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Twisted Fermat curves over
totally real fields

By ADRIAN DiACONU and YE TIAN

1. Introduction

Let p be a prime number, F' a totally real field such that [F'(u,) : F] = 2
and [F : Q] is odd. For 6 € F'*, let [ § | denote its class in F*/F*P. In this
paper, we show

MAIN THEOREM. There are infinitely many classes [ 6 | € F*/F*P such
that the twisted affine Fermat curves
Ws: XP+YP=9¢
have no F-rational points.
Remark. Tt is clear that if [ § | = [ ¢ ], then Wj is isomorphic to Wy
over F. For any 6 € F*, Ws/F has rational points locally everywhere.
To obtain this result, consider the smooth open affine curve:
Cs:VP=U(-U),
and the morphism:
2/)(5 Ws — C5a (ﬂj‘,y) — (xp7xy)‘
Let Cs — Js be the Jacobian embedding of Cs/F defined by the point (0,0).
We will show that:
(1) If L(1,Js/F) # 0, then Js(F') is a finite group (cf. Theorem 2.1. of §2).

The proof is based on Zhang’s extension of the Gross-Zagier formula
to totally real fields and on Kolyvagin’s technique of Euler systems. One
might use techniques of congruence of modular forms to remove the re-
striction that the degree [F' : Q] is odd.

(2) There are infinitely many classes [ 0 | such that L(1,J5/F) # 0 (cf.
Theorem 3.1. of §3; see also 2.2.4.).

The proof is based on the theory of double Dirichlet series. The con-
dition that [F'(pp) : F] = 2 is essential for the technique we use here.
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Combining (1) and (2), one can see that the set
M= {[ 51 e FX/F*P | J5(F) is torsion}
is infinite.

1.1. Proof of the Main Theorem assuming (1) and (2). For any 6 € F*,
consider the twisting isomorphism (defined over F(¥/6)):

15:Cs — Cp; (u,0) — (u/8,v/V82).

Define ns : Js — J1 to be the homomorphism associated to ¢.
Let X5 denote the set 15 (Cs(F')). It is easy to see that:

(i) B =2, if [6]=[0"],
(i) 5N %y = {(0,0), (1,0)}, otherwise.
For any 6 € F* with [§] € II, and [ § ] # 1, the diagram
Ws(F) 2% Os(F) = J5(F)
n
Ci(F(V3)) = Ji(F(V3))

commutes.
Since the set

U H(FE8)e € 2i(F)

SEFX
is finite by the Northcott theorem, the set U s is finite. Thus, for all but
[ 6 ]el
finitely many [ | € IT\ {[1]}, s = {(0,0),(1,0)}, and therefore Wy has no
F-rational points. O

Remark. Our method is, in fact, effective: for any [ 6 | € F*/F*P let

Supp® ([§]) = {p prime of F’ ‘ pfvp(5)} .

Let L' be the Galois closure of F(u,), and let S be the set of places of F'
above 2Dy, g, where Dy, /q is the discriminant of L'/Q. If Supp® ([ §]) is
not contained in S and L(1, Js5) # 0, then the twisted Fermat curve W;s has no
F-rational points (see Proposition 2.2).
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2. Arithmetic methods

Fix 6 € F* N Op such that (§,p) = 1. Let ( = ¢, be a primitive p-th root

-1

of unity. The abelian variety .Js is absolutely simple, of dimension g = p—,
and has complex multiplication by Z[(] over the field F'(y,). In this section

we show:
THEOREM 2.1. If L(1,Js/F) # 0, then Js(F) is finite.

Notation. In this section, for an abelian group M, set M=M ®7z Hp Ly,
where p runs over all primes. For any ring R, let R* denote the group of
invertible elements. For any ideal a of F, denote the norm Ng/g(a) by Na. Let
A denote the adele ring of F', and A its finite part. Sometimes, we shall not
distinguish a finite place from its corresponding prime ideal.

2.1. The Hilbert newform associated to Js. We first recall some facts about
L-functions of twisted Fermat curves over arbitrary number fields (see [14],
[32]). Let F' be any number field, L = F'(u1p), Lo = Q(pp), and Fy = Lo N F.

For any place w of L, denote by wg and v its restrictions to Q(u,) and F,
respectively. Let xy, and x, be the p-th power residue symbols on L; and
L*, respectively, given by class field theory. Then X = Xuw, © N1 g(y,)- The
Jacobi sum

T (Xw, Xw) = — Z Xuw(@)Xw(1l — a)
acOyr [w
a#0,1
is an integer in Lg satisfying j(Xw, Xw) = 7(Xwos Xw, )"/ “° and the Stickelberger
relation:

p—1
2

(7 (Xwo > Xawo)) = Hai_l(wo)

i=1
as an ideal in Lo. Here, i4,/,, is the inertial degree for w/wg, and o; €
Gal(Ly/Q) is the image of i under the isomorphism (Z/pZ)* — Gal(Ly/Q).
Since 6 € Op is coprime to p, Cs has good reduction at w for any w f po.
We know that the zeta-function of the reduction Cs of Cs at a place v of F is

By (T)
(1-T)(1—NoT)’

Z(Cs, T) =

with
PU(T) = HH(l - Xw(62)aj(Xw7Xw)Jva)7
wlv O
where f, is the order of Nv modulo p, and ¢ runs over representatives in
Gal(Q(up)/Q) of Gal(Fp/Q). Then the number of points on J5 (the reduction
of Js at v) is P,(1).
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Now we give a bound on torsion points of Js(F). Let F’ be the Galois
closure of F'/Q, and assume that F'N Ly = F'N L. This assumption is satisfied
if F'is as in the main theorem, or F is Galois over Q. Let L' = F”(u,), and let
q12Dp, /g be a prime. Let £ be a prime for which there exists a place w'|¢ of L'
such that FrobLO/FO( w'|r,) is a generator of Gal(Lo/Fp), Frobp: /g, (w'|p/) =1
and Frobg,,)/o(w'[g,)) = 1. Then, £ =1 mod ¢q. Let v, w and wp be the
places of F, L and Ly, respectively, below w’. Then, v is inert in L/F and
by /w, = 1. We have

Pv(l) = H(l - Xw(52)0j(Xw,Xw)U)'
Since v is inert in L/F and § € F*, we have x,,(6?) = 1. Using the Stickelberger
relation and the fact that j (me Xw,) = 1 mod (1 — ()2, one can show that
G (Xw, Xw) = =47, for f = Q] Then, P,(1) = (14 ¢/)Fo@ = 2lFo:Q 104 .
Consequently, there are no q -torsion points in Js(F).

Similarly, for the case ¢q|2Dy, /0 let ¢g > 1 be the smallest positive in-
teger such that there is a ¢ € Gal(L' (g )/Q) for which |z, is a generator
of Gal(L/F), o|p = 1, and the restriction of o to Gal(Q(pq)/Q) has order
greater than f = 2[’1’;;(@ Then, Py(1) = 0 mod ¢%F@. Let M be defined

by M := HQ|2DL’/Q qcF:Q Tt follows that J5(F )y C J5[M], the subgroup of

M-torsion points of Js(F).
Let F be a totally real field as in the main theorem. We have:

PROPOSITION 2.2. Let S be the set of places of F' above 2Dp,q. If

Supp® ([ 6 ]) is not contained in S and L(1,J5/F) # 0, then the twisted
Fermat curve Ws has no F-rational points.

Let F be as in the introduction. Then Fy = Q(p,)" is the maximal
totally real subfield of Ly = Q(u,). By the reciprocity law, one can see that
w > Xw(6%) defines a Hecke character, which we denote by X[s2]- It depends
only on the class of 62 and has conductor above §. By Weil [32], the map
w = J(Xws Xw)NL /@w_é also defines a Hecke character on L, denoted by 1,
which has conductor above p. Thus, we have a (unitary) Hecke character on L,

X[(;zﬂ/} : AZ — (CX,

which is not of the form ¢ o Ny p, for any Hecke character ¢ over F. Then,
there exists a unique holomorphic Hilbert newform f/F of pure weight 2 with
trivial central character such that,

Ly(s, f/F) = HLw(S —-1/2, X[62]1/’)7
wlv

for all places v of F. Actually, the field over Q generated by the Hecke eigen-
values attached to f is Fy = Q(u,)", and for the CM abelian variety Js, we
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have
L(s, Js/F) = 11 L(s — 1/2, xp10°)
o€Cal(Lo/Q) / Gal(Lo/Fo)

- [I zts.so/p).

o:Fy—C

Note that L(s,Js) only depends on the class [ ¢ | of §, and the above equality
holds for any local factor.

2.2. A nonvanishing result. Let m be the automorphic representation
associated to f, and let N be its conductor. Let Sy be any finite set of places
of F, including all infinite places and the places dividing N. Choose a quadratic
Hecke character £ corresponding to a totally imaginary quadratic extension of
F, unramified at N, where {(N)-(—1)9 = —1 (since F' is of odd degree, we have
(=1)9 = —1); i.e., the epsilon factor of L(s, 7®¢&) is —1. Let D(; Sp) denote the
set of quadratic characters y of F'* /A}, for which x, = &,, for all v € Sy. With
the above notation and assumptions, by a theorem of Friedberg and Hoffstein
[11], there exist infinitely many quadratic characters x € D(&;.Sp) such that
L(s, ™ ® x) has a simple zero at the center s = 1/2.

Choose such a x, and let K be the totally imaginary quadratic extension
of F' associated to it. The conductor of x is coprime to N, and the L-function
L(s,f/K)=L(s—1/2,m)L(s —1/2,7 ® x) has a simple zero at s = 1. Let d
denote the discriminant of K/F.

2.3. Zhang’s formula.

2.3.1. The (N, K)-type Shimura curves. Let O be the subalgebra of C over
Z generated by the eigenvalues of f under the Hecke operators. In our case,
O = Z[¢ + ¢~ Y] is the ring of integers of Fy. In [33] (see also [5], [6]), Zhang
constructs a Shimura curve X of (N, K)-type, and proves that there exists a
unique abelian subvariety A of the Jacobian Jac(X) of dimension [O : Z] = g,
such that

LU(S’A): H Lv(s7fU/F)a

0:0—=C
for all places v of F. By the construction of f, it follows that L, (s, A/F) =
L,(s,Js/F) for all places v of F. Therefore, by the isogeny conjecture proved by
Faltings, A is isogenous to Js over F. In particular, the complex multiplication
by O C Q(up)T on A is defined over F.

Now, let us recall the constructions of X and A.
The L-function of m ® x satisfies the functional equation

L(1—s,7 @ x) = (=1)*Npg(Nd)** " L(s, 7 ® x),
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where ¥ = 3(N, K) is the following set of places of F':
Y(N,K) = {U ‘ v|oo, or xu(N) = —1}.

Since the sign of the functional equation is —1, by our choice of K, the cardi-
nality of X is odd. Let 7 be any real place of F. Then, we have:

(1) Up to isomorphism, there exists a unique quaternion algebra B such that
B is ramified at exactly the places in X\{7};

(2) There exist embeddings p : K < B over F.

From now on, we fix an embedding p: K — B over F.

Let G denote the algebraic group over F, which is an inner form of PGLo
with G(F) = B*/F*. The group G(F;) = PGL2(R) acts on ¥ = C\R. Now,
for any open compact subgroup U of G(Ay), we have an analytic space

Su(C) = G(F) \H* x G(Ay)/U.

where G(F')4+ denotes the subgroup of elements in G(F') with positive deter-
minant via 7.

Shimura has shown that Si7(C) is the set of complex points of an algebraic
curve Sy, which descends canonically to F' (as a subfield of C via 7). The curve
Sy over F'is independent of the choice of 7.

There exists an order Ry of B containing O with reduced discriminant V.
One can choose Ry as follows. Let Op be a maximal order of B containing
Ok, and let N be an ideal of Ok such that

NK/FN diSCB/F = N,
where discg/r is the reduced discriminant of Op over Op. Then, we take
Ro=0g +N -0p.

Take U = [[, R} /O . The corresponding Shimura curve X := Sy is compact.
Let £ € Pic(X)®Q be the unique class whose degree is 1 on each connected
component and such that,

ng = deg(Tm)éa

for all integral ideals m of O coprime to Nd. Here, the T,, are the Hecke
operators.

2.3.2. Gross-Zagier-Zhang formula. Now, we define the basic class in
Jac(X)(K) ® Q, where Jac(X) is the connected component of Pic(X), from
the CM-points on the curve X. The CM points corresponding to K on X form
a set:

C: GF) 4 \G(F)y-ho x G(Ap)/U=T(F)\G(Ay)/U;  [(ho,9)] < [g],
where hy € H* is the unique fixed point of the torus T(F) = K> /F*.
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For a CM point z = [g] € C, represented by g € G(Ay), let
¢, K — B, t— g p(t)g.

Then, End(z) := (IJ;I(J/%\O) is an order of K, say O,, = Op+nQOg, for a (unique)
ideal n of F. The ideal n, called the conductor of z, is independent of the choice
of the representative g. By Shimura’s theory, every CM point of conductor n is
defined over the abelian extension H), of K corresponding to K* \I? x/ F X@,f
via class field theory.

Let P be a CM point in X of conductor 1, which is defined over Hj,
the abelian extension of K corresponding to K* \I? x/ F X(5[X< The divisor
P = Gal(H{/K) - P, together with the Hodge class defines a class

x := [P — deg(P)¢] € Jac(X)(K) ® Q,

where deg P is the multi-degree of P on the geometric components. Let xy
be the f-typical component of z. In [34], Zhang generalized the Gross-Zagier
formula to the totally real field case, by proving that

99+1
N(d)

L'(1, f/K) = I gl

where || f||? is computed on the invariant measure on
PGLy(F) \ "9 x PGLa(A¢)/Uy(N)

induced by drdy/y* on HY, and where

Up(N) = {(Z Z) € QLy(Op)|c € N} C GLy(F),

and |z ¢|? is the Neron-Tate pairing of z with itself.

2.3.3. The equivalence of nonvanishing of L-factors. For any o : F' — C, it
is known by a result of Shimura that L(1, f/F) # 0 is equivalent to L(1, f7/F)
# 0. One can also show this using Zhang’s formula above. To see this, assume
L(1,f/F) # 0. Then, |lzf|| # 0, and therefore, |[x¢-| # 0. It follows that
L'(1,f°/K) # 0. Since L(1, f/F) # 0, the L-function L(s, f7/F) has a positive
sign in its functional equation. Thus, L(1, f/F) # 0. In fact, to obtain our
main theorem, we do not need this equivalence, but we may see that Theorem
3.1 is equivalent to statement (2) in the introduction.

2.4. The Euler system of CM points. We now assume that L(1, x[52)%) # 0,
or equivalently, L(1, f/F) # 0. Then by the equivalence of nonvanishing of
L(1, f?) for all embeddings o : F — C, we have that L(1,Js5/F) # 0. By
Zhang’s formula, we also know that ||z ¢| # 0.
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Let \V be the set of square-free integral ideals of F' whose prime divisors
are inert in K and coprime to Nd. For any n € N, define

H,=]|[H,cH,  H=H,.

Ln
Let u,, denote the cardinality of ((5,7 NEK*XF*)/ (5; Then, Hy/H; is a cyclic
extension of degree t(¢) = lj}f/):el.

For each n € NV, let P, be a CM point of order n such that P, is contained
in TP, if n = mf € N and / is a prime ideal of F. Let 3, = TFH,Q/HJT(Pn) €
A(H,,), where 7 is a morphism from X to Jac(X) defined by a multiple of the
Hodge class.

The points {y,}nen form an Euler system (see [29, Prop. 7.5, or [33,
Lemma 7.2.2]) so that, for any n = m¢ € N with ¢ a prime ideal of F,

(1) un_l Z yg = um_laﬁynﬂ
o€Gal(H, /H,)

(2) For any prime ideal \,, of H,, above ¢, and for A, the unique prime
above A,
Froby, ym = yn mod Ap;

(3) The class x5 is equal to yx = try, /y1 in (A(K) ®Q)/Q*.

Theorem 2.1 follows with the nontrivial Euler system by Kolyvagin’s stan-
dard argument (see [21], [23], [13], and [33, Th. A]).

3. Analytic methods

Let r =4 or an odd prime, and let L = F'((,), with [L : F| = 2. Let ¢ be
a unitary Hecke character of L. In this section, we show:

THEOREM 3.1. There are infinitely many classes 6 € F*/F*" such that

L (%, X[ ]1/)) does not vanish.

Let p be a unitary Hecke character of F. The purpose of this section is
to construct a perfect double Dirichlet series Z(s,w;; p) similar to an Asai-
Flicker-Patterson type Rankin-Selberg convolution, which possesses meromor-
phic continuation to C? and functional equations. Then, Theorem 3.1 will
follow from the analytic properties of Z(s,w;v;p) (when r = 4, see [7]). To
do this, it is necessary to recall the Fisher-Friedberg symbol in [9)].

3.1. The r-th power residue symbol. Let S’ be a finite set of non-
archimedean places of L containing all places dividing r, and such that the
ring of S’-integers Of/ has class number one. We shall also assume that S’ is
closed under conjugation and that 1) and p are both unramified outside S’.
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Let S, denote the set of all archimedean places of L, and set S = S"US.
Let Ir(S) (resp. Zr(S)) denote the group of fractional ideals (resp. the set
of all integral ideals) of O, coprime to S’. In [9], Fisher and Friedberg have
shown that the r-th order symbol x,, can be extended to IL(S) i.e., xn(m) is
defined for m, n € I1,(S). Let us recall their construction.

For a non-archimedean place v € S, let 3, denote the corresponding
ideal of L. Define ¢ = [[,cq B7> with r, = 1 if ord,(r) = 0, and r, sufficiently
large such that, for a € L,, ord,(a — 1) > r, implies that a € (L))". Let
Pr(¢) C I(S) be the subgroup of principal ideals («) with « =1 mod ¢, and
let H, = I1,(S)/Pr(c) be the ray class group modulo ¢. Set R = H. ® Z/rZ,
and write the finite group R, as a direct product of cyclic groups. Choose
a generator for each, and let &y be a set of ideals of Op, prime to S, which
represent these generators. For each ey € &p, choose m,, € L* such that
eOO‘Lq/ = meoOfl. Let € be a full set of representatives for R, of the form

H%e@o ea\”). Note that eOE’ = meOEI for all ¢ € & Without loss, we suppose
that O7 € € and mes' = 1.

Let m,n € I(S) be coprime. Write m = (m)eg” with ¢ € € m € L*,
m =1 mod ¢ and g € I1(S), (g,n) = 1. Then the r-th power residue symbol
(me) s defined. If m = (m/)¢’g”" is another such decomposition, then ¢/ = ¢
and (m/:n‘/)r = ()

In view of this, the r-th power residue symbol (%‘)T is defined to be

(m:@ )T, and the character xu, is defined by xm(n) = (;)T. This extension of
the r-th power residue symbol depends on the above choices. Let Sy, denote
the support of the conductor of yu. It can be easily checked that if m = m’a",
then xm(n) = X (n) whenever both are defined. This allows one to extend xm
to a character of all ideals of I1,(S U S).

The extended symbol possesses a reciprocity law: if m,n € I (S) are
coprime, then a(m,n) = xm(n)xa(m)~! depends only on the images of m,n
in R..

In our situation, we also need the following lemma:

m

LEMMA 3.2. The natural morphism
Ip(S)/Pp(c) — I(S)/Pr(c)
has kernel of order a power of 2.
Proof. If [n] is in the kernel, i.e., n = (o) in I(S) is a principal ideal with
a =1 mod ¢, then a/@ is a root of unity with /@ =1 mod ¢. Now let W
be the set of roots of unity in L which are =1 mod ¢. Let Wy be the subset

of W of elements of the form u/@ for some unit v in Of, and v =1 mod ¢. It
is clear that Wy D W?2. Then, the map

Ker (Ip(S)/Pr(c) = IL(S)/PL(c)) — W/Wo;  nr— a/a
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is obviously injective; i.e., the order of the kernel of the natural map in this
lemma is a power of 2. O

Since r is odd, using the lemma, we may choose a suitable set &g of repre-
sentatives since the beginning such that if m € I (.5), then the decomposition
m = (m)eg” is such that m € F*, ¢, g € Ir(S).

Using the symbol x,, we shall construct a perfect double Dirichlet series
Z(s,w;v; p) (i.e., possessing meromorphic continuation to C?) of type:

(3.1) Z(s,w;ip) = Zs(s,w;v;p) =% »_ Ls(s,9xn) p(n) Npjg(n)™",
nEZF(S)

where the sum is over the set of all integral ideals of O coprime to S’, for n €
Zr(S) square-free, the function Lg(s,v xyn) is precisely the Hecke L-function
attached to 1 x, with the Euler factors at all places in S removed, and where
* is a certain normalizing factor. For an arbitrary n € Zp(S), write n = nynj,
with ny r-th power free. If Lg(s, xyn, ) denotes the Hecke L-series associated
to ¥ xn, with the Euler factors at all places in S removed, then Lg(s, 1) xn) is
defined as Lg(s, 1 xn,) multiplied by a Dirichlet polynomial whose complexity
grows with the divisibility of n by powers (see (3.10), (3.12) and (3.13) for
precise definitions).

Based on the analytic properties of Z(s,w;;p), we show the following
result which is stronger than Theorem 3.1.

THEOREM 3.3. 1) There exist infinitely many r-th power free ideals ny in
Zr(S) with trivial image in R, for which the special value LS(%, Xn) does not
vanish.

2) Let k. denote the number of characters of R. whose restrictions to F
are also characters of the ideal class group of F', and let k be the residue of the
Dedekind zeta function (p(s) at s = 1. Then for x — oo,

(3.2)

1 k- ke Ls(1,9) Ls(3,9") .
2, s <§,Xn¢> " hr R Ls(%%—lﬂzﬁ) UH (1-a) o

NF ') <x in F
ne/?ﬁlfv“l()S) ves’
n=(n)
=1

where [n] denotes the image of the ideal n in R..

Remarks. 1) By the above definition of the extended r-th power residue
symbol, it is easy to see that the first part of this theorem is equivalent to
Theorem 3.1.

ii) In fact, by a well-known result of Waldspurger [30], it will follow that
Ls(3,xn®) >0, for n € Zp(S), n = (n) and trivial image in R.. We will see
this in the course of the proof of Theorem 3.3.



TWISTED FERMAT CURVES OVER TOTALLY REAL FIELDS 1363

iii) Following [8], by a simple sieving process, one can prove the more
familiar variant of the above asymptotic formula where the sum is restricted
to square-free principal ideals.

3.2. The series Zaux(s,w;;p) and metaplectic Fisenstein series. To
obtain the correct definition of Z(s,w;;p), let Go(n, m), for m, n € Z5(.9),
be given by

(3.3) Go(n,m) = J[ Gohpl),
=k
»(m)=l

or
or

d
d

where, for k, [ > 0,

(1 if 1 =0,
qvg ifk+1=101#£0 (modr),
(34)  Go(h,pl) = ¢ —q,7 Fh4+1=101>01=0 (modr),
qé_l(%—l) ifk>10;1>0;1=0 (modr),
L0 otherwise.

Here ¢, denotes the absolute value of the norm of v. Also, let G(xy,,) (where m;
denotes the r-th power free part of m and x%(b) := xp(a)) be the normalized
Gauss sum appearing in the functional equation of the (primitive) Hecke L-
function associated to xi,. If n* denotes the part of n coprime to my, then
set

Gn,m) = X, (1) G(Xw,) Go(n, m).

Now, let ¢ be as above. For n € Z(S) and Re(s) > 1, let Wg(s,n,) be the
absolutely convergent Dirichlet series defined by
r r P(m)G(n,m)
v =L ! e
5(87 n, 1)[)) S (T’S 9 + 7¢ > Z NL/Q(m)S

meZL(S)

This series can be realized as a Fourier coefficient of a metaplectic Eisenstein
series on the r-fold cover of GL(2) (see [18] and [24]). It follows as in Selberg
[28], or alternatively, from Langlands’ general theory of Eisenstein series [25]
that Wg(s,n,1) has meromorphic continuation to C with only one possible
(simple) pole at s = 1 + 1. Moreover, this function is bounded when |Im(s)|
is large in vertical strips, and satisfies a functional equation as s — 1 — s (see
Kazhdan-Patterson [18, Cor. I1.2.4]).

For Re(s), Re(w) > 1, let Zaux(s, w; ¢; p) be the auxiliary double Dirichlet
series defined by

Wi (s, 0)p(n)

(35) Zaux(saw;w;p) = Z NF/Q(n)w

nelp (S)
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Let p be the Hecke character of L given by p = p o N /p. As we shall shortly
see, Zaux (s, w; 1 p;p) is the type of object that constitutes a building block in
the process of constructing the perfect double Dirichlet series Z (s, w;; p). Set

ol = IT T Eo(s - 4+ Lo0s),

VES, j=1
and let R
Zaux(sfw;wﬁ;ﬁ) = aux(s 1/1/)) aux(s w; wp, )
Let R; be the tube region in C? whose base B is the convex region in R? which
lies strictly above the polygonal contour determined by (0,2), (1,1), and the
rays y = —2x + 2 for x < 0 and y =1 for z > 1. As a simple consequence of
the analytic properties of Wg(s,n,1) (n € Z1(S5)), we have the following:

PROPOSITION 3.4. The double Dirichlet series Zyux(s,w; p,p) is holo-
morphic in Ry, unless Y"p" = 1 when it has only one simple pole at s = %—i— %
Furthermore, Z\aux(s,w;zbﬁ, p) satisfies the functional equation
(3.6)

Zanti) - T (1m0

ves’
Z A1(7 1_3 Zaux(1_3723+w_1;w_1/3_17771/}p7—)7

where each A%?’Tp)(s) is a polynomial in the variables ¢3, q;° (v € S), and the
sum is over a finite set of idéle class characters n and T, unramified outside S
and with orders dividing 7.

3.3. The double Dirichlet series Z(s,w;¢;p). It turns out that the func-
tion Zaux (s, w; 1 p, p) possesses another functional equation. To describe it, we
introduce a new double Dirichlet series Z(s,w;; p) defined for Re(s), Re(w)
> 1 by

(3.7)

) Y(m) Ls(w, X5 p)

Z(s,withip) = Ls(rs +rw+1—r,475") Nz g(m)*

meZ(S)
m—imaginary

(¥0)(5) Xalh1) o
Z Nr/g(0)2 1 Npg(h)® H [ () () ¢ a0 ]

hELr(S) ordu(%o)>0
I a-«hH I [ p) (o) g™t + 1 — 2g,"]
v v—split in L
ordv(NL/p(m))>0 dy (N -0
ord(5)>0 A

I [t GanEm) e .

v—inert in L
ord,(h2)>0
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In the above formula, an ideal m € Z(S) is called imaginary, if it has no
divisor in Zp(S), other than Op. The function Lg(w, X, p) represents the
L-series defined over F' (not necessarily primitive) associated to i, p with the
Fuler factors corresponding to places removed in S. Also, all the products are
over places of F, m, is the local parameter of F), (F, denoting the completion
of F' at v), and ¢, is the absolute value of the norm in F of v.

Let Ry denote the tube region in C? whose base By is the convex region in
R? which lies strictly above the polygonal contour determined by (1,1), (%, 0)
and the rays y = —az+% fory < 0and z =1 for y > 1. Recall that Lg(w, x} p)
differs from a primitive L-series by only finitely many Euler factors (i.e., the fac-
tors corresponding to places in S and to places v for which ord, (N /p(m)) =0
(mod r)). Applying the functional equation of Lg(w, x& p) and some standard
estimates, one can easily show that the function Z (s, w;1; p) is holomorphic
in Ro, unless p = 1 where it has only one simple pole at w = 1. The following
proposition gives the functional equation connecting the double Dirichlet series

Zaus (8,031 p, p) and Z(s,w;1); p).

PRrROPOSITION 3.5. The function E(S,w;w;p) 18 holomorphic in Ro, un-
less p is the trivial character when it has a simple pole at w = 1. Furthermore,
for Re(s), Re(w) > 1, there exist the functional equations

(38) [ Lo@=w,p0) - [] (1= 07" (m) @y ™) - Z(s +w — 1,1 — w;1; p)

VES vES’
= H Lv (waﬂgl) : Zng)('w) Zaux(syw;wﬁ7—7 ﬁ)a
VES T

and
(3.9)
IT Zo (w.s®) - T (0= " () 5™ 77) - Zausc(s, w3 ¥4, p)

V€S veS’

= H Lv(l—w,pv) -ZC’ﬁp)(l—w)Z(s+w—§,1—w;1,Z)T;p),

’UESOO

where, as before, ng) (w), Cﬁp) (w) are polynomials in the variables qv, q, "
(v € 8'). The above products are over the places of k corresponding to those
i S, and the sums are over a finite set of idéle class characters T, unramified
outside S and orders dividing r.

The proof of this proposition will be given in the next section.
Let o and 8 be the involutions on C? given by

a:(s,w) > (1—-s2s+w—-1) and f:(s,w) = (s+w—1,1—w).

It can be easily checked that these involutions generate the dihedral group
Dg of order 8. It follows directly from Propositions 3.2 and 3.3 that both



1366 ADRIAN DIACONU AND YE TIAN

Z(s +w— 1,1 —w;;p) and Zaux(s, w;¢p, p) can be continued to Ry U Ra.
Clearly, this applies to Zaux(s,w;, p) (replace 1 by ¥p~* and p by p). It fol-
lows from the functional equation (3.6) that Z,.x (s, w;¥p, p) can be continued
to R1 U R2 U a(R2), and hence, by (3.8), the function Z(8+w— L 1—w;sp)
continues to this region. The double Dirichlet series Zuux (s, w; ¢ p, p) may have
only one simple pole in Rs, namely w = 1, and this pole occurs only if p is the
trivial character. This fact follows easily by inspection of the proof of Propo-
sition 3.3 (see §3.1). Then from the functional equation (3.6), one can see
that Zaux (s, w;1p, p) may have a pole only at w =2 — 2s in a(Rg) provided
Yo, - p" is trivial. The last fact also applies to A (s+w—35,1—w;v,p), b
the functional equation S in (3.8).

3.4. The double Dirichlet series Z(s,w;;p). To define the perfect double
Dirichlet series Z (s, w;; p), let Lg(s, xn?), for n € Zp(S), be given by

LS(S, Xn¢) = LS(S7 anl/))Pn('% 1/))7

where n; denotes the r-th power free part of n, and P,(s,) is the Dirichlet
polynomial defined by

(3.10)

Pn(37 w) — H 1+ 1/}(7"1)) 1-2s 4ot w(ﬂ_v)ordu(n)—lqgordu(n)—l)(1—2s)>

v
ord, (n1)>0

II (1—¢<m) ‘23) (14 () g™ + -

v
ord, (n)=ru
v—inert in L

+¢(7Tv)ru—1 qz()ru—l)(l—2s ) +¢( )T’u ru(l—2s) (1 _‘_qz)—l))

IT [ =Ge)me) a1 = () (7o) @, %) (1 + (o) g2 + -+
ordv(z):rw
v=v'?" in L

_’_w(ﬂ_v)rw—l qi()rw—l)(l—2s ) + w( )rw rw(1—2s) (1 . q;1)> )

Here the products are over places v of F', and 7, denotes the local parameter
of F,. It can be seen that these polynomials satisfy a functional equation as
s — 1 — s, and that we have the estimate

(3.11) Py(s, ¥) < Npjg(n)© (e >0, Re(s) = 1).
Furthermore, if ¢(m) = ¢(m), for m € Zp(S), then Py(s, ¢) > 0, for s € R.

Later, we shall specialize ¢ to be (essentially) a normalized Jacobi sum, which
obviously satisfies this property.
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For Re(s), Re(w) > 1, we define Z(s,w;v; p) as
(3.12)  Z(s,wi ¢ p) =Zs(s, wi s p)

=Lg(rs+rw+1—r¢"p") Z
neZp(S)

LS(37 an)p(n)
Npgm®

Applying the functional equation and the convexity bound of Lg(s, xnt))
(n € Zp(S)), we see that Z(s,w;v;p) is holomorphic in Ry, if the character
¢" is nontrivial. Representing the normalizing factor Lg(rs+rw+1—r,¢"p")
by its Dirichlet series, then after multiplying and reorganizing, we can write
Z (s, w; s p) as

(3.13) Z(s,wisp) = Y

neZp(S)

Ls(s, xm¥) Qu(s, ¥) p(n)
Npyg(n)* ’

where Qn(s,v), for n € Zp(S), is a new set of Dirichlet polynomials which can
be easily expressed in terms of Py(s,1)).
Referring to the definition of Z(S, w; s p) given in (3.7), replace Lg(w, xk p)
by its Dirichlet series, the sum being over n, say. For fixed m € Z7(S) imag-
w

inary, and n € Zp(S), collect the terms contributing to (xi, p)(n) Np/g(n)~*.
Switching the order of summation, we obtain:

PROPOSITION 3.6. For Re(s), Re(w) > 1,
(3.14) Z(s,wit; p) = Ls(2s,9)Z(s,w; 95 p),

where the L-function is defined over F.

Assuming both 9" and " 5" to be nontrivial, we see from Proposition 3.4

that
Lg(2s + 2w — 1,1/1)2(34—11) — 1.1 —w;v;p)

continues to B(Rq), and hence, from the above discussion, it continues to
R1 UB(R1) U Ry U a(Ry). Note that the convex closure of this tube region
is C2. As ¢"p" # 1, and therefore, by Propositions 3.2 and 3.3, the function
Z(s+w — 1, 1—w;; p) does not have a pole at s = %4— %, one can easily check
that the only possible poles of Lg(2s 4 2w — 1,%)Z(s 4+ w — 1,1 —w;e;p) are
the hyperplanes w = 0 and w = 2 — 2s. Clearly, both are simple poles, and
they may occur only if p and ¥"|p, - p" are both trivial.

Consequently, by the convexity theorem for holomorphic functions of sev-
eral complex variables (see [16]) and by Proposition 3.4, we have the following;:

THEOREM 3.7. When ¥" and " p" are nontrivial, the function
(w—=1)(2s +w — 2)Z(s,w;; p)

has analytic continuation to C2, and for any fived s, it is (as a function of the
variable w) of order one.
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The fact that, for any fixed s, the above function is of order one follows
as in [8, Prop. 3.11].

By Proposition 3.4 and (3.7), one finds that, for Re(s) > 3,
(3.15)

R:eﬁ Z(s,w;;1) = Lg(2s,4) Ls(rs+ 1,¢")

Tlo-ey v <w<m>rnv/.m(1—qv/) e

rs N (R)2rs
vin I7 meZr(S) Ni/g(m) heZr(S) Nr/a(h)
ves m—imaginary
_ —1\2 _
O 0-a) T 0wy T 6-ah)
v v—split in L v—inert in L
ordy (Ng/p(m))>0 ord, Np 0 orde (6)=0
ord, (h)>0 o d';g)(:g) (b)

=rkLs(2s,9) Ls(rs,¢") [ (1—q,"),
vin F
ves’

where x denotes the residue at w = 1 of the Dedekind zeta-function (r(w).
We are now in the position to give the proof of Theorem 3.3.

Proof of Theorem 3.3. As before, let p = [[py, be a unitary Hecke
character of F' unramified outside S. We further assume that p is of finite
order. For Re(s), Re(w) > 1, consider the double Dirichlet series Z; (s, w;; p)
defined by

Ls(s, xo#) @nls, ) pln)

(3.16). Zy(s,wihip) = Y

w
weTo(S) Nr/g(n)
n=(n)
n=1

By expressing this function as
1
Z(s,wiip) = 57 Z (s, w; ¥; pp1p2),
1(s, w; 3 p) e IR 2;2 (s, w3 v; pp1p2)

where p; ranges over the characters of the ideal class group of F', po ranges
over the characters of R, and ps is the restriction of ps to F', it follows from
Theorem 3.5 that Z(s,w;1;p) is holomorphic on C2, except for w = 1 and
w = 2 — 2s, where it might have simple poles. Furthermore,

lim (w—1)2Z1 (3, wi;b;p) = lim  (w—1)(2s+w —2)Zi(s,w;9;p) = 0,

w—1 (s,w)—)(%,l)

and, therefore, Z; (%, w; ;1) has at most a simple pole at w = 1. To compute its
residue, recall the functional equation satisfied by L(s, xn, %) with ny € Zp(5)
r-th power free (see [31, Ch. VII, §7]). Combining this with the functional
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equation of the polynomial Qy(s,%) (n € Zp(S)), we find that

Ls(s, Xn,¥) Qu(s, ¥) =¢(s, an ¥) - Ls(1 — s, xn, %) Qu(1 — s, 9)
(1 s, y) ) Ly (1 =8, (Xn,¥)w)
H Ly (s, ¥v) H (5, (Xm®)v)

V€S veS’

A simple local computation shows that (3, xn, %) = ¢(n)e(5,%). It immedi-
ately follows that Z;(s,w; ;1) satisfies the functional equation
(3.17)
IT zosve) - TT (1= 0" (m) @) - Zas,wiws )
VES ves’
I Zo(1—s.40) ZD (1—5)Z1(1 — 8,254+ w — 1;1; p),

vES

where Dg})(s) are polynomials in the variables ¢S, ¢, °, v € S’, and the sum
is over a finite set of idéle class characters p, unramified outside S and orders
dividing . As r is odd, and 1, restricted to the group of principal ideals of F,
is quadratic and nontrivial, it follows that Z3(s,w;;1) does not have a pole
at w =2 — 2s. Then (3.15) yields

1 K K¢ T 1
3.18) Res Z; (= wiai1) = 1 po(1,4)Lg (=47 1-
(318)  Res 1(2,w7¢7) e Ls(1.0) 5(2,w)ng< 0",
veS’

where k. denotes the number of characters of R, whose restrictions to F' are
also characters of the ideal class group of F'.

To complete the proof, we define the double Dirichlet series Zy(s, w;; p)
by simply replacing in (3.16) the polynomial Qn(s,1) by Pa(s, ) defined in
(3.10). Note that

s, w; ;5 pp1p2)

7 .
O(Sawawﬂ hF ’R’ZLSTS—FTw‘i‘l_Tprﬁ{)’

and therefore, Zy(s,w;1;p) may have additional poles at the zeros of the
incomplete L-functions Lg(rs + rw + 1 — r,¢"p"pY). It is well-known that
these zeros occur in the region Re(s + w) < 1. In particular, the function
Zo(%,w; ;1) is holomorphic for Re(w) > %, except for w = 1, where it has a
simple pole. Using (3.18), we can compute its residue as

(3.19)

1 k-ke Ls(1,9) Ls(g,9") -1
Res Zg | =, w;¢;1 | = - 1—¢q, ) >0
w=1 0 <2 ¢ > hp - |Rc| LS(§ + 1771Z)T) H ( ! )

vin F
ves’

This implies that LS(%,anw) # 0 for infinitely many r-th power free
ideals ny in Zp(S) with trivial image in R, which is the first assertion of
Theorem 3.3.
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For the remaining part, one needs to apply a Tauberian theorem. To
keep the argument as simple as possible, note first that, as ¢(m) = W, for
m € Z1,(S), we have Py(s, 1) > 0, for s € R. On the other hand, by the comment
made right after Lemma 3.2, any r-th power free ideal ny in Zp(S) with trivial
image in R, can be decomposed as n; = (n1)g” with ny € F*, n;y =1 mod ¢
and g € Ip(S). By definition, the character xn, coincides with the classical
r-th power residue symbol x,, given by class field theory. It follows that
the incomplete L-series Lg(s, xn,¢) differs from the complete Hecke L-series
associated to L(s, xn,?) by only finitely many local factors. Recall that the
latter is the L-series associated to a Hilbert modular form. As the set S’ is
closed under conjugation, it follows from a well-known result of Waldspurger
[31] that Lg(3,xwp) > 0, for n € Zp(S), n = (n) and trivial image in R..
Hence, the function Zo (i, w;;1), for R(w) > 1, is given by a Dirichlet series
with nonnegative coefficients. The second part of Theorem 3.3 now follows
from the Wiener-lTkehara Tauberian theorem. O

Remark. With some additional effort, one can exhibit an error term on
the order of O(z?) with # < 1 in the asymptotic formula (3.2). Also, the
remark following Theorem 3.3 implies that the Hecke L-series Lg(5, Xn 1) # 0
for infinitely many square-free principal ideals (n) in Zp(S) with trivial image
in R.. Any such ideal has a generator n € F' with n =1 mod c.

3.5.  Proof of Proposition 3.3. Recall that for a € Z;(S), we defined
Xa by xi(b) := xp(a) (b € Zr(S)). Note that every ideal m of Op can be
uniquely decomposed as m = m’h, where m’ is an imaginary ideal of Oy, and
b is a real ideal; that is, h € Op. For m € Z;(S) imaginary and r-th power
free, let e(w, (x5, p)~!) denote the epsilon-factor in the functional equation of
L(w, (x5 p)~1) (as a Hecke L-function of F). Also, for m € Z;(S) imaginary
and h € Zp(9), coprime and r-th power free, let G(anh) be the normalized
Gauss sum in the functional equation of the Hecke L-function (of the field L)
associated to X:;h’ ie., 6(%,)(:“[1). We set my and hy to be the product of all
distinct prime ideals dividing m and b, respectively.

The following lemma is a consequence of a standard local computation.
The details will be omitted.

LEMMA 3.8. Let m and b be integral ideals as above. Assume that the
images of mbh and m in R, are ¢ and ¢, respectively. Then,

G« (-0 ™)

= Cee,p- n(e) " n(m1b1) Almo) ™" xim(bo) X5 (Mo) xm(o) ",

where p=p o N p, Ce v p is a constant depending on just e, ¢/ and p, and n
1s a Hecke character unramified outside S and order dividing r. Furthermore,
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if ¢ is replaced by ¢’ with ¢ /¢" a real ideal, then both C. ¢ , and n do not
change.

Proof of Proposition 3.3. Using (3.5), we have
(3.20)
Zaux(37 w; /l/} ﬁ? ﬁ)
Z ‘I/S(37n7¢/3)ﬂ(n)

neZr(S) Nrjgn)®
L (rs— L1y (¥ p)(m) p(n) G(n, m)
’ <TS 2TV >m€§1;(5) Ni/g(m)* Np/g(n)”
neZp(S)
.y IR EEEY (¥ p)(m) p(n) anl(ﬂ*)G(X:ﬁll)Go(u,m)’
’ <TS TR >m€§1;(5) Nzjo(m)* Np/g(n)®
neZp(S)

where n* denotes the part of n coprime to my. In the last sum, replace m by mb
with m € Z(S) imaginary and h real. As we shall see, the only contribution
to the sum comes from m and h for which their r-th power free parts m; and
b1 are coprime. Then, we have

(3.21) -

3 @ p)(m) p(n) X, (0*) G(X,) Go(m,m) 3 (¢ p)(m)
mET, (S) Nijg(m)* Nrjg(m)” mezr(s) pe(m)’
neZp(S) m—imaginary

S (¥ 5)(B) p(1) X5, () G(Xiyp, ) Go(n, mb)
beTr(s) Nz/o(®)* Npjgn)® '
el

Next, we separate the contribution of §) in the inner sum. To do so, let my
denote the r-th power free part of an ideal m € Z(S), and set mg to be the
product of all distinct prime ideals dividing my, and

my = H pze” .

v
ord, (m)=re,

For fixed m, n and h as above, let p, be a prime ideal of L dividing hy. Upon
replacing this prime ideal by its conjugate, we can assume that ord,(m) = 0.
Recall that

Go(m,m) = [ Golk.ph),

v
ord, (n)=k
ord,, (m)=l
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where Go(p¥, pl) is given by (3.4). As ord,(mbh) = ord,(h) # 0 (mod r) (this
condition implying that ord,(n) = ord,(h) — 1), and n € Zr(S), we can decom-
pose n = (h/hoha)n’ with v’ € Zp(S) coprime to h;. Also, we have

ord,(n) =ordgz(n) > ordz(mh) — 1
= ordg(m) + ord,(h) — 1 = ordy(m) + ord,(n),

which implies ordz(m) = 0. It immediately follows that m and b; are coprime.
Then, by (3.4), we can write

. « h b /
(3-22) G(Xmlhl) GO(nv mh) = G(Xmlhl) Go <%7 E) Go(n ,mf)g)

=G(Xmn ) Nrjo (f)o—hh2> Go(n', mbao).
Furthermore, we have

Go(w,mhy) = [  Golpk,phtre)
ord, (g/):ku
ord, (m)=l,
ord, (h2)=re,

= JI Gowh .ty T Golpl,pltre)

v v
1,20 (r) 1,=0(r)
ky+1=l,+re, ky+1>1,+re,
(lp =D trey lytrey—2 lutrey 1
= I o> I -e«* - I «” 0-a)
v v v
1,20 (r) 1,=0(r) 1,=0(r)
ko, +1=l,+re, k,+1=l,4+re,>0 ko>, +re,>0
h 1
mpz \ 2 —1 -1
e (BT et I1 a-ah,
0 v v
1,=0(r) 1,=0(r)
k,+1=l,+re,>0 k,>1l,+re,>0

One can decompose n’ as

m
n’:nl . NL/F <—> . h2

mo
a,—1 o—1
11 Nz r(po) : 11 a9,
v—complex v—regl
1,=0(r); lz=0 €y >
lu+(rzu>0 Bo:=1+k,—re,>0

a,:=1+k,—1l,—7re,>0
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with ny coprime to mb. Here, if v is complex such that [, = [z = 0, then one
chooses either v or ¥, but not both. As n = (h/hoh2)n’, we also have

m b
n=n;- Npp <m0> "o

11 Np/p(po)® ™ 11 q,"

v—complex v—real
1,=0(r); ;=0 e, >0
l,+re,>0 Bo:=14k,—re,>0

., :=1+k,—1l,—re, >0

Recall that n* denotes the part of n coprime to myh;. It follows that

m
nt=ng- <— — > - Np/p(mz) - ba
mpm2
a,—1 o—1

11 Nz r(pv) : 11 gt

v—complex v—regl

1,=0(r); I;=0 €y >
lu—i-(re)u>0 Bo:=1+k,—re,>0

i =1+k,—1l,—7re,>0
Combining all these with (4.26), we obtain

3 (¥p)(m) 3 (¥5)(0) p(1) X1y, (1) G(Xim, 1, ) Go(n, mb)

s w

ez Nro(m) bl Nr/g(h)* Ng/g(n)
m —imaginary neZp(S)
h—real

- _1
B(m)A(mo) X, (%)NL/Q (mo)™~ 3
+

- m'E%:'(S) Nz /q(m)
m—imaginary

N w—1 _ % * 71G :11 . B

3 (¢p)(b) p(ho) F/@(?j/@(b;gh;(ylxhl(m) (Xmy0,) 11 1— ¢

STw—

heZr(S) ordU(NL/UF(ml))>O
ordy (h2)>0
[T [~ Gnm)e™ + 0-ah) - > (o n)  m)a )]
v aqy >0
ordy (N /g (m2))>0 =
ordy (h)=0
[T [ Gam)e 0-ah) + 0-a 3 () (m)a )]
ordu(NL/UF(mz))>0 av=0
ordy (h2)>0
[T [Gam) e+ =g 3 (i) m)a™)™]
v—split in L ay >0
ordy (N /p(m))=0
ordy (h2)>0
[IT [~ Geom)a™+ -6 > (o) ) a™)™]
v—inert in L By >0
ordy (h2)>0
p(n1) X, (M)
£ Xmy 1),
merns  Nrre(m)

(np,mb)=1



1374 ADRIAN DIACONU AND YE TIAN

Note that the last sum represents an incomplete Hecke L-function. After eval-
uating the geometric series inside the last four products, the missing Euler
factors corresponding to places of F' dividing Ny, /p(m2)h2 can be incorporated.
Also, multiply and divide by the Euler factors corresponding to places of F
dividing bo, forcing in this way Lg(w, (X}, p)~') to appear.

Let R be the subgroup of R, generated by the images (in R,) of all real
fractional ideals of L coprime to S’. Let ¢ be a fixed element of R, which is
the image of an imaginary ideal m € Zp(S). Replacing ¢ by ¢mm with 7
and 7 characters of R, and R./R{, respectively, and making a standard linear
combination, one can restrict the first two sums over ideals m and b, for which
the image of m; in R, is ¢ modulo R and the image of m1h; is a fixed element
¢ of R,.

Now, invoke the functional equation of L(w, (xp, p)~1). Tt is well-known,
see [31], that the incomplete Hecke L-function (defined over F)

Ls (w, (G 9)7") = T Lo (0, O 002") = TT 11 = O 00" () 0]
vgS vdS
satisfies the functional equation
Ls (w, (X, £) 1) =€ (w, (X, ©)77) - L (1 = w, Xon, )
. Lo(1—w, p) 10 Lo (1w, (X, P)u)
VESe Ly (w, pgl) veS’ Ly (w, (X:"l '0);1)

Replace 1 by ¥ n~!, and combine the above functional equation with Lemma
3.6. Here Re(s) is taken sufficiently large to ensure convergence. Using the
Fisher-Friedberg extension of the reciprocity law [9], one can see that

Xim, (M) X5, (M) = C 5 - Xm(b1),

where Cé 5 is a constant depending on just ¢ and the class ¢ in R¢/R}. Also,

note that
[T (1-prmgme) " Lol O o))
v N 1
veS’ Ly (w’ (Xml p)v )
is the inverse of a polynomial in the variables q;’, ¢, corresponding to places

v € S’ of the totally real field F. The characters involved in its coefficients are
trivial on real ideals. Now, the functional equation (3.8) immediately follows,

after we replace ¢ with ¥7, where 7 ranges over a finite set of idéle class
characters unramified outside S and orders dividing r, and make a combination
such that the above product over v € S’ disappears.

Starting from the definition of

H(l— (o) 4, T)_l' Z(s+w— 1,1 —w;ip),

veS’
one can easily check (3.9) by reversing the above argument. O
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