CANONICAL SUBGROUPS OF BARSOTTI-TATE GROUPS

YICHAO TIAN

ABSTRACT. Let S be the spectrum of a complete discrete valuation ring with fraction field
of characteristic 0 and perfect residue field of characteristic p > 3. Let G be a truncated
Barsotti-Tate group of level 1 over S. If “G is not too supersingular”, a condition that will be
explicitly expressed in terms of the valuation of a certain determinant, then we prove that we
can canonically lift the kernel of the Frobenius endomorphism of its special fiber to a subgroup
scheme of G, finite and flat over S. We call it the canonical subgroup of G.

1. INTRODUCTION

1.1. Let Ok be a complete discrete valuation ring with fraction field K of characteristic 0 and
perfect residue field k of characteristic p > 0. We put S = Spec(Ok) and denote by s (resp. n)
its closed (resp. generic) point. Let G be a truncated Barsotti-Tate group of level 1 over S. If
G is ordinary, then the kernel of its Frobenius endomorphism is a multiplicative group scheme
and can be uniquely lifted to a closed subgroup scheme of G, finite and flat over S. If we do
not assume G ordinary but only that “G is not too supersingular”, a condition that will be
explicitly expressed in terms of the valuation of a certain determinant, then we will prove that we
can still canonically lift the kernel of the Frobenius endomorphism of G to a subgroup scheme of
G, finite and flat over S. We call it the canonical subgroup of G. Equivalently, under the same
condition, we will prove that the Frobenius endomorphism of G4 can be canonically lifted to an
isogeny of truncated Barsotti-Tate groups over S. This problem was first raised by Lubin in 1967
and solved by himself for 1-parameter formal groups [16]. A slightly weaker question was asked
by Dwork in 1969 for abelian schemes and answered also by him for elliptic curves [9]: namely,
could we extend the construction of the canonical subgroup in the ordinary case to a “tubular
neighborhood” (without requiring that it lifts the kernel of the Frobenius)? The dimension one
case played a fundamental role in the pioneering work of Katz on p-adic modular forms [14]. For
higher-dimensional abelian schemes, Dwork’s conjecture was first solved by Abbes and Mokrane
[1]; our approach is a generalization of their results. Later, there have been other proofs, always
for abelian schemes, by Andreatta and Gasbarri [3], Kisin and Lai [15] and Conrad [7].

1.2. For an S-scheme X, we denote by X; its reduction modulo p. The valuation v, of K,
normalized by v,(p) = 1, induces a truncated valuation Og,\{0} — QN [0,1). Let G be a
truncated Barsotti-Tate group of level 1 and height h over S, GV be its Cartier dual, and d be the
dimension of the Lie algebra of Gs over k. The Lie algebra Lie(GY) of GY is a free Og,-module
of rank d* = h — d, canonically isomorphic to Hom(g,), .(G1,G,) ([12] 2.1). The Frobenius
homomorphism of G, over S; induces an endomorphism F of Lie(GY), which is semi-linear with
respect to the Frobenius homomorphism of Og,. We define the Hodge height (3.11) of Lie(GY)
to be the truncated valuation of the determinant of a matrix of F. This invariant measures the
ordinarity of G.
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1.3. Following [1], we construct the canonical subgroup of a truncated Barsotti-Tate group over
S by the ramification theory of Abbes and Saito [2]. Let G be a commutative finite and flat group
scheme over S. In [1], the authors defined a canonical exhaustive decreasing filtration (G*,a € Q>0)
by finite, flat and closed subgroup schemes of G. For a real number a > 0, we put Gt = Uy~ ,G?,
where b runs over rational numbers.

Theorem 1.4. Assume that p > 3, and let e be the absolute ramification index of K and j =
e/(p—1). Let G be a truncated Barsotti-Tate group of level 1 over S, d be the dimension of the
Lie algebra of Gs over k. Assume that the Hodge height of Lie(GY) is strictly smaller than 1/p.
Then,

(i) the subgroup scheme Gt of G is locally free of rank p® over S;

(ii) the special fiber of GI% is the kernel of the Frobenius endomorphism of G.

1.5. Statement (i) was proved by Abbes and Mokrane [1] for the kernel of multiplication by p of
an abelian scheme over S. We extend their result to truncated Barsotti-Tate groups by using a
theorem of Raynaud to embed G into an abelian scheme over S. To prove statement (ii), which
we call “the lifting property of the canonical subgroup”, we give a new description of the canonical
filtration of a finite, flat and commutative group scheme over S killed by p in terms of congruence
groups. Let K be an algebraic closure of the fraction field of .S, O be the integral closure of O in
K. Put S = Spec(O%). For every A € Oz with 0 < v,(\) < 1/(p — 1), Sekiguchi, Oort and Suwa
[20] introduced a finite and flat group scheme G of order p over S (see (7.1)); following Raynaud,
we call it the congruence group of level A. If v,(A\) = 0, G, is isomorphic to the multiplicative
group scheme p,, = Spec(O%[X]/(XP —1)) over S and if v,(A) = 1/(p— 1), then Gy is isomorphic
to the the constant étale group scheme IF,,. For general A € O with 0 < A < 1/(p — 1), there is
a canonical S-homomorphism 6 : G\ — p,, such that # ® K is an isomorphism. For a finite, flat
and commutative group scheme G over S killed by p, 8, induces a homomorphism

0x(G): Homg(G,G,) — GY(K) = Homg(G, p1p).
We prove that it is injective, and its image depends only on the valuation a = v,()); we denote

it by GV (K)l*4, where e is the absolute ramification index of K (the multiplication by e will be

justified later). Moreover, we get a decreasing exhaustive filtration (G (K)!*, a € QN 0, -510)

Theorem 1.6. Let G be a finite, flat and commutative group scheme over S killed by p. Under
the canonical perfect pairing o o o
G(K) x GY(K) = pp(K),
we have for any rational number a € Q>o,
GV E)FE, i 0<a< <

Gt (K- = { = o o T
GY(K), if a> T—pr

Andreatta and Gasbarri [3] have used congruence groups to prove the existence of the canonical
subgroup for abelian schemes. This theorem explains the relation between the approach via the
ramification theory of [1] and this paper, and the approach of [3].

1.7. This article is organized as follows. For the convenience of the reader, we recall in section 2
the theory of ramification of group schemes over a complete discrete valuation ring, developed in
[2] and [1]. Section 3 is a summary of the results in [1] on the canonical subgroup of an abelian
scheme over S. Section 4 consists of some preliminary results on the fppf cohomology of abelian
schemes. In section 5, we define the Bloch-Kato filtration for a finite, flat and commutative group
scheme over S killed by p. Using this filtration, we prove Theorem 1.4(i) in section 6. Section 7
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is dedicated to the proof of Theorem 1.6. Finally in section 8, we complete the proof of Theorem
1.4(ii).

1.8. This article is a part of the author’s thesis at Université Paris 13. The author would like to
express his great gratitude to his thesis advisor Professor A. Abbes for leading him to this problem
and for his helpful comments on earlier versions of this work. The author thanks Professors W.
Messing and M. Raynaud for their help. He is also grateful to the referee for his careful reading
and very valuable comments.

1.9. Notation. In this article, O denotes a complete discrete valuation ring with fraction field
K of characteristic 0, and residue field k of characteristic p > 0. Except in Section 2, we will
assume that k is perfect. Let K be an algebraic closure of K, Gx = Gal(K/K) be the Galois
group of K over K, Oz be the integral closure of Ok in K, mz the maximal ideal of Oz, and k
be the residue field of O.

We put S = Spec(Ok), S = Spec(Oz), and denote by s and 7 (resp.s and 7) the closed and
generic point of S (resp.of S) respectively.

We fix a uniformizer 7 of Ox. We will use two valuations v and v, on Ok, normalized respec-
tively by v(m) = 1 and v,(p) = 1; so we have v = ev,, where e is the absolute ramification index
of K. The valuations v and v, extend uniquely to K; we denote the extensions also by v and w,,.
For a rational number a > 0, we put m, = {z € K;v,(z) > a} and S, = Spec(Ox/m,). If X is a
scheme over S, then we will denote respectively by X, X5 and X, the schemes obtained by base
change of X to S, 5 and S,,.

If G is a commutative, finite and flat group scheme over S, then we will denote by GV its Cartier
dual. For an abelian scheme A over S, AY will denote the dual abelian scheme, and ,A the kernel
of multiplication by p, which is a finite and flat group scheme over S.

2. RAMIFICATION THEORY OF FINITE FLAT GROUP SCHEMES OVER S

2.1. We begin by recalling the main construction of [2]. Let A be a finite and flat Ox-algebra.
We fix a finite presentation of A over O

0—1— Oklz1,...,z,) > A—0,

or equivalently, an S-closed immersion of i: Spec(A) — A%. For a rational number a > 0, let X*
be the tubular neighborhood of 4 of thickening a ([2] Section 3, [1] 2.1). It is an affinoid subdomain
of the n-dimensional closed unit disc over K given by

XUK)={(21,...,7,) € OF| v(f(z1,...,20)) > a, VfeI}
Let mo (X%) be the set of geometric connected components of X*. It is a finite Gx-set that does

not depend on the choice of the presentation ([2] Lemma 3.1). We put

(2.1.1) F(A) = mo(XL).

For two rational numbers b > a > 0, X is an affinoid sub-domain of X®. So there is a natural
transition map F°(A) — F(A).

2.2. We denote by AFPg,. the category of finite flat Ok-algebras, and by Gx-Ens the category
of finite sets with a continuous action of Gg. Let
F:AFP,, — Gk-Ens
A~ Spec(4)(K)
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be the functor of geometric points. For a € Qs¢, (2.1.1) gives rise to a functor
Fe AFP%K — Gr-Ens.

For b > a > 0, we have morphisms of functors ¢* : F — F* and ¢ : Fb — F° satisfying the
relations ¢ = ¢® o ¢y and ¢f = ¢ o @b for ¢ > b > a > 0. To stress the dependence on K, we will
denote F (resp.F*) by Fi (resp.Fi). These functors behave well only for finite, flat and relative
complete intersection algebras over O (EGA IV 19.3.6). We refer to [2] Propositions 6.2 and 6.4
for their main properties.

Lemma 2.3 ([1] Lemme 2.1.5). Let K'/K be an extension (not necessarily finite) of complete
discrete valuation fields with ramification index e /. Let A be a finite, flat and relative complete
intersection algebra over Ok. Then we have a canonical isomorphism Fp," /% (A') ~ F2(A) for
all a € Q.

2.4. Abbes and Saito show that the projective system of functors (F, F — F%)ucq., gives rise
to an exhaustive decreasing filtration (G%,a € Qx¢) of the group Gk, called the ramification
filtration ([2] Proposition 3.3). Concretely, if L is a finite Galois extension of K contained in K,
Gal(L/K) is the Galois group of L/K, then the quotient filtration (Gal(L/K)®)scq-, induced by
(G%)acqs, is determined by the following canonical isomorphisms B

FUYL) ~ Gal(L/K)/ Gal(L/K)*“.

For a real number a > 0, we put g;lj = ub>ag§(, and if a > 0 G = mb<ag§( , where b runs over
rational numbers. Then G% is the inertia subgroup of G ([2] Proposition 3.7).

2.5. We recall the definition of the canonical filtration of a finite and flat group schemes over S,
following [1]. Let Grg be the category of finite, flat and commutative group schemes over S. Let
G be an object of Grg and a € Q>¢. Then there is a natural group structure on F°(A4) ([1] 2.3),
and the canonical surjection F(A) — F*(A) is a homomorphism of Gx-groups. Hence, the kernel
G*(K) = Ker(F(A) — F*(A)) defines a subgroup scheme G¢ of G, over 7, and the schematic
closure G of G in G is a closed subgroup scheme of G, locally free of finite type over S. We put
GY = G. The exhaustive decreasing filtration (G%,a € Qx¢) defined above is called the canonical
filtration of G ([1] 2.3.1). Lemma 2.3 gives immediately the following.

Lemma 2.6. Let K'/K be an extension (not necessarily finite) of complete discrete valuation
fields with ramification index ex: ., Ok be the ring of integers of K', and K’ be an algebraic
closure of K' containing K. Let G be an object of Grg and G’ = G xg Spec(Og-). Then we have
a canonical isomorphism G¢(K) ~ G'**x'/x (K') for all a € Qxg.

2.7. For an object G of Grg and a € Qxp, we denote G** = Up>eG? and if @ > 0, G*~ =
No<b<aG?, where b runs over rational numbers. The construction of the canonical filtration is

functorial: a morphism u : G — H of Grg induces canonical homomorphisms u* : G* — H¢,
ust : GO — He" and w* : GO — HO.

Proposition 2.8 ([1] Lemmes 2.3.2 and 2.3.5). (i) For any object G of Grg, G°F is the neutral
connected component of G.

(ii) Let w : G — H be a finite flat and surjective morphism in Grg and a € Qsq. Then the
homomorphism u®(K) : G*(K) — H%(K) is surjective.
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2.9. Let A and B be two abelian schemes over S, ¢ : A — B be an isogeny (i.e., a finite flat
morphism of group schemes), and G be the kernel of ¢. Let v (resp.ut) be the generic point of the
special fiber A, (resp.Bs), and 0, (resp. O 1) be the completlon of the local ring of A at v (resp.of
B at p). Let M and L be the fraction fields of O, and (9 respectively. So we have the cartesian
diagram

Spec M —— Spec @,, —A

.

Spec L —— Spec O, — B

We fix a separable closure L of L containing K, and an embedding of M in L. Since ¢: A — B is
a G-torsor, M/L is a Galois extension, and we have a canonical isomorphism

(2.9.1) G(K) = Fx(G) S FL(0,) = Gal(M/L).
Using the same arguments of ([1] 2.4.2), we prove the following
Proposition 2.10. For all rational numbers a > 0, the isomorphism (2.9.1) induces an isomor-
phism G*(K) ~ Gal(M/L)*.
3. REVIEW OF THE ABELIAN SCHEME CASE FOLLOWING [1]

From this section on, we assume that the residue field k of Ok is perfect of characteristic p > 0.

3.1. Let X be a smooth and proper scheme over S, and X = X xg S. We consider the cartesian
diagram

<

X X,
5= Speck —= S <——17 = Spec K

and the sheaves of p-adic vanishing cycles on Xz

(3.1.1) VY =7 RY,(Z/pL(q)),

where ¢ > 0 is an integer and Z/pZ(q) is the Tate twist of Z/pZ. It is clear that ¥ ~ Z/pZ. By
the base change theorem for proper morphisms, we have a spectral sequence

(3.1.2) EYYX) = HP (X5, 9%)(—q) = HPT(X5,Z/pZ),

which induces an exact sequence

(3.1.3) 0 — H'(X5,Z/pZ) — H (X7, Z/pZ) = H°(X5, U )(—-1) — H*(X5,Z/pZ).

3.2. The Kummer’s exact sequence 0 = p, = Gy, = G, — 0 on X5 induces the symbol map
(3.2.1) hx i1 j,0%, — ¥k,

We put UL = UL and for a € Q,

(3.2.2) Uy = he (1 + 7% O%),

where by abuse of notation 7% is an element in Oz with v(7*) = a . We have U*U% = 0if a > o2
([1] Lemme 3.1.1).
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Passing to the cohomology, we get a filtration on H! (X7, Z/pZ) defined by:

UHY (X7, Z/pZ) = HY (X7, Z/pZ),
(3.2.3) UHY (X7, Z/pZ) = u ' (H° (X5, U*UX)(-1)), for a € Qso,

called the Bloch-Kato filtration.

Theorem 3.3 ([1] Théoréme 3.1.2). Let A be an abelian scheme over S, ,A its kernel of multi-
plication by p, and e’ = %. Then under the canonical perfect pairing

(3.3.1) 2A(K) x H (A, Z/pZ) — Z./pZ,
we have for all a € Q>o,

_ U¢~2H (A5, Z/pZ f0<a<e:
pAa-‘r(K)J_: . ( ) /p ) Zf >ax¢€y
H' (A7, Z/pZ) ifa>e¢.
3.4. Let X be a scheme over S, X = X xg 5. For all a € Q+¢, we put S, = Spec(Og/m,) and
X, =X xg8, (1.9). We denote by D((X1)s) the derived category of abelian étale sheaves over
X 1. A morphism of schemes is called syntomic, if it is flat and of complete intersection.

Let X be a syntomic and quasi-projective S-scheme, r and n be integers with » > 0 and n > 1.
In [13], Kato constructed a canonical object JZ]Y in D((X1)et), and if 0 <7 < p — 1 a morphism
Or 3%]? — 35)]?, which can be roughly seen as “1/p" times of the Frobenius map”. We refer to
[13] and ([1] 4.1.6) for details of these constructions. Let S, (1) be the fiber cone of the morphism

¢ —1for 0 <7 < p—1; so we have a distinguished triangle in D((X1)s)

) er=l, 0] 41

(3.4.1) Sulr)x — AL o

The complexes S, (r)x (0 <7 < p— 1) are called the syntomic complezes of X. For our purpose,
we recall here some of their properties for r = 1.

3.5. According to ([13] section 1.3), for any integer n > 1, there exists a surjective symbol map

0% = H (S,(D)x).

n41

For a geometric point T of Xz, we put
. 1N e
6z = OY,E[;?] = (i ]*Oxﬁ)f-
By ([13] 1.4.2), the above symbol map at T factorizes through the canonical surjection (9%5 —
65/p" L.

Theorem 3.6 ([13] 1.4.3). Assume that p > 3. Let X be a smooth and quasi-projective scheme
over S. Then there is a canonical isomorphism H'(S1(1)x) >, which is compatible with the
symbol maps &% — H'(S1(1)x)z and hx : 6% — Uk - (3.2.1).
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3.7. Let X be a smooth and quasi-projective scheme over S. Let ¢ and ¢g be the absolute
Frobenius morphisms of X; and S1, and let X be the scheme defined by the cartesian diagram

ng) w

v X,

"

S14>Sl

For all integers ¢ > 0, we denote by F the composed morphism

q q q q—1
QXI/SI QX(”)/S - QXl/S /d(QYI/El)’

where the second morphism is induced by the Cartier isomorphism

1 .o q
CX1/5'1 : QY?’)/S = HUQ X1/51>
Let ¢ be the class in Og, of a p-th root of (—p). We set
(3.7.1) P = Coker ((’)X1 Lo OX1)7

Pl
Q = Ker (Qk /5 Ql?l/ﬁl /d((’)Xl)).

Proposition 3.8 ([1] 4.1.8). The notations are those as above, and we assume moreover that
p > 3. Let T be a geometric point in Xs.
(i) There exist canonical isomorphisms

P —>Coker(7—£0(”[1] ) 2 . 7-[0( )), QQKer(?—[ (”[l] )—)7—[ 3 [I]X)>
so the distinguished triangle (3.4.1) gives rise to an exact sequence
(3.8.1) 0P S H (S (e S a—o0.
(ii) Let e(T) = Zf:_ol Ti/i! € Z,[T). Then the morphism oz in (3.8.1) is induced by the map
O%, z G&L/p&L given by
arre(—a(¢—1)P7h),
where a is a lift of a € Ox, 5 and € K is a primitive p-th root of unity.

T
(iii) The composed map

&L/peLt 2 218 (1) )r D O

is the unique morphism sending a € Oii to a~'da € Oz.

Remark 3.9. Statement (ii) of Proposition 3.8 implies that, via the canonical isomorphism
HY(S1(1)%) ~ VL (3.6), P can be identified with the submodule U¢W1 of ¥l defined in (3.2.2).

Proposition 3.10 ([1] 4.1.9). Assume that p > 3. Let X be a smooth projective scheme over S,

t=(p-1)/p.
i) The morphism ¥ — ¢ : Ox. — O factorizes through the quotient morphism O — O+,
Xl X1 g Xl Xt
and we have an exact sequence

(3.10.1) 0—F, — O, LN Ox, =P —0.
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(i) Let 6 : HO(X1,P) — H2(X1,F,) be the cup-product with the class of (3.10.1) in Ext?(P,F,),
and
dy* : HO (X5, W) (—1) — H2(X5,Fp)
be the connecting morphism in (3.1.3). Then the composed morphism

0,1
HO(X 1, P) — HO(Xs, H! (S1(1)5)) = HO(X, wh) 2 12X, F,) (1)
coincides with (0, where the middle isomorphism is given by Theorem 3.6, and ¢ is a chosen p-th
root of unity.
(iii) Assume moreover that HO(YT,OYT) = QOg, forr =1 and t. Then we have an exact
sequence
(3.10.2)

0 — H'(X5,F,) — Ker <H1(X1, O%,) oo vHU(X,, oXl)) S HOX,,P) 28 H2(X, F,)

3.11. Let M be a free Og, -module of rank r and ¢ : M — M be a semi-linear endomorphism with
respect to the absolute Frobenius of Og, . Following [1], we call M a ¢-Og -module of rank 7. Then
p(M) is an Og,-submodule of M, and there exist rational numbers 0 < a; <as <--- <a, <1,
such that

M/e(M) ~ &i_, O/,
We define the Hodge height of M to be >_._, a;. For any rational number 0 < ¢ < 1, we put
My =M ®O§1 Ogt.

Proposition 3.12 ([3] 9.1 and 9.7). Assume that p > 3. Let X be an element in O, and r > 1
an integer. We assume that v = vp(A) < % and let M be a o-Og -module of rank r such that its
Hodge height is strictly smaller than v.

(i) The morphism ¢ — X : M — M factorizes through the canonical map M — M;_,, and the
kernel of o — X : Myi_, = M 1is an Fp-vector space of dimension r.

(i) Let No be the kernel of the morphism Mi_, — M induced by ¢ — X, and N be the Of-
submodule of Mi_,, generated by No. Then we have dimz(N/mzN) = dimg, No = 7.

3.13. We can now summarize the strategy of [1] as follows. Let A be a projective abelian scheme
of dimension g over S. By Proposition 3.10(iii), we have

(3.13.1) dimp, H' (41, F,) + dimp, Ker (H()(Al, P) 22, Hz(Al,IFp)>

= dimg, Ker (Hl (4,,04,) 7% HY(A,, 04, )) .

By Remark 3.9 and Proposition 3.10(ii), the left hand side equals
dimg, U°H' (A5, Z/pZ)
defined in (3.2.3). Taking account of Theorem 3.3, we get

(3.13.2) 2g — dimg, (, 477 (K)) = dimg, Ker <H1(A1, O%,) 4 HY(A,, OX1)>,

where j = pfl. Applying 3.12(i) to M = H'(A;, O%,) and A = ¢, we obtain immediately the first

statement of Theorem 1.4 for projective abelian schemes. In fact, Abbes and Mokrane proved a
less optimal bound on the Hodge height ([1] 5.1.1).
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4. COHOMOLOGICAL PRELIMINARIES

4.1. Let f: X — T be a proper, flat and finitely presented morphism of schemes. We work with
the fppf-topology on 7', and denote by Picx /7 the relative Picard functor R%ppf I+ (Gy).

If T' is the spectrum of a field, then Picx,r is representable by a group scheme locally of finite
type over k. We denote by Picg(/T the neutral component and put Pick,p = U,s n? Picg(/T,
where n : Picx/r — Picx/r is the multiplication by n. Then Picg(/T and PicTX/T are open sub-
group schemes of Picy,r.

For a general base, Picx/p is representable by an algebraic space over T' ([4] thm. 7.3). We
denote by Pic% 7 (resp.Pick ) the subfunctor of Picx,r which consists of all elements whose
restriction to all fibers X, ¢t € T, belong to Pic())(t/t (resp.Pick, ;;). By (SGA 6 XIII, thm 4.7), the
canonical inclusion Pic’ y7 — Plcx 7 is relatively representable by an open immersion.

4.2. Let f: A — T be an abelian scheme. If T is the spectrum of a field, the Néron-Séveri group
Picg,r /Pic%/T is torsion free, i.e., we have Pic%/T = Pic)y p. This coincidence remains true for
a general base T by the definitions of Pic s and Picy ,p. Moreover, Pic) p is formally smooth
(cf. [18] Prop. 6.7), and Pic} ,p is actually open and closed in Pica/r, and is representable by a
proper and smooth algebraic space over T, i.e., an abelian algebraic space over T'. By a theorem of
Raynaud ([10] Ch. 1, thm. 1.9), every abelian algebraic space over T is automatically an abelian
scheme over T'. So Pic%/T = Pic}yp is an abelian scheme, called the dual abelian scheme of A,
and denoted by AV.

Let H be a commutative group scheme locally free of finite type over T. Recall the following
isomorphism due to Raynaud ([19] 6.2.1):

(4.2.1) Riypifo(Ha) = Hom(H" , Picar),
where Hy = H x7 A, H" is the Cartier dual of H, and Hom is taken for the fppf-topology on T.

Proposition 4.3. Let A be an abelian scheme over a scheme T, and H a commutative group
scheme locally free of finite type over T'. Then we have canonical isomorphisms

(4.3.1) Ext* (A, H) = Hom(HY, AY),
(4.3.2) Ext' (A, H) = HY, ¢ (T, Eat' (A, H)) = Hom(H", AY).

Proof. For any fppf-sheaf E on T, we have
Hom(HY , Hom(E,G,)) ~ Hom(H" ®z E,G,,) ~ Hom(E, H).
Deriving this isomorphism of functors in £ and putting E = A, we obtain a spectral sequence
BN = Ext?(HY  Eat1(A, G,,)) = ExtPTI(A H).

Since Hom(A, G,,) = 0, the exact sequence

0— By — Eat' (A H) — Ey' — E3°
induces an isomorphism

Ext' (A H) ~ Hom(H", Ext' (A, G,)).

Then (4.3.1) follows from the canonical identification Ext'(A, G,,) ~ AV ([8] 2.4). For (4.3.2), the
spectral sequence

P9 _ 1P
E2 - prpf

(T,Ext?(A, H)) = ExtPTI(A, H)
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induces a long exact sequence

0 — Hir (T, Hom(A, H)) — Ext'(A, H) 5 H) (T, £t (A, H)) — HZ, (T, Hom(A, H)).
Since Hom (A, H) = 0, the arrow (1) is an isomorphism, and (4.3.2) follows by applying the functor
HO (T,.) to (4.3.1). O

fppf
4.4. The assumptions are those of (4.3). We define a canonical morphism
(4.4.1) Ext'(A, H) — H, ¢(A, H)

as follows. Let a be an element in Ext' (A, H) represented by the extension 0 — H — F — A — 0.
Then the fppf-sheaf F is representable by a scheme over T', and is naturally a H-torsor over A.
The image of a by the homomorphism (4.4.1) is defined to be the class of the torsor E. Since this
construction is functorial in 7', by passing to sheaves, we obtain a canonical morphism

(4.4.2) Ext' (A, H) = R ¢ fi(Ha).

Via the isomorphisms (4.2.1) and (4.3.1), we check that (4.4.2) is induced by the canonical map
AY = Pic%/T — Picg)p.

Since H is faithfully flat and finite over T', the inverse image of the fppf-sheaf H by f is
representable by Hy, i.e., we have f*(H) = H,4. Therefore, we deduce an adjunction morphism

(4.4.3) H — RY ¢ f«(Ha).

Proposition 4.5. Let f: A — T be an abelian scheme, and H be a commutative group scheme
locally free of finite type over T. Then the canonical maps (4.4.2) and (4.4.3) are isomorphisms.

Proof. First, we prove that (4.4.2) is an isomorphism. By (4.2.1) and (4.3.1), we have to verify
that the canonical morphism

Hom(H",AY) — Hom(H",Pica,r)

is an isomorphism. Let g : HY — Pics/r be a homomorphism over T'. For every ¢ € T, the
induced morphism ¢; : HY — Picy, /¢ falls actually in Pic], /t» because H V is a finite group
scheme. Hence, by the definition of Pic’ /7 the homomorphism g factorizes through the canonical
inclusion AY = Pic)y ,p — Pica,r; so the canonical morphism Hom(H"Y, AY) — Hom(H", Pica,r)
is an isomorphsim.

Secondly, we prove that (4.4.3) is an isomorphism. For T-schemes U and G, we denote Gy =
G xp U. We must verify that for any T-scheme U, the adjunction morphism

(4.5.1) p(U) : HU) = Rijpe fx(Ha)(U) = H(Av)

is an isomorphism. We note that H(U) = Hy(U) and H(Ay) = Hy(Ay); therefore, up to
taking base changes, it suffices to prove that ¢(7") (4.5.1) is an isomorphism. We remark that f is
surjective, hence ¢(T') is injective. To prove the surjectivity of p(T), we take an element h € H(A),
i.e., a morphism of T-schemes h : A — H; by rigidity lemma for abelian schemes (cf. [18] Prop.
6.1), there exists a section s : T — H of the structure morphism H — T such that so f = h.
Hence we have o(T)(s) = h, and ¢(T') is an isomorphism. O

Corollary 4.6. Let T be the spectrum of a stirctly henselian local ring, f : A — T an abelian
scheme, and H a finite étale group scheme over T'. Then we have canonical isomorphisms

H{ (A H) ~ Hp (A H) ~ Ext'(A, H).
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Proof. The first isomorphism follows from the étaleness of H ([11], 11.7). For the second one, the
“local-global” spectral sequence induces a long exact sequence

0— H%ppf (Ta R?ppff* (HA)) — H%ppf(Av H) - H?ppf(Ty Rflppff* (HA)) - H?ppf (T7 R?ppff* (HA))

By Prop. 4.5, we have R(f)ppf f«(Ha) = H. Since T is strictly henselian and H étale, we have

H{ (T, H) = H{(T,H) = 0 for all integers ¢ > 1. Therefore, we obtain Hp (A, H) =
HY (T, Ri, ¢ f«(Ha)), and the corollary follows from 4.5 and (4.3.2). a

4.7. Let T be a scheme, and G be a commutative group scheme locally free of finite type over
T. We denote by G, the additive group scheme, and by Lie(G") the Lie algebra of GV. By
Grothendieck’s duality formula ([17] II §14), we have a canonical isomorphism

(4.7.1) Lie(GY) ~ Homr (G, G,),

where we have regarded G and G, as abelian fppf-sheaves on T'. If T is of characteristic p and G
is a truncated Barsotti-Tate group over T', then Lie(G") is a locally free of finite type Or-module
([12] 2.2.1(c)).

Similarly, for an abelian scheme f : A — T, we have a canonical isomorphism ([5] 2.5.8)

(4.7.2) Lie(AY) ~ Ext1(A,G,) ~ R £.(G,).

In the sequel, we will frequently use the identifications (4.7.1) and (4.7.2) without any indications.

The following Lemma is indicated by W. Messing.

Lemma 4.8. Let L be an algebraically closed field of characteristic p > 0, R be an L-algebra
integral over L, and M be a module of finite presentation over R, equipped with an endomorphism
p semi-linear with respect to the Frobenius of R. Then the map ¢ —1: M — M 1is surjective.

Proof. First, we reduce the lemma to the case R = L. Consider R as a filtrant inductive limit
of finite L-algebras (R;);cs. Since M is of finite presentation, there exists an ¢ € I, and an R;-
module M; of finite presentation endowed with a Frobenius semi-linear endomorphism ¢;, such that
M = M; ®g, R and ¢ = ¢; ® 0, where o is the Frobenius on R. For j > ¢, we put M; = M; ®g, R;
and ¢; = ¢; ®R, 04, where o, is the Frobenius of R;. In order to prove ¢ — 1 is surjective on M,
it is sufficient to prove the surjectivity of ¢; — 1 on each M, for j > i. Therefore, we may assume
that R is a finite-dimensional L-algebra, and M is thus a finite-dimensional vector space over L.

We put M; = U, Ker(¢™) and My = [, Im(¢™). Then we have a decomposition M =
M & M, as g-modules, such that ¢ is nilpotent on M; and bijective on M, (Bourbaki, Algebre
VIII §2 n° 2 Lemme 2). Therefore, it is sufficient to prove the surjectivity of ¢ — 1 in the following
two cases:

(i) ¢ is nilpotent. In this case, the endomorphism 1 — ¢ admits an inverse 1+ ., ¢™. Hence
it is surjective. a

(ii) ¢ is invertible. We choose a basis of M over L, and let U = (a; ;)1<i,j<n be the matrix
of ¢ in this basis. The problem reduces to prove that the equation system Z?zl ai,jxé-’ —x;=b
(1<i<n)in X = (1,...,x,) has solutions for all b = (by,...,b,) € L™. Since U is invertible,
let V = (cij)1<i,j<n be its inverse. Then the equation system 2?21 aiijﬁ? — x; = b; is equivalent
to @} — >0 ¢y = b for 1 <i < with b = 37, ¢; ;b;. But these n equations define a finite
étale cover of Spec L of degree p™. Hence they admit solutions in L, since L is separably closed.
This completes the proof. O
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Corollary 4.9. Let H be a Barsotti-Tate group or an abelian scheme over Si (1.9). Then
Ext?(H, F,) = 0 for the fppf topology on Si.

Proof. Let K be the fraction field of the ring of Witt vectors with coefficients in k; so K is a finite
extension of degree e of Ky. Let O% be the ring of integers of the maximal unramified extension of
Ko in K. Then Og, = O/pOx is integral over the algebraically closed field k = O /pOyr . As
Ext*(H,G,) = 0 ([5] Proposition 3.3.2), the Artin-Schreier’s exact sequence 0 — F, — G, =
G4 — 0 induces an exact sequence

Ext!(H,G,) £=% Ext'(H,G,) — Ext?(H,F,) — 0.

Since Ext'(H,G,) is a free Og,-module ([5] 3.3.2.1), the corollary follows immediately from Lemma
4.8. 0

5. THE BLOCH-KATO FILTRATION FOR FINITE FLAT GROUP SCHEMES KILLED BY p

5.1. Recall the following theorem of Raynaud ([5] 3.1.1): Let T be a scheme, G be a commutative
group scheme locally free of finite type over T. Then locally for the Zariski topology, there exists a
projective abelian scheme A over T, such that G can be identified to a closed subgroup of A.

In particular, if G is a commutative finite and flat group scheme over S = Spec(Of), we have
an exact sequence of abelian fppf-sheaves over S

(5.1.1) 0-+G—+A—B—=0,

where A and B are projective abelian schemes over S. In the sequel, such an exact sequence is
called a resolution of G by abelian schemes.

5.2. Let f : X — Y be a morphism of proper and smooth S-schemes. For any integer ¢ > 0,
we have a base change morphism fZ(¥7) — ¥% of p-adic vanishing cycles (3.1.1) (SGA 7 XIII
1.3.7.1). For ¢ = 1, this morphism respects the Bloch-Kato filtrations (3.2.2), that is, it sends
f2(UW3) to UL for all a € Q.

Passing to cohomology, we get a functorial map HP(Yz, U1 )(—q) — HP (X5, ¥%)(—q) for each
pair of integers p, ¢ > 0. These morphisms piece together to give a morphism of spectral sequences
(3.1.2) Eép’Q)(Y) — Eép’q)(X), which converges to the map HPT9(Yy, Z/pZ) — HP9( X5, Z/pZ)
induced by f7. Therefore, we have the following commutative diagram:

1,0

(5.21) 0—= H(Ya, Z/pZ) — H'(Yy, Z/pZ) — HO(Ys, UL )(~1) — 2 H2(Ys, Z/pZ)
0 —— H'(X5,2/pZ) — H' (X7, Z/pL) — H°(X5, ¥ )(-1) & H?(X5, Z/pZ).

It is clear that the Bloch-Kato filtration on H (X7, Z/pZ) (3.2.3) is functorial in X. More precisely,
the following diagram is commutative:

(5.2.2) UH (Y, Z/pZ)— HY(Y;, Z,/pZ)

| |-

UeH! (Xﬁ’ Z/pZ)C—> H' (Xﬁv Z/pZ)
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5.3. Let G be a commutative finite and flat group scheme over S killed by p, and 0 - G — A —
B — 0 a resolution of G by abelian schemes (5.1.1). We apply the construction (5.2.1) to the
morphism A — B. Using Corollary 4.6, we obtain immediately that

Ker az = Ker (Extl(Bn, F,) — Ext'(Az, Fp))
= Hom(Gﬁv IFP) = GV(F)(i]-)a
Ker o = Ker (Extl(Bs, F,) — Ext!(As, Fp)>

= Hom(G5,F,) = (Get) ¥ (K) (1),

where G¢ = G/GF is the étale part of G (cf. 2.8). Setting N = Ker a3, we can complete (5.2.1)
as follows:
(5.3.1)

0 (Gee)"(B)(~1) — = GV (E)(-1) — " o N~ 0

[
i\’h [’m \{;3 \
d;" (B r

0 — HY(Bs,Z/pZ) — HY(B5;, Z/pZ) — H°(Bs, ¥L)(-1) ——

S
dy°(A)

We will show later that the morphism « is surjective.

Definition 5.4. The assumptions are those of 5.3. We call the Bloch-Kato filtration on GV (K), and
denote by (U?GY(K),a € Q>0), the decreasing and exhaustive filtration defined by UGV (K) =
GV (K), and for a € Qxo,

(5.4.1) UGY(K) = 5 | (UH' (By, Z/pL)) (1).

Proposition 5.5. Let ¢’ = pe_pl, G be a commutative finite and flat group scheme over S killed by

p, and 0 = G — A — B — 0 be a resolution of G by abelian schemes (5.1.1).
(1) For all a € Q>, we have

(5.5.1) U*GY(K) ~ Ker (U“Hl(Bn, Z/pZ)(1) LCON U“H' (A7, Z/pZ)(l))

~ oy (N(l) NH(Bs, Ua\Ifl(B))> ,

where N (1) is identified to a subgroup of HY(Bs, V1(B)) by v3(1) in (5.3.1).

(ii) The morphism u : GV (K)(=1) — N in (5.3.1) is surjective. In particular, N is contained
in the kernel of the morphism dy°(B) in (5.3.1).

(iii) Under the canonical perfect pairing
(5.5.2) G(K) x GY(K) = pp(K),
we have, for all a € Q>,

Gt ()t = JUT TGN I if0<as<e]
GY(K) ifa>c¢.
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In particular, the filtration (UG (K),a € Q>0) does not depend on the resolution of G by abelian
schemes.

Proof. Statement (i) is obvious from definition 5.4 and diagrams (5.2.2) and (5.3.1).

For (ii) and (iii), thanks to Lemma 2.6, we need only to prove the proposition after a base
change O — Ok, where K'/K is a finite extension. Therefore, up to such a base change, we
may add the following assumptions.

(1) We may assume that k is algebraically closed, K contains a primitive p-th root of unity, and
G(K) = G(K).

(2) For X = A or B, we consider the cartesian diagram

and the étale sheaf \Il%(,K = i*R'j.(Z/pZ) over X,. By an argument as in the proof of ([1] 3.1.1),
we may assume that HO(X,, U ) = HO(X,, U 4 ).

Since U0k = 0 for a > ¢’ ([1] Lemme 3.1.1), we have U¢ GY(K) = Ker(u)(1) = (Ge)V (K).
Statement (iii) for a = 0 follows immediately from Proposition 2.8(i). The pairing (5.5.2) induces
a perfect pairing

(5.5.3) G (K) x Im(u)(1) — p,(K).

In particular, we have dimg, (Im(u)(1)) = dimg, (G°*(K)).

Let p (resp.v) be the generic point of Bs = Bz (resp.of A; = Az), and 7 be a geometric point
over v. Then 7 induces by the morphism v — ;1 a geometric point over y, denoted by i. Let O,
(resp.O,) be the local ring of B at u (resp of A at v), Oy (resp.Oy) be the henselization of O, at i
(resp.of O, at 7). We denote by (9 and O, the completions of O,, and O,,, and by ((9 ) (resp.by

(O,)) the henselization of Ou (resp.of O,) at i (resp.at ¥). Let Lo (resp.My) be the fraction
field of O, (resp.of O,), Ly" (resp. M{)“") be the fraction field of Oy (resp.of Oy). We denote by L

(resp by M) the fraction ﬁeld of O (resp.of 0, ), and by L*" (resp. by M™") the fraction field of

(Ou)h (resp.of (O, )1). We notice that 7 is a uniformizing element in O and in (@H)E.

Iz 3
Oﬁ Lgr Lur @M h
0, Lo L o

Since G = Ker(A — B), we have an identification Gal(M/L) ~ G(K) = G(K). We fix a
separable closure L of L, and an embedding of M in L, which induces a surjection ¢ : Gal(L/L) —
Gal(M/L). By 2.10, we have p(Gal(L/L)*) = Gal(M/L)* = G*(K), for all a € Q0. In particular,
we have
(5.5.4) o(Gal(L/L"")) = Gal(M/M N L"") = Gal(M*" /L"") = G"*(K).

Since L“"/L is unramified, we have, for all a € Q~,

(5.5.5) Gal(M""/L"")* = Gal(M/L)* = G°.
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Let pp be the composition of the canonical morphisms
HY(B,, Up) = H(Bs, U ) = (Vg i) = H' (Spec Lg", ) — H' (Spec L™, 1)
and we define p4 similarly. By functoriality and (5.5.4), we have a commutative diagram
(5.5.6) 0 N(1) HO(B;, ¥h) ————— HY(4,, ¥})

L

0 —— H' (GO (K), 1) —L> H! (Spec L, ) —< H' (Spee M, 1),

where the lower horizontal row is the “inflation-restriction” exact sequence in Galois cohomology.
By ([6] Prop. 6.1), pp and p4 are injective. Hence Im(u)(1) C N(1) is identified with a subgroup
of HY(G°"(K), u,,). By assumption (1), we have H'(G°T(K), up) = Hom(G**(K), 1, (K)), which
has the same dimension over F,, as G°T(K). Hence by the remark below (5.5.3), we get

(5.5.7) T (u)(1) = N(1) = HY(G*F (), 1) = Hom (G (), 1 ().

This proves statement (ii) of the proposition.

Statement (iii) for a = 0 has been proved above. Since the filtration G is decreasing and
UGY(K) = GY(K), we may assume, for the proof of (iii), that 0 < a < ¢’. It suffices to prove
that, under the pairing (5.5.3), we have

Gt (K" = Im(u)(1) NHO(B,, U¢ 2wk,
From (5.5.6) and (5.5.7), we check easily that (5.5.3) is identified with the canonical pairing
GO+ (E) x HY (G (K), 1) — 11y (K.
Hence we are reduced to prove that, under this pairing, we have
(5.5.8) G*H R = HY(G'F(K), ) N HO(B,, US W),

where the “N” is taken in H'(Spec L“", u,) (5.5.6).
Let h: (L*")* — H'(Spec L*", j1,,) be the symbol morphism. We define a decreasing filtration
on H'(Spec L*", ji,,) in a similar way as (3.2.2) by

U°H! = H', and U°H!=h(1+ wb(@#)%) for all integers b > 0.
We extend this definition to all b € Q¢ by setting UPH' = UMH!, where [b] denotes the integer part
of b. By ([1] Lemme 3.1.3), for all b € Qx0, we have H'(B,, Ub¥L) = p! <UbH1(Spec L, up)).
Therefore, the right hand side of (5.5.8) is
(5.5.9) HY (G (K), pp) N U~ H (Spec L™, u,,).

We identify H'(G°*(K), up) with the character group Hom(Gal(M“"/L""), 1, (K)); then by ([1]
Prop. 2.2.1), the subgroup (5.5.9) consists of the characters x such that x(Gal(M¥" /L") ~a)+) =

0. In view of (5.5.5), we obtain immediately (5.5.8), which completes the proof.
O
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Remark 5.6. The proof of 5.5(iii) follows the same strategy as the proof of ([1] Théorem 3.1.2).
The referee point out that we can also reduce 5.5(iii) to 3.3. Indeed, the commutative diagram

0—>G—>A—=B—0
o e e
0—=G—>A—=B—0

induces, by snake lemma, an exact sequence of finite group schemes 0 - G — ,A 2, »B oG o
We consider the following perfect pairing:

pA(F) pA(K) x HY (A7, Fp) ———F, Hl(Aﬁ’ Fp)
¢ Taz
B (R) > ,B(K)  ,B(E)xH'(ByF,) — 2> ~F,  H(B,F,)
i wi jw
G (R)— G(K) G(E) x GV(B)(-1) — Y% g &V (R).

By functoriality, the homomorphism ¢ is adjoint to as and ¢ is adjoint to 72, i.e., we have
(¢(2), /B = (z,02(f))a and (¥(y).9)B = (¥,72(9)), for all @ € JA(K), y € ,B(K), f €
H'(By,F,) and g € GV (K). By 2.8(ii), ¢ induces a surjective homomorphism , B**(K) — G**(K)
for all a € Q>¢. Now statement 5.5(iii) follows from (5.4.1) and Theorem 3.3 applied to B.

6. PROOF OF THEOREM 1.4(1)

6.1. For r € Qs, we denote by G, ,- the additive group scheme over S, (1.9). Putting t =1—1/p,
we identify G, ; with an abelian fppf-sheaf over S; by the canonical immersion i : S; — S;. Let
F : G4,1 — Gg,1 be the Frobenius homomorphism, and ¢ a p-th root of (—p). It is easy to check
that the morphism F — ¢ : G417 — Gg,1, whose cokernel is denoted by IP, factorizes through the
canonical reduction morphism G, 1 — G, +, and we have an exact sequence of abelian fppf-sheaves
on Si.

(6.1.1) 05 F) = Gay — Gay — P — 0.

This exact sequence gives (3.10.1) after restriction to the small étale topos (X1)¢ for a smooth
S-scheme X.

Proposition 6.2. Assume p > 3. Let G be a truncated Barsotti-Tate group of level 1 over S, and
t=1—1/p. Then we have the equality

dimg, U°G"(K) = dimg, Ker <Lie(GtV ) =5 Lie(G’lv)> ,

where U°GY (K) is the Bloch-Kato filtration (5.4), and the morphism in the right hand side is
obtained by applying the functor Homg, (G1,-) tothe map F —c: Gap — Gg 1.
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6.3. Before proving this proposition, we deduce first Theorem 1.4(i). Let G be a truncated
Barsotti-Tate group of level 1 and height h over S satisfying the assumptions of 1.4, d be the
dimension of Lie(GY) over k, and d* = h — d. It follows from 5.5(iii) and 6.2 that

dimp, G714 (K) = h — dimg, Ker (Lie(Gtv ) =5 Lie(GY)) .
Since Lie(ér) is a free Og -module of rank d*, we obtain immediately Theorem 1.4(i) by applying
Proposition 3.12 to A = ¢ and M = Lie(G, ).

The rest of this section is dedicated to the proof of Proposition 6.2.

Lemma 6.4. Let G be a Barsotti-Tate group of level 1 over S, t = 1 — X. Then the morphism
¢ : Ext' (G1,F,) — Ext'(G1,Ga,) induced by the morphism Fp, — G, in (6.1.1) is injective.

hS]

Proof. By ([12] Théoreme 4.4(e)), there exists a Barsotti-Tate group H over S such that we have

an exact sequence 0 - G — H ZPH 0, which induces a long exact sequence
Ext!(H,,F,) =% Ext'(H,,F,) — Ext!(Gy,F,) — Ext?(H,,F,).

It is clear that the multiplication by p on Ext'(H,,F,) is 0, and Ext*(H,,F,) = 0 by Corollary
4.9; hence the middle morphism in the exact sequence above is an isomorphism. Similarly, using
Ext?(Hy,Gay) = 0 ([5] 3.3.2), we prove that the natural map Ext'(Hy,G, ) — Ext'(G1,G,) is
an isomorphism. So we get a commutative diagram

Ext!(H,,F,) — Ext! (G}, F,)
ltﬁH lqﬁ
Eth (Fl, Ga,t) —— Eth (617 G%t),

where the horizontal maps are isomorphisms. Now it suffices to prove that ¢y is injective.
Let K be the fppf-sheaf on S; determined by the following exact sequences:

0=+F, -Gt —=K—=0, 0-K—=>G,1 =-P—=0.

Applying the functors Ext?(H 1, ), we get
Hom(H;,K) — Ext'(H1,F,) 2% Ext' (1, Ga.y);
0— Hom(ﬁl, K) — Hom(ﬁl, Ga,l) — Hom(ﬁl,]}”).

Since Hom(H1, G, 1) = 0 ([5] 3.3.2), the injectivity of ¢ follows immediately. O

6.5. Assume that p > 3. Let G be a commutative finite and flat group scheme killed by p over
S,and 0 - G - A — B — 0 be a resolution of G by abelian schemes (5.1.1). We denote

P(B) = Coker(O3, LN Oz,) (3.7.1), and similarly for P(A). According to Remark 3.9, we have
an identification

(6.5.1) H°(Bs, U*¥}) ~ H(Bs, P(B)) = H'(B1, P(B))
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as submodules of HO(Bs, ¥L); in the last equality, we have identified the topos (Bg)s with (B )
We denote

Ker(B,F — ¢) = Ker (Hl(Bl, Gay) =5 H'(By, Ga,1)>
= Ker (Lie(Btv ) == Lie(Bf)) ,
Ker(B, ) = Ker (HO(Bl,P(B)) 2, H2(B;, F,,)),

where dg is the morphism defined in Proposition 3.10(2); we have also similar notations for A.
Since the exact sequence (3.10.2) is functorial in X, we have a commutative diagram

(6.5.2) 0 —— H'(Bs,F,) — Ker(B,F — ¢) —— Ker(B,dg) —0
iﬂl J{Bz J{ﬁs
0 —— H'(45,F,) — Ker(A,F — ¢) — Ker(4,6g) —= 0.

Lemma 6.6. The assumptions are those of (6.5).
(i) In diagram (6.5.2), we have

(6.6.1) Ker 5, = Ker (Extl(Bs, F,) — Ext'(A4s, Fp)) = (Ger)V (K)(—1);
(6.6.2) Ker 3> = Ker (Lie(Gtv) I, Lie(Gi));
(6.6.3) Ker 83 = HY(Bs, P(B)) N N(1) C H(Bs, ¥)),

where N(1) is defined in (5.3.1).
(ii) We have the equality

(6.6.4) dimg, U°GY(K) = dimg, Ker $; + dimg, Ker f5.

In particular, we have

(6.6.5) dimp, U°GY(K) > dimg, Ker <Lie(Gtv ) =5 Lie(le)>,

Moreover, the equality holds in (6.6.5) if and only if the morphism Coker 31 — Coker 3 induced
by diagram (6.5.2) is injective.

Proof. (i) By Corollary 4.6, we have a canonical isomorphism Ext' (X5, F,) ~ H' (X5, F,) for X = A
or B. Hence formula (6.6.1) follows easily by applying the functors Ext?(_, F),) to the exact sequence
0 — G5 — As — Bz — 0. Applying the morphism of functors F — ¢ : Exti(,7 Ga) — Exti(,7 Gan)
to the exact sequence 0 - G — A — B — 0, we obtain the following commutative diagram:

0—— Lie(é;/) —— Lie(B, ) —_— Lle(

| -

0—— L1e(G1 ) — Lie(B ) — Lie A\l/
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where we have used (4.7.1) and (4.7.2). Formula (6.6.2) follows immediately from this diagram.
For (6.6.3), using (6.5.1), we have a commutative diagram

Ker(B, 65) — 2> HO(Bj, Ul,)

ST

Ker(4,dp) — H%(45, V),
where the maps (1) and (2) are injective. Hence we obtain
Ker 83 = Ker(B, dg) N Ker (HO(BS, U!(B)) — H (45, \Ill(A))>
= Ker(B,dg) N N(1).
The morphisms dg and d%’o are compatible in the sense of Proposition 3.10, and Proposition 5.5

implies that Ker(B,dg) N N(1) = H*(Bs, P(B)) N N(1), which proves (6.6.3).
(i) By the isomorphism (5.5.1) and the surjectivity of the morphism « in (5.3.1), we have

dimp, U°GY(K) = dimg, (GV(K)(—l) N U°H' (Bg, Z/pZ)>

(6.6.6) = dimg, <(Gét)V(K)(1)> + dimy, (N NH°(Bs, Ue\Ill(B))(1)> .

Then the equality (6.6.4) follows from (i) of this lemma and (6.5.1). The rest part of (ii) follows
immediately from diagram (6.5.2). O

6.7. Proof of Proposition 6.2. We choose a resolution 0 - G — A — B — 0 of G by abelian
schemes (5.1.1). By Lemma 6.6, we have to prove that if G is a truncated Barsotti-Tate group of
level 1 over S, the morphism ¢;5 : Coker 31 — Coker 85 induced by diagram (6.5.2) is injective.

By 4.6, we have H}, (X5,F,) = H}, (X1,F,) = Ext' (X, F,) for X = A or B. Thus the morphism
1 is canonically identified to the morphism Ext'(B;,F,) — Ext'(4;,F,) induced by the map
A — B. Applying the functors Ext’(_, F,) to 0 = G — A; — B; — 0, we obtain a long exact
sequence

Ext!(B;,F,) — Ext'(4;,F,) — Ext'(G1,F,) — Ext*(B;,F,).

Since Ext?(By,F,) = 0 by 4.9, we have Coker 3; = Ext'(G1,F,). The commutative diagram

0 — > Ker(B,F — ¢) — Lie(BY) ——% Lie(BY)
g | |
0 — > Ker(A, F — ¢) — Lie(A)) ——% Lie(A})

induces a canonical morphism: v : Coker 33 — Cokery = Ext! (G, Gq,t). Let ¢ Ext' (G, F,) —
Extl(él,((}w) be the morphism induced by the map F, — G, in (6.1.1). Then we have the
following commutative diagram

Eth(éh Fp) = Coker LI Coker o

Tk

Eth (@1, Ga,t)-
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Now Lemma 6.4 implies that ¢ is injective, hence so is ¢12. This completes the proof.

7. THE CANONICAL FILTRATION IN TERMS OF CONGRUENCE GROUPS

7.1. Recall the following definitions in [20]. For any A € O, let GO be the group scheme

Spec(O#|(T, 1+%]) with the comultiplication given by T — T ® 1+ 1® T + AT ® T, the counit by
T =0 and the coinverse by T" — —H%. If v(\) <e/(p—1), we put

(AP -1

P\(T) = —w

and let ¢y : GX) — GA") be the morphism of Oz-group schemes defined on the level of Hopf

algebras by T + Py (T). We denote by G the kernel of ¢y, so we have G = Spec(O%[T]/Px(T)).

We call it, following Raynaud, the congruence group of level A. 1t is a finite flat group scheme over
S = Spec(O) of rank p.

€ OglT|

7.2. For all A € O with v(\) <e/(p—1), let
) : Gx — pp = Spec(O%[X]/(XP - 1))

be the homomorphism given on the level of Hopf algebras by X + 1+ AT. Then 0\ ® K is an
isomorphism, and if v(A) = 0, #) is an isomorphism. For all A,y € O with v(v) < v(X) <e/(p—1),
let 85, : Gx = G4 be the map defined by the homomorphism of Hopf algebras T' +— (A/~)T. We
have 0y = 0., 00, .

7.3. Let A € O with v(A) < e/(p—1), A be an abelian scheme over S. We define
(7.3.1) Ox(A) : Extg(A, Gy) — Ext:(A, pp)

to be the homomorphism induced by the canonical morphism 0y : Gy — pup, where, by abuse of
notations, A denotes also the inverse image of A over S, and Extlg means the extension in the

category of abelian fppf-sheaves over S. Similarly, let G be a commutative finite and flat group
scheme killed by p over S; we define

(7.3.2) 0,(G) : Homg(G, G5) — Homg(G, 1) = GY(K)
to be the homomorphism induced by 5. If G = , A, where A is an S-abelian scheme, the natural

X . . .
exact sequence 0 — ,A — A 2P, A — 0 induces a commutative diagram

(7.3.3) Homg(,A, G5) — Ext(A,G,)

GA(pA)\L i‘%(A)

pAY(K) —— Ethg(Aa fip),
where horizontal maps are isomorphisms (4.3.2). Hence, 65 (A) is canonically identified to 6x(,A).

Lemma 7.4. Let A,y € O with v(y) < v(A) <e/(p—1), G be a commutative finite and flat
group scheme killed by p over S.

(i) 0:(Q) is injective.

(ii) The image of Ox(G) is contained in that of 6,(G).

(iii) The image of 0x(G) depends only on v(A), and it is invariant under the action of the Galois
group Gal(K /K).



CANONICAL SUBGROUPS OF BARSOTTI-TATE GROUPS 21

Proof. We have a commutative diagram

(7.4.1) Homz(GY, GV) -2 Homg(2/p2, G¥)

")
(2)

Homgz(GY,GY) —> Homgz(Z/pZ,G"),

where the horizontal maps are induced by 6y : Z/pZ — GY, and the vertical maps are induced by
the base change 7 — S. Since ) is an isomorphism over the generic point (7.2), the map (2) is an
isomorphism. Hence statement (i) follows from the fact that (1) is injective by the flatness of G
and G.

Statement (ii) follows easily from the existence of the morphism 6y, : Gy — G, with 0 =
0, 00y ~. The first part of (iii) follows immediately from (ii). Any o € Gal(K/K) sends the image
of 0x(G) isomorphically to the image of 6,(,)(G), which coincides with the former by the first
assertion of (iii). O
7.5. Filtration by congruence groups. Let a be a rational number with 0 < a < e/(p — 1),
and G be a commutative finite and flat group scheme over S killed by p. We choose A € O with
v(\) = a, and denote by GV (K)l% the image of 05(G). By Lemma 7.4, GV (K)l? depends only on
a, and not on the choice of A\. Then (GY(K)!%,a € QN [0,e/(p —1)]) is an exhaustive decreasing
filtration of GV (K) by Gal(K /K)-groups.

7.6. Let A € O with 0 < v(\) <e/(p—1), f: A — S be an abelian scheme, and f: 4 — S
its base change by S — S. In ([3] §6), Andreatta and Gasbarri consider the homomorphism
0\ (A) : fppf(A Gy) — prpf(A p) induced by 0, where by abuse of notation, G denotes also

the fppf-sheaf Gy restricted to A. We have a commutative diagram
N

(7.6.1) Exty(A, G,\)HH%ppf(A,G,\)
9>\(A)\L lf?;(A)

( p)
Extl(A, 1) —% HE (A, 1),

where the horizontal arrows are the homomorphisms (4.4.1).

Lemma 7.7. (i) The homomorphisms ¢(Gx) and o(u,) in (7.6.1) are isomorphisms. In particular,
the homomorphism 0\ (A) is canonically isomorphic to 0x(A) (7.3.1).

(ii) The canonical morphism Hi, ¢ (A, pp) — H' (Ag, ) is an isomorphism. Let H'(Asg, f1p) NI
be the image of 04(A) composed with this isomorphism Then wvia the canonical isomorphism
HY Az, p1) =~ , AV (K), the subgroup H'(As, u, )P is identified to , AV (K)PM],

Proof. (i) For H = G or pu,, the “local-global” spectral sequence induces an exact sequence

(771) 0— prpf(S prpff ( )) - prpf(A Hx ) L prpf(s prpff ( ))

By Prop. 4.5 and (4.3.2), we have isomorphisms
fppf(s prpff ( )) fppf(S 8.73t (A7 H)) = Ethg(Aa H)

Therefore, we obtain a homomorphism (H) : prpf(A, Hy) — Extlg(A,H ). We check that the
composed map ¥(H) o ¢(H) is the identity morphism on Extlg(A,H); in particular, ¥ (H) is
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surjective. By Prop. 4.5, we have also R?ppf?* (Hz) = Hg; on the other hand, it follows from ([3]
Lemma 6.2) that H%ppf(g, Hg) = 0. Hence ¥(H) is injective by the exact sequence (7.7.1), and
@(H) and ¥(H) are both isomorphisms.

(ii) We have a commutative diagram

e (pp) —
Ethg(A’ :up) - H%ppf(A7 ,[Lp)

(Ui l@)

EXt%(Aﬁv 'up) —H! (Aﬁv :up)v

where the vertical maps are base changes to the generic fibers, and the horizontal morphisms are
(4.4.1), which are isomorphisms in our case by (4.6) and statement (i). The morphism (1) is easily
checked to be an isomorphism using (4.3.2), hence so is the morphism (2). The second part of
statement (ii) is a consequence of (i). O

The following proposition, together with Proposition 5.5, implies Theorem 1.6.

Proposition 7.8. Let G be a commutative finite and flat group scheme over S killed by p. Then,
for all rational numbers 0 < a < e/(p — 1), we have G¥(K)l4 = UP¢GV(K), where UGV (K) is
the Bloch-Kato filtration (5.4).

Proof. Let 0 = G — A — B — 0 be a resolution of G by abelian schemes (5.1.1). We have, for all
A € O with 0 <v(\) <e/(p—1), a commutative diagram

0 — Homg(G, G)) — ExtL(B, Gy) — Extg(4,Gy)
0x(G) 0x(B) 0x(A)
0———GY(K) ———,BY(K) ———,A"(K).
Hence, for all rational numbers a satisfying 0 < a < e/(p — 1), we have by 7.7(ii)
(7.8.1) GV (K)4 = aV(K)n,BY(K)" = GV(K) n HY(By, 11,).

According to ([3] Theorem 6.8), the filtration (H*(Bg, 1,)!,0 < a < e/(p — 1)) coincides with

the filtration (UP*H!(Bg, 11p,),0 < a < -57) (3.2.3). Hence by (7.8.1) and (5.4.1), the two filtrations

(GV(K)!) and (UP*GY(K)) on GY(K) coincide. This completes the proof.

O

8. THE LIFTING PROPERTY OF THE CANONICAL SUBGROUP

In this section, by abuse of notations, G, will denote the additive group both over S and over
S. For a rational number r > 0, we denote by Ga,r, QS)‘) and G, the base changes to S, of the
respective group schemes.

8.1. Following [21], for a, ¢ € O3 with ac = p, we denote by G, . the group scheme Spec(Og[y]/(yp—
ay)) over O with comultiplication

—1

p—1 p
CWyp—
1—pi:1wi Wp—;
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and the counit given by y = 0, where w; (1 < i < p—1) are universal constants in O with v(w;) = 0
(see [21] p.9). Tate and Oort proved that (a,c) — G, . gives a bijection between equivalence classes
of factorizations of p = ac in O and isomorphism classes of Oz-group schemes of order p, where
two factorizations p = aic; and p = ascy are called equivalent if there exists u € O such that
as = uPta; and ¢o = ulPey.

Let A € O with 0 < v,(A) < 1/(p —1). There exists a factorization p = a(A)c(A) such that
G =~ Gy(n),e(n)- More explicitly, we may take c(\) = % and a(\) = ﬁ, and we notice
that v,(a(A)) =1 — (p — 1)vp(A) is well defined independently of the factorization p = a(A)c(A).
Lemma 8.2 ([3] Lemma 8.2 and 8.10). Let 0 < r < 1 be a rational number and X € O with
vp(N) <1 —1/p and v,(AP~1) > 7.

(i) Let p} be the morphism of groups schemes g™ = Spec((9§t [T]) = Gq, = Spec(Ogr [X])

defined on the level of Hopf algebras by X — Zf;ll(—)\)i_l%i. Then p is an isomorphism.
Moreover, the following diagram is commutative

g 5 g™

pi l lp%p
F—a(X)

Ga,r > a,r

where F is the Frobenius homomorphism and a(X) € O is introduced in (8.1).

. A
(ii) Let 6y, be the composed morphism Gy , L (],(«)‘) LGN Ga,r. Then 6y, generates Lie(Ger) ~
Homgr(GAJ,,GW,) as an Og -module.

Lemma 8.3 ([3] Lemma 8.3). Let A € O with ﬁ < vp(A) < p—il, and r = (p — 1)v,(N).
Then the following diagram is commutative

A D1 AP
gy g™
]
A F—a(X
7('>\) b Ga,r ( )Ga,la

where 114 is the reduction map.

8.4. Let A € O with v,(\) = %, t =1—1/p, and G be a commutative finite and flat group
scheme killed by p over S. We define &4 to be

(8.4.1) o : Homg(G, Gy) 5 Homg, (Gy. G ) > Homg, (Gy, Gay) = Lie(G, ),
where ¢; is the canonical reduction map, and ¢ is the morphism induced by the element dy; €

Homg (G, Ga,e) (8.2(i)).

Proposition 8.5. Let A\ € Ox with v,(\) = %, t=1-1/p, and G be a truncated Barsotti- Tate
group of level 1 over S, satisfying the hypothesis of Theorem 1.4. Then we have an exact sequence

F—a(\)

(8.5.1) 0 — Homg (@, G) 2% Homg, (G, Ga,) ——— Homg, (G1,Ga,1),

where a(X) is defined in 8.1.
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Proof. From Lemma 8.3, we deduce a commutative diagram

(8.5.2)
— — b, — P
Hom§1 (Gl’ G)"l) - H0m§1 (Gl’ giA)) - H0m§1 (Gh §>\ ))

Ll’ti L;’tl lpi\p
F—a(X)

Homgt(ét,GM) H'Homgt(at, % )) H-Horns (G, Ga,t) — Homg, (Gl,GaJ),

where the upper row is exact and ¢;; and Lu are reduction maps. Therefore, the composition
of &g with the morphism F — a(\) in (8.5.1) factorizes through the upper row of (8.5.2), and
equals thus 0. Let L be the kernel of the map F — a(\) in (8.5.1). Then @ induces a map
@' : Homg (G, G)) — L. We have to prove that ®' is an isomorphism.

Let d* be the rank of Lie(é;/) = Homg (G1,G, 1) over Og , and recall that v,(a(\)) = 1/p.

Since G satisfies the assumptions of Theorem 1.4, applying Prop. 3.12 to Lie(éf) and the operator
F — a(A), we see that the group L is an Fj-vector space of dimension d*. On the other hand,
Homg(G, Gy) is identified with G7—1 “TT(K)L by Theorem 1.6. Thus it is also an F,-vector space
of dimension d* by Theorem 1.4(i). Therefore, to finish the proof, it suffices to prove that @' is
surjective.

By Lemma 8.2(i), we have the following commutative diagram

F—a(\)
0 L Homg, (G, at)—>HomS (Gl,GaJ)
a -
F—a(\)

0 —— Homg, (Gt,GA t) — Homyg, (G4, Gart) — Homg, (Gt,G )

where ¢1 4 is the reduction map. The composed morphism « o &’ is the canonical reduction map,
whose injectivity will implies the injectivity of ®’. Thus the following lemma will conclude the
proof of the proposition. O

Lemma 8.6. Assume that p > 3. Lett = 1—1/p, A\ € O with v,(\) = 1/p, and G be a
commutative finite flat group scheme killed by p over S. Then the reduction map

Lt t HOmg(é, G)\) — Homgt (ét, G)\)t)
18 1njective.
Proof. We put G xg S = Spec(A), where A is a Hopf algebra over Oz with the comultiplication
A. An element f € Homg(G, G,) is determined by an element x € A satisfying

Alz)=2z@1+1Qz+ xQx

(14+Ax)P =1
Y
Suppose that ¢+(f) = 0, which means x € m;A. We want to prove that in fact x = 0. Let us write
x = A% where @ > p— 1 > 2 is an integer, and y € A. Substituting = in (8.6.1), we obtain

+ZAP<> M=o

Since vp()\l—p(f)) =0for1 <i<p-—1and A is flat over Ok, we see easily that y = \**1y; for
some y; € A. Continuing this process, we find that € Nyeg.,meA =0 (1.9). O

(8.6.1) Py(z) =
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Lemma 8.7. Let G be a Barsotti-Tate group of level 1 and height h over S, and H be a flat closed
subgroup scheme of G. We denote by d the dimension of Lie(G) over k, and d* = h — d. Then
the following conditions are equivalent:

(i) The special fiber Hy of H coincides with the kernel of the Frobenius of Gs.

(i") The special fiber H: of H- = (G/H)V coincides with the kernel of the Frobenius of GY .

(ii) H has rank p® over S and dimy Lie(H,) > d.

(ii") H* has rank p* over S and dimy, Lie(H) > d*.
Proof. We have two exact sequences
0—-H—-G—>G/H—=O0
0= H"—=GY—HY —0.
Denote by Fa. (resp.by Vg,) the Frobenius (resp.the Verschiebung) of Gs. Assume that (i)
is satisfied, then we have H; = Coker(Ugv) by duality. Since G is a Barsotti-Tate group of
level 1, Hy- coincides with Im(Ugv) = Ker(Fgyv). Conversely, if Hi* = Ker(Fgv), we have also
H, = Ker(F¢,). This proves the equivalence of (i) and (i’).
If (i) or (") is satisfied, then (ii) and (ii’) are also satisfied (SGA 3; VIIp 7.4). Assume (ii)
satisfied. Since Ker(Fy.) has rank pdimsLie(s) (Joc. ¢it.) and is contained in both Ker(Fg,) and

H,, condition (ii) implies that these three groups have the same rank; hence they coincide. This
proves that (ii) implies (i). The equivalence of (i’) and (ii’) is proved in the same way. O

8.8. Proof of Theorem 1.4(ii). By Lemma 8.7, the following lemma will complete the proof of
1.4(i).

Lemma 8.9. Let G be a Barsotti- Tate group of level 1 and height h over S, satisfying the hypothesis
of Theorem 1.4, d be the dimension of Lie(GY) over k, and d* = h — d. Let H be the flat closed
subgroup scheme G717, and H+ = (G/H)V. Then H- has rank p* over S and dimy, Lie(HL) >
d*.

Proof. Since H has rank p? over S by 1.4(i), H* has rank p? over S and dimg, (G/H)(K) = d*.
Let A € O with v,(A\) = 1/p, and t = 1 — 1/p. The canonical projection G — G//H induces an
injective homomorphism

(8.9.1) Homg(G/H,G,) — Homg(G, G)).

By Theorem 1.6, H-(K)l5) = Homg(G/H,G)) is orthogonal to (G/H)7 1" (K) under the perfect
pairing (G/H)(K) x H-(K) — p,(K). As H = G717, Prop. 2.8(ii) implies that the group
scheme (G/H)# 1" is trivial. Hence we have

dimy, Homg(G/H,G)) = dimg, H*(K) = d* = dimg, Homg(G, G»),
and the canonical map (8.9.1) is an isomorphism. By the functoriality of ®¢ (8.4.1), we have a

commutative diagram

(8.9.2) Homz(G/H,G,) == Homz(G, G,)

l‘:I)G/H l@c

Lie(H;) — > Lie(G) ),

where the lower row is an injective homomorphism of Og -modules. Put Ny = Homg(G, G)),
M= Lie(ér) and M; = Lie(élv) ®og, OF, = Lie(étv). By 8.5(ii), Ny is identified with the kernel
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of F—a(\) : My — M. Let N be the Og-submodule of M, generated by Ny. Applying 3.12(ii) to
the morphism F — a(\), we get

dimg(N/mgN) = dimg, Ny = d*.
By (8.9.2), N is contained in M’ = Lie(ﬁf) C M. By applying Lemma 8.10 (ii) below to N C M’,
we obtain

H
wﬁj ®@§t k and

. . . . L
Let w1 be the module of invariant differentials of H, over Og,. Then we have wy. =
t s

)
M' =1Lie(H; ) = Homogt «Uﬁj’ Osg, )

Applying Lemma 8.10 (i) to wg+, we obtain

From the relations Lie(H}) @y k = Lie(HZ) = Homg (wp 1 ,k), we deduce
(8.9.5) dimg wy . = dimy, Lie(H;").

The desired inequality dimy, Lie(HZ) > d* then follows from (8.9.3), (8.9.4) and (8.9.5).
U

Lemma 8.10. Let t be a positive rational number, M be an Og, -module of finite presentation.
(i) Put M* = Homo (M,Og,). Then we have dimg(M* /mzM*) = dimg (M /mzM).
(ii) If N is a finitely presented Oz, -submodule of M, then dimz(N/mzN) < dimg(M/mzM).

Proof. Since M is of finite presentation, up to replacing K by a finite extension, we may assume
that there exists a positive integer n and a finitely generated Ok /7" Ok-module My, where 7 is
a uniformizer of Ok, such that O@ = O /1" O and M = M ®0, Ox. Note that there exist
integers 0 < a; < ---a, < n such that we have an exact sequence of Og-modules

(8.10.1) 0— O 2 O — My — 0,
where ¢ is given by (x;)1<i<r = (7% 2;)1<i<,. In order to prove (i), it suffices to verify that
dimy, (M /7 M) = dimg (Mo /7mMy), where M§ = Homp, (My, Ok /7" Ok). Let

(O /7" OK)" 25 (O /7" Ok)" — My — 0

be the reduction of (8.10.1) modulo n". Applying the functor Home, (-, Ok /7" Ok) to the above
exact sequence, we get

0 — My — (O /7" Ok)" 5 (O J7" O )"

with ¢} = ¢,. Hence M is isomorphic to the submodule ®!_, (7"~ % Ok /7" Ok) of (O /7" OKk)",
and we have
dimy (M /mM§) = r = dimg (Mo /7 My).
For statement (ii), by the same reasoning, we may assume that there exists a finite O g-submodule
Ny of My such that N = Ny @0, Oz We need to prove that dimy(No/7mNo) < dimg(Mo/7Mo).
Let My be the kernel of My of the multiplication by 7. We have an exact sequence of Artinian
modules
0— My — My ﬁ) My — M()/TFM() — 0.
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By the additivity of length of Artinian modules, we obtain dimy(,My) = dimy(Mo/7mMp). Sim-
ilarly, we have dimg(rNo) = dimg(No/7mNg). The assertion follows from the fact that Ny is a
submodule of ;Mj. O

Remark 8.11. If we could prove the exact sequence (8.5.1) without knowing a priori the rank of
Homg (G, Gy) for v,(X) = 1/p, then we would get another proof of the existence of the canonical
subgroup of G. Since then, by Proposition 3.12 and (8.5.1), Homg(G, G) has F,-rank d* under

the assumptions of 1.4. Then we identify it to be a subgroup of GY(K) by 05(G) (7.3.2), and
define H to be the subgroup scheme of G determined by H(K)* = Homzg(G, G)). The arguments
in this section imply that H is the canonical subgroup of G. For abelian schemes, this approach is
due to Andreatta-Gasbarri [3].
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