; so we have A ~ k[[r]]. Let v be the valuation on K normalized
by v(m) = 1; we denote also by v the unique extension of v to K. For every a € Q, we denote by
m, (resp. by m}) the set of elements z € K*°P such that v(z) > « (resp. v(z) > «). We put

(5.1.1) Vo = mg/mt,

which is a k-vector space of dimension 1 equipped with a continuous action of the Galois group 1.

5.2. First, we recall some properties of the inertia groups I, and I; (see [19] Chap. IV). The
subgroup I, called the wild inertia subgroup, is the maximal pro-p-group contained in I and is
normal in I. The quotient I, = I/I, is a commutative profinite group, called the tame inertia
group. We have a canonical isomorphism

(5.2.2) 0:I, = lin Ld,
(d,p)=1

where the projective system is taken over positive integers prime to p, pg is the group of d-th roots
of unity in k, and the transition maps j,, — pq are given by ¢ — /4, whenever d divides m. We
denote by 64 : I} — pq the projection induced by (5.2.2). Let g be a power of p, F, be the finite
subfield of k£ with ¢ elements. Then y, 1 = F, and we can write 6,1 : Iy — F. The character
0, is characterized by the following property.

Proposition 5.3 ([18] Prop.7). Let a,d be relatively prime positive integers, such that d is prime
to p. Then the natural action of I, on the k-vector space V,,q (5.1.1) is trivial, and the induced
action of Iy on V,,q is given by the character (04)® : Iy — pq. In particular, if q is a power of p, the
action of Iy on Vi 1) is given by the character 0,1 : I — IFqX and any I-equivariant F,-subspace
of Vi(q—1) 18 an Fy-vector space.

In the sequel, we put S = Spec(A), and denote by s its closed point, and by 7 its generic point.

5.4. Let G be a BT-group over S. We define hw(G) to be the valuation of the determinant of
a matrix of HW¢, and call it the Hasse invariant of G.

(a) hw(G) does not depend on the choice of the matrix representing HW¢. Indeed, let d* be the
rank of Lie(GY) over A, h be a matrix of type (d*, d*) with coefficients in A which represents HW .
Any other matrix representing HW ¢ can be written in the form U~"-h-U®) where U € GLg- (A),
U~! is the inverse of U, and U®) is the matrix obtained by applying the Frobenius map of A to
the coefficients of U.

(b) By 2.8, the generic fiber G,, is ordinary if and only if hw(G) < co; G is ordinary over T if
and only hw(G) = 0.

(c) Let 0 - G' — G — G” — 0 be a short exact sequence of BT-groups over T, then we
have hw(G) = hw(G") + hw(G"). Indeed, the exact sequence of BT-groups induces a short exact
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sequence of Lie algebras (cf. [3] 3.3.2)
0 — Lie(G"Y) — Lie(G"Y) — Lie(G") — 0,

from which our assertion then follows easily.

5.5. Let G be a BT-group over S. Recall that there exists a unique exact sequence of BT-groups
over S :

(5.5.1) 0—G°—G—G*—0,

such that G° is connected, called the connected part of G, and G is étale, called the étale part
of G. Indeed, a unique decomposition of the form (5.5.1) exists over the closed point s of S by
([7] Chap. IT §7); it lifts uniquely to S by the henselian property of S. It follows from 5(c) that
hw(G) = hw(G°).

5.6. Let G be a BT-group over S of height h and dimension d, d* = h — d. We say that
G is HW-cyclic, if d* > 1 and there exists an element w of Lie(GY) = Lie(GY) ®4 k such
that (@, HWq, (), - -, (HWg,)? ~(@)) is a basis of Lie(GY) over k. By Nakayama lemma,
G is HW-cyclic if and only if d* > 1 and there exists an element u € Lie(GY) such that
(u,HWq(u), -, (HWg)? ~'(u)) is a basis of the free A-module Lie(G"), or equivalently, the
Hasse-Witt map HW¢ can be expressed by a matrix of the form

00 - 0 —a
10 -+ 0 —ay

(5.6.2) h=|0 1 - 0 —az |,
00 -+ 1 —ag

where a; € A for 1 < i < d*. Note that any BT-group over S with d* =1 is HW-cyclic.

Lemma 5.7. Let 0 - G' — G — G" — 0 be an exact sequence of BT-groups over S. If G is
HW-cyclic, then so is G'. In particular, the connected part of a HW-cyclic BT-group is HW-cyclic.

Proof. The exact sequence of BT-groups induces an exact sequence of Lie algebras
(5.7.1) 0 — Lie(G"Y) — Lie(G"Y) — Lie(G") — 0,

and the Hasse-Witt map HW¢- is induced by HW¢ by functoriality. Assume that G is HW-cyclic
and GV has of dimension d*. Let u be an element of Lie(GY) such that

(@, HWg, (@), ,(HW¢,)" (1))

is a basis of Lie(GY) over k. We denote by ¢ the canonical projection Lie(G)) — Lie(G.'). Let r
be the maximal integer < d* such that the vectors

(@), HWe;(p(@), -, HWeg,) ™ ((a))

are linearly independent over k. Then they form a basis of the k-vector space Lie(G%'), hence G’
is HW-cyclic. O

95



Lemma 5.8. Let \ be a rational number in the interval (0,1), G* be the elementary BT-group over
k of slope X (3.3), G be a deformation of G* over S. Then G is a connected HW-cyclic BT-group
over S. In particular, all connected BT-groups of dimension 1 over S are HW-cyclic.

Proof. Notice first that G is obviously connected. We denote by S* = Spec(R) the local moduli
of G*, and by G* the universal deformation of G*. By 4.7, there exists a unique continuous
homomorphism of local rings ¢ : R — A such that G ~ G* @ A. If hg» is a matrix of HWga,
then p(hg») is a matrix of HW¢ by the functoriality of Hasse-Witt maps. So it follows from
(4.12.1) that G is HW-cyclic. If G is a connected BT-group of dimension 1 and height h, then by
3.5, the closed fiber of G is isomorphic to G/ i.e. G is a deformation of G/" over S, and the
conclusion follows. O

Lemma 5.9. Let G be BT-group over S generically ordinary of height h and dimension d ; put

d* = h —d. Then we have a canonical isomorphism G(1)(K) ~ (Ker Vg)(K*P). Assume moreover
that G is HW-cyclic, and let

00 -+ 0 —a
1 0 -+ 0 —as
h=|0 1 - 0 —ay
0 0 1 —Qq*

be a matriz of HW . Then,

(a) hw(G) = v(ay) < oo.

(b) Let G, = Spec(A[X]) be the additive group scheme over S and ¢ : G, — G, be the
homomorphism given by X — f(X) at the level of Hopf-algebras, where

(5.9.1) FX) = X" yagex? T 4 faX e A[X).
Then we have an exact sequence of abelian fppf-sheaves over S :
(5.9.2) 0—KerVg — G, % G, — 0.

In particular, the finite group scheme Ker Vg is isomorphic to Spec(A[X]/f(X)) with the comul-
tiplication given by A(X) =1 X + X ® 1.
(c) We put ag«=+1 =1 and

(5.9.3) io = 1gjngudrl+1{];v(aj) =0} -1

Then the étale part G* of G is of height d* — iy, and the connected part G° of G is of height d + i
and dimension d. In particular, i is independent of the choice of matriz of the form (5.6.2) ; G is
connected if and only if any matriz of HW¢ of the form (5.6.2) satisfies v(a;) > 1 for 1 < j < d*.

Proof. We have an exact sequence of commutative finite flat group schemes over S :
(5.9.4) 0— KerFg — G(1) — Ker Vg — 0.

Since the generic fiber of Ker Fi is an infinitesimal group scheme, we get G(1)(K) ~ (Ker Vg)(K).
Since by 2.8, Ker Vi is generically étale, every K-point of Ker Vi is actually a K®°P-point ; hence

we have G(1)(K) ~ (Ker Vi) (K®°P). Assume in the sequel that G is HW-cyclic. Then
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(a) It is immediate from definition.

(b) Since A[X] is a free module of rank p?  over its subring A[f(X)], ¢ is a finite and faithfully
flat morphism of group schemes. Hence it is surjective as a morphism of abelian fppf-sheaves over
S. On the other hand, by 2.10 and 2.3, Ker Vi is canonically isomorphic to the group scheme

(595) Spec(A[Xl,--- ,Xd*]/(Xf — Xo, - 7X5*_1 — Xd*,Xg* + a1 X1+ - --ad*Xd*))

with comultiplication A(X;) = 1@ X;+X,;®1for 1 <i < d*. Let ¢ : Ker(p) = Spec(A[X]/f(X)) —
Ker Vi be the morphism of T-group schemes defined by the homomorphism of Hopf-algebras
(X1, Xo,+, Xao) = (X, XP, -+ xrt
hence the exact sequence (5.9.2) follows.

(¢) From (5.5.1) and (5.9.4), we deduce canonical isomorphisms of groups

). Tt is clear that ¢ is an isomorphism of group schemes,

G(1)(k) ~ G*(1)(k) ~ (Ker Vg)(k),

since the closed fibers of G°(1) and Ker Fz are infinitesimal group schemes. Let f(X) € k[X] be
the reduction of f(X) € A[X] (5.9.1). By the definition of iy, one can write f(X) = g(X?""), where
g(X) is an additive separable polynomial in k[X] with deg(g) = p® ~%. Hence the roots of f(X)
form an F,-vector space of dimension d* —iy. By (b), (Ker Viz)(k) is identified with the set of roots
of f(X) in k. Therefore, the height of G is d* — iy, and G° is a BT-group of height d + iy and
dimension d. O

5.10. Let G be a BT-group over S, d* be the dimension of G¥. We put

(5.10.6) Ty(G) = lim G(n)(K)

n

the Tate module of G. It is a free Z,-module of rank < d*; the equality holds if and only if the
generic fiber G, is ordinary. The Galois group I acts continuously on T,,(G). We are interested in
the image of the monodromy representation

(5.10.7) p: 1= Gal(K*P/K) — Autz, (T,(Q)).
We denote by

(5.10.8) p:1=Gal(K*?/K) — Auty, (G(1)(K))
its reduction mod p.

Proposition 5.11. Let G be a generically ordinary HW-cyclic BT-group over S of height h and
dimension d,

00 -+ 0 —a
1 0 . O —a9
[,) — 0 1 0 —as
00 -+ 1 —ag-

be a matriz of HW¢ ; put d* = h — d and q = p* .
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(a) Assume that G is connected and the Hasse invariant hw(G) = 1. Then the representation
p (5.10.8) is tame, G(1)(K) is endowed with the structure of an Fy-vector space of dimension 1,
and the induced action of I, is given by the character 0,y : I; — .

(b) Assume that d* > 1, v(a;) > 2 for 1 <i<d* —1 and v(aq~) = 1. Then the order of Im(p)

is divisible by p® 1.
Proof. Let f(X) € A[X]be the polynomial (5.9.1) associated to h. By 5.9, G(1)(K) ~ (Ker Vg )(K®P)
is identified with the additive group of the roots of f(X) (5.9.1) in K®°P.

(a) By 5.9(a) (c), the condition imposed on G is equivalent to v(a;) = 1 and v(a;) > 1
1 <4 < d*. From the Newton polygon of f(X), we deduce that all the non-zero roots of f(X)
K®°P have the same valuation 1/(¢ — 1). We denote by

Y G)(K) = Viyg-1

the map which associates to each root x € K*P of f(X) the class of 2 in V;,_1). We remark

for
in

that G(1)(K) is an Fj-vector space of dimension d* ; hence G(1)(K) is automatically of dimension
1 over [F, once we know it is an IF -vector space. By 5.3, it suffices to show that v is an injective
I-equivariant homomorphism of groups. By 5.9(b), ¢ is obviously an I-equivariant homomorphism
of groups. Let xg be a root of f(X), and put g(y) = f(zoy). Then the polynomial g(y) can be
written as ¢g(y) = z3g¢1(y), where

da* —1
a(y) =y? +b—sy® 4+ by’ + by

with b; = ai/xéq_piil) € K*®. We have v(b;) > 0 for 2 < i < d* and v(b;) = 0. Let b; be the
class of by in the residue field k = mo/m{. Then the images of the roots of f(X) in Vj,(,—1) are

xoéi/(q‘”g, where (¢ runs over the finite field F, ; hence 1 is injective.

(b) By computing the slopes of the Newton polygon of f(X), we see that there are p¢ ~!(p—1)
roots of valuation 1/(p? —p? ~1). Let L be the sub-extension of K5 obtained by adding to K all
the roots of f(x). Then the ramification index e(L/K) is divisible by p? —p? ~1 = p& ~1(p —1).
Let L be the sub-extension of K fixed by the kernel of 7 (5.10.8). The Galois group Gal(K*°P /L)
fixes the roots of f(z) by definition. Hence we have L C L, and |Im(p)| = [L : K] is divisible by
[L : K]; in particular, it is divisible by p® ~*. O

Remark 5.12. (i) We notice that Proposition 1.11 follows immediately from 5.8 and 5.11(a).
(i) The author conjectures that statement (a) holds without the assumption that G is HW-
cyclic.

By the same method as 5.11(b), we can prove the following

Proposition 5.13. Let G be a HW-cyclic BT-group over S,

00 -+ 0 —a
1 0 0 —a9
b: o1 --- 0 —as
0 0 -+ 1 —ag-

—1

be a matriz of HWq, f(X) = x4 ad*Xpd* + -+ a1 X € A[X], io be the integer (5.9.3).
Assume that there exists « € k such that v(f(a)) = 1. Then we have 0 < iy < d* —1 and the order
of Im(p) is divisible by p®.
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Proof. The relation ig < d* — 1 is equivalent to that G is not connected by 5.9(c). Assume that
ig = d*, i.e. G is connected. Then we would have

FXO) = X7 mod (rA[X]).

But v(f(«)) = 1 implies that o € 1A, i.e. o = 0; hence we would have f(a) = 0, which
contradicts the condition v(f(a)) = 1.

We put g(X) = f(X +a) = f(X) + f(a). As v(f(a)) = 1, then (0,1) and (p’, 0) are the first
two break points of the Newton polygon of g(X). Hence there exists p? roots of g(X) of valuation
1/p'. Let L be the subextension of K in K*°P generated by the roots of f(X). The ramification
index e(L/K) is divisible by p. If L is the subextension of K*P fixed by the kernel of p, then it
is an extension of L as we saw in the proof of 5.11(b). Hence we have |Im(p)| = [L : K] is divisible
by [L : K], and in particular, divisible by p. O

Theorem 5.14 (Reformulation of Igusa’s theorem). Let G be a connected BT-group over S of
height 2, dimension 1, and hw(G) = 1. Then G is versal (4.3), and the monodromy representation
(5.14.1) p:I— Autg, (T,(G)) ~ Z;

D
18 surjective.

Proof. By 3.5, the closed fiber G, of G is isomorphic to G'/2 ; we choose an isomorphism G, ~ G1/2,
Let 8'/2 = Spec(R) be the local moduli of G'/2, G'/2 be the universal deformation of G'/2. Then
there exists a unique local homomorphism of local rings ¢ : R — A such that G ~ G2 @ A.
By functoriality, the image of a matrix of HW 1,2 by ¢ is a matrix of HW . We note that R is a
complete discrete valuation ring, and HW g1/2 can be represented by a uniformizer 7 of R (4.12).
Then p(mg) is a matrix of HWq. Since hw(G) = 1, ¢(7mr) must be a uniformizer of A. Hence the
homomorphism ¢ is an isomorphism, and G is isomorphic to G. The versality of G follows from
4.7.
We follow ([17] Thm. 4.3) to prove the surjectivity of p. For each integer n > 1, let

pn I — Autypnz (G(n)(K)) ~ (Z/p"Z)*

be the reduction mod p™ of p, K,, be the subfield of K*°P fixed by the kernel of p,,. Then p,, induces
an injective homomorphism Gal(K,, /K) — (Z/p™Z)*. By taking projective limits, we are reduced
to prove the surjectivity of p,, for every n > 1. It suffices to verify that

[ Tm(pn )| = [Kn : K] > p" ' (p— 1)

(then the equality holds automatically).

We regard G as a formal group over S. Then by ([17] 3.6), there exists a parameter X of the
formal group G normalized by the condition [£](X) = (X)) for all (p — 1)-th root of unity £ € Z,,.
For such a parameter, we have

[p](X) = a1 X? + aX? + Z e XPUFmE-1) ¢ A[[XT]],
m>2
where we have v(a;) = hw(G) =1 by ([17] 3.6.1 and 3.6.5), and v(«) = 0, as G is of height 2. For
each integer ¢ > 0, we put

VO (X) =l X +a? X7+ 3 & X e A[X]);

m>2
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then we have [p"](X) = VP Do VE" ) o...0V(X?"). Hence each point of G(n)(K) is given by

a sequence y1,- - , Yy, € K°P (or simply an element y,, € K*°P) satisfying the equations
V(y1) = a1y Jr0¢y]1” +.=0;
V) (yy) = alys + aPyb + - = yy;
n not n—1
VT Ny =ab oy P g =y

Let y,, € K*°P be such that y; # 0. By considering the Newton polygons of the equations above,
we verify that v(y;) = p*~1(p — 1) for 1 <4 < n; in particular, the ramification index e(K, /K) is
at least p"~!(p —1). By the definition of K,,, the Galois group Gal(K*°?/K,,) must fix y,, € K5P,
i.e. K, is an extension of K (y,). Therefore, we have [K,, : K] > [K(yn) : K] > e(K(yn)/K) >
P —1). O

5.15. Let G be a BT-group over S with connected part G°, and étale part G¢* of height m.
From (5.5.1), we deduce a canonical exact sequence of I-modules

(5.15.2) 0— G°(1)(K) — G(1)(K) — G¢*(1)(K) — 0

giving rise to a class ¢ € Exty (G (1)(K),G°(1)(K)), which vanishes if and only if (5.15.2)
splits. Since I acts trivially on G**(1)(K), we have an isomorphism of I-modules G**(1)(K) ~ Fj".
Recall that for any F,[I]-module M, we have a canonical isomorphism ([19] Chap.VII, §2)

Exty 1y(Fp, M) ~ H'(I, M).
Hence we deduce that
(5.15.3) ce Ext%p[I](Gét(l)(F), Go(l)(?)) ~ Hl(l7 Go(l)(F))m.

Proposition 5.16. Let G be a HW-cyclic BT-group over S such that hw(G) = 1, p (5.10.8) be
the representation of I on G(1)(K). Then the cohomology class ¢ (5.15.3) does not vanish if and
only if the order of the group Im(p) is divisible by p.

First, we prove the following result on cohomology of groups.

Lemma 5.17. Let F' be a field, T' be a commutative group, and x : I' — F* be a character of
T. We denote by F(x) an F-vector space of dimension 1 endowed with an action of T' given by x.
Then we have H'(T', F(x)) = 0.

Proof. Let ¢ be a 1-cocycle of I" with values in F'(x). We prove that ¢ is a 1-coboundary. For any
g,h € T', we have

Since I' is commutative, it follows from the relation c¢(gh) = c(hg) that

(5.17.1) (x(g) — De(h) = (x(h) — 1)e(g)-
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If x(g) # 1 and x(h) # 1, then
1 1
o) 1T w1

Therefore, there exists @ € Fy(%) such that ¢(g) = (x(g) — 1)« for all g € " with x(g) # 1. If
x(g) = 1, we have also ¢(g) = 0 = (x(g) — 1)z by (5.17.1). This shows that ¢ is a 1-coboundary. [

().

Proof of 5.16. By 5.7 and 5(c), the connected part G° of G is HW-cyclic with hw(G°) = hw(G) = 1.
Assume that T,,(G°) has rank £ over Zj, and T,(G") has rank m. Then by 5.11(a), G°(1)(K) is
an F,-vector space of dimension 1 (with ¢ = p*), and the action of I on G°(1)(K) factors through

the character x : I — I; a1, FX. We write G(1)(K) = Fq(x) for short. If the cohomology class
C is zero, then the exact sequence (5.15.2) splits, i.e. we have an isomorphism of Galois modules
G(1)(K) ~Fy(x) @ FJ". It is clear that the group Im(p) is of order ¢ — 1.

Conversely, if the cohomology class € is not zero, we will show that there exists an element in
Im(p) of order p. We choose a basis adapted to the exact sequence (5.15.2) such that the action of
g € I is given by

(5.17.2) (g) = (ng) Cl(i)> 7

where 1,, is the unit matrix of type (m,m) with coeflicients in F,, and the map g — ¢(g) gives
rise to a 1-cocycle representing the cohomology class €. Let I; be the kernel of ¥ : I — IFqX, I" be

the quotient I/I, so Y induces an isomorphism ¥ : I' = ;. We have an exact sequence

—\\r Inf —\\m Res —\\m
OHHI(Fan(X)) ‘%HI(IJFq(X)) *HHI(Ilv]F‘q(X)) ;

where “Inf” and “Res” are respectively the inflation and restriction homomorphisms in group
cohomology. Since H'(I',F,(¥))™ = 0 by 5.17, the restriction of the cohomology class ¢ to
H'(I,,F,(%))™ is non-zero. Hence there exists h € I; such that ¢(h) # 0. As we have X(h) = 1,

then
_ 1, pe(h
p(h)p:<0‘ plfn))zmm.

Thus the order of p(h) is p. O
Corollary 5.18. Let G be a HW-cyclic BT-group over S,

0 0 0 —a
1 0 0 —as
h: 0 1 0 —as
00 -~ 1 —ag

be a matriz of HW¢, f(X) = XP tageXPT T 4 X € A[X]. If hw(G) = 1 and if there
exists « € k C A such that v(f(«)) = 1, then the cohomology class (5.15.3) is not zero, i.e. the
extension of I-modules (5.15.2) does not split.

Indeed, this is an immediate consequence of 5.13 and 5.16.
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6 Lemmas in group theory

6.1. Recall that the general linear group GL2(Z,) admits a natural exhaustive decreasing
filtration by open normal subgroups

GLQ(ZP) D1 +pM2(Zp) D---D1 +p"M2(Zp) Do

where My(Z,,) denotes the ring of matrix of type (2,2) with coefficients in Z,. We endow GL42(Z,)
with the topology for which (1 4+ p"Msz(Z,))n>1 form a fundamental system of neighborhoods of
1; then GLy(Z,) is a complete and separated topological group.

6.2. Let & be a profinite group, ¢ : & — GL2(Z,) be a continuous homomorphism of topological
groups. By taking inverse images, we obtain a decreasing filtration (F"®&,n € Z>o) on & by open
normal subgroups :

F'8 =6, and F"®=¢ *(1+p"My(Z,)) for n > 1.
Furthermore, the homomorphism ¢ induces a sequence of injective homomorphisms of finite groups

(6.2.1) po: F°®/F'® — GLy(F))
(6.2.2) ¢n: F"®/F"T'& — My(F,), forn > 1.

Lemma 6.3. The homomorphism ¢ is surjective if and only if the following conditions are satis-
fied :

(i) The homomorphism ¢ is surjective.

(ii) For every integer n > 1, the subgroup Im(¢,) of Ma(F,) contains an element of the form

(g 8) with x # 0; or equivalently, there exists, for every n > 1, an element g, € & such that

. 1+p"a  p*tib . L
&(gn) is of the form e 14 prtid ) where a,b,c,d € Z,, and a is not divisible by p.

Proof. We notice first that ¢ is surjective if and only if ¢,, is surjective for every n > 0, because &
is complete and GL3(Z,) is separated ([4] Chap. III §2 n°8 Cor. 2 au Théo. 1). The surjectivity of
¢o is condition (i). Condition (ii) is clearly necessary. We prove that it implies that ¢,, is surjective
for n > 1, under the assumption of condition (i). First, we notice that under condition (i) if
A € My(F,) lies in Im(¢y,), then for any U € GL2(F,) the conjugate matrix U - A - U~! lies also
in Tm(¢y,). In fact, let A be a lift of A to My(Z,) and U € GLa(Z,) a lift of U. By assumptions,
there exist g, h € & such that

d(g)=1 —&—p”[l mod (1 +p"+1M2(Zp)) and ¢(h) = U mod (14 pM2(Zy)).

Therefore we have ¢(hgh™') = (1 +p"U - A-U~") mod (1 + p"*+'My(Z,)), hence hgh~! € F"®
and ¢, (hgh™) =U-A-U~L.

Let Ay = A = (x 0) € Im(¢,), with z # 0, U = <O 1).ThenAQ:U~A-U_1:

00 -1 0

0 0 (10 B L (z 0 .
(0 :c) € Im(¢,). For V = (1 1), we have A3 =V -A- V1= (x 0) € Im(¢,,). Finally for
W = (é }), we deduce that Ay =W -A- W~ = g ;(; € Im(¢,,). But (Ai)lgigél generate the

additive group My(F,). Hence we get Im(¢,,) = Ma(F),), and this proves the surjectivity of ¢,,. U

62



6.4. We recall that a subgroup H of GLy(F)) is called

(i) a split Cartan subgroup, if it is conjugate to the diagonal subgroup.

(ii) a Borel subgroup, if it is conjugate to the upper triangle subgroup ; such a group H is of
order p(p — 1)

(iil) a non-split Cartan subgroup, if the subset H U {0} of the matrices algebra My (F,) is a field
isomorphic to I, ; such a group is cyclic of order p? —1.

We notice that a Borel subgroup can never contain a non-split Cartan subgroup.

Lemma 6.5. Let H be a subgroup of GLa(F,). Then H = GLo(F,) if and only if the following
two conditions are satisfied :

(i) H contains a non-split Cartan subgroup of GLo(F)).
(ii) The order of H is divisible by p.

Proof. According to ([18] Prop. 15), if a subgroup of GL2(F,) has an order divisible by p, then
either it contains SLy(F),), or it is contained in a Borel subgroup of GL2(F,). In our case, H can not
be contained in a Borel subgroup, because a Borel subgroup can never contain a non-split Cartan
subgroup. Hence H contains SLy(IF,). Since the restriction of the determinant homomorphism to
a non-split Cartan subgroup is surjective, we have H = GLy(F)). O

7 Proofs of 1.9 and 1.7

7.1. We start by a tautological remark on the functoriality of the monodromy representation.
Let n be an integer > 1, A = Z/p"Z, X be a scheme, .# be a locally constant and constructible
étale sheaf of free A-modules on X. If 7} is a geometric point of X, we denote by

p(F) :m(X,7) — Auta(F5)

the monodromy representation corresponding to .7, where m(X,7) is the algebraic fundamental
group of X with base point 77. Let f: Y — X be a morphism of schemes, and £ a geometric point
of Y. We have a functorial homomorphism of fundamental groups

m1(f) s (Y, €) — mi(X, £(6))-

The fiber ﬁf@ is canonically isomorphic to f* (ﬁ)g, and the étale sheaf f*(.%) on Y corresponds
to the induced representation p(.%)om;(f) of m1(Y, ). Therefore, we have a commutative diagram

w1 (f) -

(7.1.1) m (Y, §) ———mi(X, f(§))
p(f*(g“))l J/M )
Aty (f*(F)g) == Auta(Fpg)-

In particular, Im(p(f*(%#))) is canonically identified with a subgroup of Im(p(%)).

7.2. Let X be a scheme, G be an ordinary BT-group over a scheme X, G be its étale part
(2.6.1). If 77 is a geometric point of X, we denote by

T,(G,7) = lim G(n)(7) = lim G**(n) (7))

n n
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the Tate module of G at 7, and by p(G) the monodromy representation of m(X,7) on T,(G,7).
Let f:Y — X be a morphism of schemes, £ be a geometric point of Y, Gy = G xx Y. Then by
applying (7.1.1) to G*(n) and passing to projective limits, we obtain a commutative diagram

m1(f) -

(7.2.2) (Y, §) —————m(X, f(§))
p(Gy)i lp(G)
Autz, (T,(Gy,£)) == Autg, (T, (G, f(£)))

In particular, the monodromy of Gy is a subgroup of the monodromy of G. In the sequel, diagram
(7.2.2) will referred as the functoriality of monodromy for the BT-group G and the morphism f.

7.3. Proof of Proposition 1.9 : We note first that 1.9(c) follows immediately from 1.9(a),
(b) and Lemma 6.5. Since the monodromy of a BT-group is independent of the base point, for each
statement of (a) and (b), we only need to prove it with respect to any geometric point of S*.

Let (t; j)1<i<r—s1<j<s be a regular system of parameters of S* = Spec(R) such that HWgax
can be represented by a matrix h of the form (5.6.2) (cf. 4.12). Let S = Spec(A) with A = k[[x]], n
be its generic point. Then any sequence of (r — s) - s elements (a; j)1<i<r—s,1<j<s € TA determines
a continuous homomorphism ¢ : R — A by the condition that ¢(t; ;) = a;; for 1 <i<r—s,1<
j < s.Let f:S — S* be the morphism of schemes corresponding to ¢, G = G* xgx S. By
functoriality,

00 -~ 0 —ar,
1 O 0 7&27‘9
ey)= [0 1 o 0 —aa
00 -+ 1 —ap g4

is a matrix of HW . Assume that G is generically étale, i.e. a; s # 0. Then we have f(n) € U*, and
denote by f|, : 7 — U* the restriction of f. Let G§t, be the étale part of the Gy, = G* xgx U™,
The étale sheaf G¢t, (1) over U* corresponds to the monodromy representation p* (1.8.1), and its
inverse image by f|, corresponds to the Galois representation p (5.10.8). Applying the commuta-
tive diagram (7.1.1) to .# = G¢, (1) and the morphism f|,,, we see that Im(p) is a subgroup of
Im(p"). We choose the morphism f such that the condition of 5.11(a) is satisfied for the BT-group

G* xg» S over S, then 1.9(a) follows from 5.11(a). Statement 1.9(b) can be proved in the same way.

7.4. Proof of Theorem 1.7 From now on, we let A\ = 1/3, and S!/3 = Spec(R) be the local
moduli of the elementary BT-group G'/? with R = k[[t1,%2]], G/ be the universal deformation
of G1/3 over S'/3. We denote by ¢ the generic point of S'/3. We choose a system of parameters
t1,ty of R such that the Hasse-Witt map of G'/3 is represented by the matrix (cf. 4.12)

(7.4.3) h= (? :2) :

Let X C S'/3 be the divisor defined by ¢; = 0, x € S'/3 be the generic point of X. Then the local

ring Ogu/s , is a discrete valuation ring with residue field k((t2)), and ¢, is a uniformizer of Ogi/s .

64



Lemma 7.5. There exists a complete discrete valuation ring A over k and an injective homomor-
phism of local k-algebras ¢ : Og/s , — A, such that the following holds :

(i) the residue field of A is algebraically closed ;

(ii) @(t1) is a uniformizer of A.

Proof. We give an explicit construction of (A, ). Let T be a geometric point of S'/3 over z,
S%E/)?’ = Spec(Ap) be the strict henselisation of S'/% at 7. We denote by Fy the residue field of Ay,
by K its fraction field. Then Ej is a separable closure of k(z) = k((t2)), and ¢; is a uniformizer of
Ap. Since the canonical homomorphism R — Ay is injective, we can identify R with a subring of Ag.
For every integer n > 1, let té") be a p"-th root of ¢, in an algebraic closure of Ky, K,, = Ko(tgn)),
A,, be the integral closure of Ay in K,,. By ([4] Ch. VI §8 n°5 Cor. 2 au Théo. 2), A,, is a henselian

discrete valuation ring, free of finite type as an A-module, and
e(Kn/Ko) f(Kn/Ko) = p",

where e(K,,/Kp) is the ramification index of K,/ Ky, and f(K,/Ky) is the degree of corresponding
residue extension. It is clear that the residue field of K, is E, = Eo(té")). Hence f(K,/Ko) =p",
e(K,/Ko) = 1, and t; is a uniformizer of A,,. Let A be the completion of U,,>1 A, with respect
to its maximal ideal. Then the ring A, together with the canonical injective homomorphism ¢ :
Ogy/s , — A, satisfies conditions (i) and (ii). O

7.6. In the sequel, we fix such a pair (A4, ¢) as in Lemma 7.5. Let E be the residue field of A,
K be its fraction field. We identify R = k[[t1, t2]] with its image in A. So ¢; is a uniformizer of A,
and we have an isomorphism A ~ E[[t;]]. We fix an algebraically closure K of K. Let K*°P be the
separable closure of K contained in K, and put I = Gal(K*®/K). Let v be the valuation on K
normalized by v(¢;) = 1. We denote also by v the unique extension of v to K.

Let S = Spec(A), T be the closed point of S, and 7 be its generic point. We denote by

(7.6.1) f:8 -8

the morphism of schemes induced by p. We have f(Z) = = and f(n) = £. Let G be the BT-group
Gl/S Xg1/3 S over S.

Lemma 7.7. (a) G is a HW-cyclic BT-group over S (5.6) with Hasse invariant (5.4) hw(G) = 1.
(b) The étale part G of G has height 1; the connected part G° of G has height 2, dimension
1, and Hasse invariant hw(G°) = 1.

Proof. The Hasse-Witt map of G can be expressed by the matrix (7.4.3) with the coefficients
viewed in A. Hence G is HW-cyclic by definition, and hw(G) = 1, since ¢; is a uniformizer of A.
Statement (b) follows immediately from 5.9(c). O

7.8. We will study the monodromy representation (5.10.7)
(7.8.1) p:1=Gal(K*P/K) — Autz, (Tp(G)) ~ GL2(Z)).

associated to G. The exact sequence 0 — G° — G — G¢* — 0 (5.5.1) induces an exact sequence of
I-modules

(7.8.2) 0 — Tp(G°) — Tp(G) — TH(G*) — 0,
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where T, (G°) and T,(G*) are free Z,-modules of rank 1. Note that I acts trivially on T,(G),
i.e. we have an isomorphism T,(G®) ~ Z, as I-modules. Under a basis adapted to the filtration
(7.8.2), the action of g € I on T,(G) is given by

)= (Y e cnaz,).

X

The map g — x(g) defines a character x : I — Z, which gives the action of I on T,(G°); we
write T,(G°) = Z,(x)- The map g — c(g) is a continuous 1-cocycle of I with values in Z,(x),
which defines a cohomology class

(7.8.3) ce HY(I,Zy(x)).

Proposition 7.9. (a) The homomorphism x : I — 7 is surjective.
(b) Let J be the kernel of x, I' be the quotient group I/J. Then the image of the cohomologoy
class ¢ by the canonical homomorphism

R _
HY(1, Zp(x)) = H'(J, Zp(x)) = H'(J,F,(X))
is mot zero, where X : I — T is induced by x, and v is the canonical reduction map.

Proof. Statement (a) is an immediate consequence of Lemma 7.7 and Igusa’s theorem 5.14 applied
to G°. For statement (b), we have a commutative diagram

0 — H'(I, Z,(x)) —> H'(1, Z,(x)) H'(J, Zy (X))

| l l

0 —— H' (T, F, (7)) —2> HY (1, Fy (X)) —= H(J,F, (X)),

Res
—_—

where vertical arrows are the canonical reductions mod p, and “Inf” (resp. “Res”) means inflation
(resp. restriction) maps in Galois cohomology. By Lemma 5.17, we have H! (', F,, (%)) = 0. To prove
(b), it suffices to show that the canonical image of ¢ in H'(I,F, (%)), denoted by ¢, is not zero. But
¢ is nothing than the cohomology class (5.15.3). Hence by 5.18 and 7.7(a), we only need to find an
o € E such that v(f(a)) = 1, where f(X) = XP" + t,X? + ;X € A[X]. Let ¢ € E be such that
(P71 = —1, and t, € E be a p(p — 1)-th root of t5; put o = ¢th. Then we have f(a) = t;c, and
hence v(f(a)) = 1. O

Corollary 7.10. Let (61,92) be a basis of T,(G) adapted to the filtration (7.8.2). Then for every
integer n > 1, there exists g, € I such that under the basis (61,92), the action of g, on T,(G) is
14+pa p*tlb

0 1 ) where a,b € Z, and a is not divisible by

given by a matriz of the form p(g,) = <
p-

Proof. Since the image of the cohomology class ¢ in H!(J,F,(Y)) is nontrivial by 7.9(b), there
exists a h € J such that c(h) = co- 01 with ¢o € Z5. The action of i on T((G) is represented under

ICQ

the basis (1,02) by the matrix p(h) = (0 1

). We fix an integer n > 1. The surjectivity of x
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1+pa

(7.9(a)) implies that there exists a g], € I such that p(g),) = < 0 1

) , where a,b’ € Z,, and

a is not divisible by p. Then for any m € Z, we have

m 1+pta v+ (1+pta)me
plagiey = (MHre Ve,

As ¢ is invertible in Z,, there exists an integer mg such that b + (1 + p™a)moco is divisible by
p" 1. Then the element g,, = g/,h™ € I answers the question. O

7.11. End of the Proof of 1.7. It suffices to verify the two conditions of Lemma 6.3 for the

homomorphism
P/ (UY3 ) — Autg, (T,(GY?)) ~ GLy(Z,).

The first condition of 6.3 is implied by Prop. 1.9(c). Let f|, : 7 — U3 be the restriction of the
morphism f (7.6.1) to the generic point of S. We apply the functoriality of monodromy (7.2.2) to
f|n and the ordinary BT-group Gij/fm = G'/3 xg1/5 U2 over U3, Then the image Im(p) (7.8.1)
is a subgroup of Im(p'/3). Therefore, Lemma 7.10 implies that condition (ii) of 6.3 is satisfied. This
finishes the proof of 1.7.
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Sous-groupe canonique et monodromie p-adique des groupes de Barsotti-Tate

RESUME. Cette thése est consacrée a deux problémes indépendants sur les groupes de Barsotti-
Tate. Dans la premiére partie, on considére un groupe de Barsotti-Tate tronqué d’échelon 1, noté
G, sur un trait complet de caractéristiques mixtes, & corps résiduel parfait. On s’intéresse a une
conjecture de Lubin sur 'existence d’un sous-groupe canonique de G qui reléve le noyau du Fro-
benius de sa fibre spéciale. Si G est “proche d’un Barsotti-Tate ordinaire”, une condition qu’on
peut exprimer explicitement en terme de la valuation d’un certain déterminant, on montre qu’un
cran précis de la filtration canonique de G, introduite par Abbes-Saito, répond a la question. Dans
la seconde partie, on se donne k un corps algébriquement clos de caractéristique p > 0, et pour
tout nombre rationnel A € (0,1), on considére G* le groupe de Barsotti-Tate connexe sur k dont
le module de Dieudonné est monogéne et isocline de pente A. On note p* la représentation de
monodromie associée & la déformation universelle en caractéristique p > 0 de G*, au-dessus du
lieu ordinaire. Inspiré par un célébre théoréme d’Igusa, on conjecture que p* est surjective. On
démontre la conjecture pour A = 1/3, et on donne des résultats partiels sur la réduction modulo p
de p* pour tout \. Le théoréme d’Igusa correspond & \ = 1/2.

Canonical subgroup and p-adic monodromy of Barsotti-Tate groups

ABSTRACT. In this thesis, we study two independant problems on Barsotti-Tate groups. In
the first part, we consider a truncated Barsotti-Tate group G of level 1, over a complete discrete
valuation ring of mixed characteristic, with perfect residue field. We are interested in a conjecture
of Lubin on the existence of a canonical subgroup of G lifting the kernel of the Frobenius of its
special fibre. If we assume that G is “not far from being ordinary”, a condition that can be expressed
in terms of the valuation of a certain determinant, we prove that a precise level of the Abbes-Saito
canonical filtration of G answer the question. In the second part, we fix an algebraically closed field
k of characteristic p > 0, and for each rational number A € (0,1), we consider the Barsotti-Tate
group G* over k whose Dieudonné module is monogenic and isoclinic of slope . Let p* be the
monodromy representation associated to the universal deformation of G* over the ordinary locus.
Inspired by a famous theorem of Igusa, we conjecture that p is surjective for all A € (0,1). We
prove the conjecture for A = 1/3, and we give some partial results on the reducton modulo p of p*
for a general slope A. Igusa’s theorem corresponds to A = 1/2.
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