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Abstract Over a non-archimedean local field of characteristic zero, we
prove multiplicity preservation of local theta correspondences for orthogonal-
symplectic dual pairs. The same proof works for dual pairs of unitary groups.

Mathematics Subject Classification (2000) 22E35 - 22E46

1 Introduction

Fix a non-archimedean local field k of characteristic zero. Let G be an or-
thogonal group O(m), and let G’ be a symplectic group Sp(2n), both defined
over k (m, n > 0). Then as usual, they form a reductive dual pair in the larger
symplectic group Sp(2mn). Denote by

1 — {1} - Sp(2mn) — Sp(2mn) — 1 (1)
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the metaplectic cover of Sp(2mn). Write G and G’ for the double covers of G
and G’, respectively, inguced by the cover (1). They are centralizers of each
other inside the group Sp(2mn).

The purpose of this note is to prove the following

Theorem A Let G and G’ be as above. Let wy, be a smooth oscillator rep-
resentation of Sp(2mn) associated to a nontrivial character Y of k. Then for
every genuine irreducible admissible smooth representation 7w of G, and 7’

of G', the inequality

dimHomg, g (wy,m @n') <1
holds.

Recall that an irreducible admissible smooth representation of G is said to
be genuine if it does not descend to a representation of G. The same termi-
nology applies to all double covers of groups.

Theorem A is usually called multiplicity preservation of local theta cor-
respondences. S. Rallis call it “the Multiplicity One Conjecture” and proves
it in some cases [6]. It is complementary to the famous Local Howe Duality
Conjecture. The archimedean analog of Theorem A is proved by R. Howe
in [2]. When the residue characteristic of k is odd, Theorem A is proved by
J.-L. Waldspurger in [10]. For applications to number theory, it is desirable to
prove multiplicity preservation over all local fields.

Remarks (a) The same argument as in this note proves that multiplicity
preservation of local theta correspondences also hold for dual pairs of uni-
tary groups.

(b) For all reductive dual pairs in the archimedean case, and all type II dual
pairs in the nonarchimedean case, both multiplicity preservation and the Lo-
cal Howe Duality Conjecture are proved ([2, Theorem 1] and [3, Theorem 1]).

(c) Unfortunately, the method of this note does not work for quaternionic
type I dual pairs.

2 Proof of Theorem A

To emphasize the symmetric roles played by orthogonal groups and sym-
plectic groups, we introduce the following notation. Let € = %1, and let
(E,{,)E) be a finite dimensional k-vector space with a non-degenerate
e-symmetric bilinear form. Denote by G the automorphism group of
(E, {, )E), which is an orthogonal group or a symplectic group, depending
on € =1 or —1. Following [4, Proposition 4.1.2], we extend G to a larger
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group G, which contains G as a subgroup of index two, and consists of pairs
(g,0) € GL(E) x {£1} such that either

=1 and geagG,

or
§=—1 and (gu,gv)g={v,u)g, u,vek.

Write €/ = —e¢, and let (E’, (, ) g/) be a finite dimensional k-vector space with
a non-degenerate €’-symmetric bilinear form. Then

E=EQE’
is a symplectic space under the form
ueu,vv)g:= W, v)g W, vV)g.
Define the groups
G'>G' and Sp(E) D Sp(E)

in the obvious way. Assume that both E and E’ are nonzero. Then G and G’
form a reductive dual pair in Sp(E).
Write

H:=E xk
for the Heisenberg group, where the group law is given by
(u, )ty :=w+u',t +1" + (u, u')g).
The group Svp(E) acts on it as automorphisms by
(8,68).(u, 1) := (gu, ). 2)
Denote the fiber product
G:=Gx21,G'={(g.¢.8)1(2.8) € G, (g.8) € G},

which contains
G:=GxG’

as a subgroup of index two. The action (2) and the homomorphism
G—SpE), (3.8.0) (g®g.9) (3)
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induce an action of G on H. This defines a semidirect product

J=Gx H,
which contains
J:=GxH
as a subgroup of index two.
Let the group
(1} x (G x G) “4)
acton J by
(3.81.82).0:= &1)8; ), (5)

where the semidirect product in (4) is defined by the action
—1.(&1, 82) == (&2, 81).
Note that the fibre product
G = {£1) xpx1) (G x(21) G) = (3. 81.82) | x6 (D = x6 (&) = 3)

is a subgroup of (4), where x¢ is the quadratic character of G with kernel G.
The group G contains

G:=GxG
as a subgroup of index two, and stabilizes J under the action (5).
We postpone the proof of the following proposition to the next section.

Proposition 2.1 Every G-orbit in J is G-stable.

Note that J is unimodular. Therefore by the localization principle of Bern-
stein and Zelevinsky [1, Theorem 6.9 and Theorem 6.15 A], Proposition 2.1
implies the following:

Corollary 2.2 If a generalized function on J is G-invariant, then it is also
G-invariant.

For the usual notion of generalized functions, see [7, Sect. 2], for example.
Recall the following version of the Gelfand-Kazhdan criterion (cf. [5]).

Lemma 2.3 Let H be a t.d. group, i.e., a topological group which is Haus-
dorff, locally compact, secondly countable, and totally disconnected. Let S be

a closed subgroup of H, and let o be a continuous anti-automorphism of H.
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Assume that every bi-S-invariant generalized function on H is o-invariant.
Then for every irreducible admissible smooth representations wtg of H, one
has that

dimHomg(my, C) - dimHomg (), C) < 1.

Here and henceforth, we use “¥” to indicate the contragredient of an admis-

sible smooth representation. A more general form of Lemma 2.3 is proved in
[9, Theorem 2.3] for real reductive groups. The same proof works here and
we omit the details. 5

Note that some elements of G \ G act on J as anti-automorphisms. There-
fore Corollary 2.2 and Lemma 2.3 together imply the following

Lemma 2.4 For every irreducible admissible smooth representations mwy of J,
one has that

dim Homg (y, C) - dimHomg (y, C) < 1.

Now we come to the proof of Theorem A. Let G, G’ and SNp(E) be double
covers of G, G’ and Sp(E), respectively, as in the Introduction. As in Theo-
rem A, let  and 7’ be genuine irreducible admissible smooth representations
of G and G’, respectively. Recall that up to isomorphism, the oscillator rep-
resentation wy, is the unique genuine smooth representation of Sp(E) x H
which, as a representation of H, is irreducible and has central character .

It is easy to see that wy, ® 7V @ 7V descends to an irreducible admissible
smooth representation of J = (G x G’) x H (c.f. [7, Lemma 5.3]). Therefore
Lemma 2.4 implies that

dimHomg (wy ® 7* ® 7', C) - dimHomg (v ® 7 ® 7',C) < 1. (6)

By [8, Theorem 1.4], the two factors in the left hand side of (6) are equal to
each other. Therefore

dimHomg(wy @ 7¥ @ 7'V, C) <1,
and consequently,
dimHomg, & (wy, 7 @) < 1.

This finishes the proof of Theorem A.

3 Proof of Proposition 2.1
We continue to use the notation of the last section. Let G act on E by

(g.8/.8).(u®u’) :=gu®g'u, (7N
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and act on
E' :=Homy(E, E)
by
((8,8',8).0)(u) :=8g8'(¢p(gu)),
where
o i g_i,l ifs=1,

eg!, ifs=—1.

Lemma 3.1 As k-linear representations of G, E and E' are isomorphic to
each other.

Proof 1t is routine to check that the k-linear isomorphism

E - E/,

uu' > (vi> (v,u)pu’)
is é—intertwining. O
Denote by
g:={x € Endx(E) | (xu, v)g + (u, xv)g =0}
the Lie algebra of G, and put
g:={(x, F)|x €g,F is ak-subspace of E, x|r = 0}.

Let G acton § by
(8.8).(x, F) := (8gxg ™", g F).

The action of G on E’ induces an action of
G=G/G
on the quotient space G'\E'.
Lemma 3.2 There exists a é-equivariant embedding from G'\E' into §.

Proof Recall that the map

X = <X', )E
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establishes a k-linear isomorphism form g onto the space of €’-symmetic
forms on E. Define a map

(1]

:E =Homy(E, E') — §,
¢ (x, F),

where F is the kernel of ¢, and x is specified by the formula

(), p(v))pr = (xu,v)g, u,veE.

Use Witt’s Theorem, one finds that two elements of E’ stay in the same
G’-orbit precisely when they have the same image under the map E. There-
fore E descends to an embedding

G'\E < g.
Finally, one checks easily that this embedding is G—equivariant. U

The following lemma is stated in [4, Proposition 4.1.2]. We will not provide
a proof here.

Lemma 3.3 For every (x, F) € g, there is an element (g, —1) € G such that
gxg_1 =—x and gF=F.

In other words, every element of g is fixed by an element of G\G.
Therefore every G-orbit in § is G-stable. Now Lemma 3.2 implies that every
G-orbit in G'\E’ is G-stable, or equivalently, every G-orbit in E is G-stable.
Finally, by Lemma 3.1, we have

Lemma 3.4 Every G-orbit in E is G-stable.

Now we are ready to prove Proposition 2.1. Note that every G = G x G-
orbit in J intersect the subgroup H, and the subgroup

G = {1} x(x1) (AG)) of G={=1}xxy (G xz1 G)

stabilizes H, where “A” stands for the diagonal group. Therefore in order to
prove Proposition 2.1, it suffices to show that every G-orbit in H is G-stable.
Note that as a G-space,

H=E xk,

where E carries the action (7), and k carries the trivial G-action. We finish the
proof by Lemma 3.4.
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