HARDER-NARASIMHAN STRATA AND p-ADIC PERIOD DOMAINS

XU SHEN

ABSTRACT. We revisit the Harder-Narasimhan stratification on a minuscule p-adic
flag variety, by the theory of modifications of G-bundles on the Fargues-Fontaine
curve. We compare the Harder-Narasimhan strata with the Newton strata introduced
by Caraiani-Scholze. As a consequence, we get further equivalent conditions in terms
of p-adic Hodge-Tate period domains for fully Hodge-Newton decomposable pairs.
Moreover, we generalize these results to arbitrary cocharacters case by considering
the associated B;R—afﬁne Schubert varieties. Applying Hodge-Tate period maps, our
constructions give applications to p-adic geometry of Shimura varieties and their local

analogues.
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1. INTRODUCTION

This paper is a continuation and complement of our previous work [3]. We look at
“p-adic period domains” from a different perspective (we refer to [3] and the references
therein for more background on p-adic period domains). We also extend the main result
of [3] to general (not necessarily minuscule) cocharacters.

More precisely, we revisit the Harder-Narasimhan stratifications on p-adic flag va-
rieties, which were defined using the theory of filtered vector spaces with additional
structures by Rapoport [34], and Dat-Orlik-Rapoport[6] Parts 1 and 2. In fact, in
[34] only the maximal open strata were considered, while in [6] Parts 1 and 2 these
Harder-Narasimhan stratifications were mainly investigated for reductive groups over
finite fields. In this paper, we are interested in the p-adic setting, motivated by the work
of Fargues [13] in the context of Harder-Narasimhan polygons for p-divisible groups.
The pure linear algebra context here suggests that it should be easier to access than the
usual context of filtered isocrystals with additional structures as [32), 37] and [6] Part 3.
Under base change, filtered vector spaces can be viewed as filtered isocrystals with triv-
ial underlying isocrystals. Thus we can study these p-adic Harder-Narasimhan strata by
plugging them into the setting of Rapoport-Zink [37] chapter 1 and Dat-Orlik-Rapoport
[6] Part 3, where the theory of filtered isocrystals with additional structures serves as
the basic tool. In a different direction, the open Harder-Narasimhan strata were also
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defined and studied in certain cases by van der Put and Voskuil in [43].

Thanks to the recent developments in p-adic Hodge theory [14}, [40], now we can apply
the theory of modifications of G-bundles on the Fargues-Fontaine curve to study the
Harder-Narasimhan strata. This new method has the advantage that it is easier and
natural to compare the Harder-Narasimhan stratification with some other important
stratifications on p-adic flag varieties, such as the Newton stratiﬁcatiorﬂ introduced
by Caraiani-Scholze in [2] section 3, where the Fargues-Fontaine curve also plays the
key role. From the point of view of period morphisms of local Shimura varieties, we
consider these Harder-Narasimhan and Newton stratifications as constructions on the
Hodge-Tate side. The purpose of this paper is to understand the relation between these
two stratifications. In our previous work [3], we studied the Harder-Narasimhan strata
and Newton strata on the de Rham side (although we mostly restricted to the open
strata: the weakly admissible locus and the admissible locus). At the end, we will see
the theories on both sides are very closely related, in the sense they are actually dual to
each other.

To be more precise, let us fix some notations. Let G be a reductive group 0V61E| Qp
and {u} be a conjugacy class of cocharacters y : G,.g — Gg - Attached to (G, {u}),
7ep P

we have flag varieties Z((G, ) and F (G, 1), defined over a finite extension E of Q.

We view them as adic spaces over E, the completion of maximal unramified extension
of E. We assume that p is minuscule at this moment for simplicity.

Consider the p-adic flag variety .#/¢(G, p~1) first. Then by studying modifications of
the trivial G-bundle over the Fargues-Fontaine curve, we can introduce two stratifica-
tions as follows. The first one is the Newton stratification introduced by Caraiani-Scholze
in [2] section 3. Let C|E be any algebraically closed perfectoid field and X = Xew be
the Fargues-Fontaine curve over Q, attached to the tilt C” equipped with a closed point
oo with residue field C. To each point x € F4(G,u 1)(C), we can attach a modified
G-bundle at oo

gl,x
of the trivial G-bundle &£; over X. The isomorphism class of &; , defines a point in B(G)

(the set of o-conjugacy classes in G(Qp), cf. [23,25]), which in fact lies in the Kottwitz
set B(G, u) ([25] section 6). This gives the Newton stratification

FUG = [ FuG N,
(b]eB(G.p)

Each stratum .Z¢(G, p~")Newt=I"] is a locally closed subspace of .Z4(G, "), therefore
we can either view it as a pseudo-adic space in the sense of Huber ([2I]) or a diamond
in the sense of Scholze ([38]).

On the other hand, we can define the Harder-Narasimhan vector

V(Slu 51,:1:7 f)

attached to the modification triple, which is an element in the set N(G) of [35] 1.7
attached to G. In the case of GL,, this has been studied by Cornut-Irissarry in [5]. It
turns out that this vector v(&1, &4, f) is identical to the Harder-Narasimhan vector
v(F;) defined in [6] chapter VI.3 for the “G-filtration” F, attached to x. We can show
that in fact (€1, &1 4, f) (in fact some normalization of it) lies in N (G, ), the image of

Here to consider the Newton stratification on a p-adic flag variety, one has to assume that the
corresponding cocharacter is minuscule. For general cocharacters, we need to work with the Bd*R—afﬁne
Schubert cells, see the later discussions.

2Throughout this paper, the base field for our reductive groups is Q,. However one can replace it by
any finite extension of @, and all the results are still true.
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B(G, i) under the Newton map v : B(G) — N(G) (cf. [23] section 4). In this way we
get the Harder-Narasimhan stratification

FuGp = ] FUG NP
[V']€B(G,p)
Similarly as above, each Harder-Narasimhan stratum is a locally closed subspace of
FU(G, 1. For both stratifications, the maximal open strata are indexed by the basic
element [b] € B(G, 1) and we have an inclusion

yg(G’M—l)Newt:[b} C yf(G,,u_l)HN:[b],

which comes from the inequality between the Harder-Narasimhan vector and the Newton
vector in NV(G)

I/(gl, 51735, f) S I/(ng),
cf. Proposition[3.4 See also [I3] Proposition 14 and [5] Proposition 44 (both in the case
of GLy,,).

Now consider the side of Z¢(G, u). Let b € G(Qp) be such that the associated class
[b] € B(G, i) and it is the basic element. The triple (G, {u}, [b]) then forms a basic local
Shimura datum ([36]). Recall that by Fargues’s main theorem in [11], we have a bijection
B(G) = HL(X,G), [V/] = [Ey]. Then we can also define the Newton stratification
and Harder-Narasimhan stratification on .#¢(G, ) by considering the modifications

gb,ma T e ﬁg(G”u)(C)

of the G-bundle &, on X similarly as above. The Newton stratiﬁcationﬁ in this setting
was introduced in [3] 5.3, while the Harder-Narasimhan stratification was introduced in
[6] chapter IX.6, where the more classical theory of filtered isocrystals with additional
structures was used. The open Newton stratum is the admissible locus .Z/¢(G, u, b)®
([39%, 40}, B34, 3]), while the open Harder-Narasimhan stratum is the weakly admissible
locus FU(G, p,b)"® ([37,16]). By the theorem of Colmez-Fontaine (see [I4] chapter 10),
we have also the inclusion

FUG, 1, b)* C FUG, 11, b)™®.

The Newton and Harder-Narasimhan stratifications on the side of .Z¢(G, i) also have
the same index set, B(G,0,vpu~"), a generalized Kottwitz set which was introduced in
[34] and [3] section 4.

To summarize, we have the open strata .Z¢(G, p~)Newt=Il and Z0(G, p=)AN=M
inside .Z¢(G, ') constructed starting from the triple (G, {~'},[1]) (the Hodge-Tate
side), and the open strata .Z¢(G, p,b)* and .Z4(G, i1, b)"* inside .F (G, ) constructed
from the local Shimura datum (G, {i}, [b]) (the de Rham side). These open strata are
related by the following diagram

M(G, ;) oo
TdR THT
FUG, 1, b)*° FUG, =) Newt=[,0
FUG, 1, b)re° FUG, 1 HN=1.0

where M (G, p, b) o is the local Shimura variety with infinite level attached to the datum
(G, {u}, [b]) (cf. [3] Theorem 3.3 and [40] sections 23 and 24), mgr and 7y are the p-adic

3In [3] this was called the Harder-Narasimhan stratification, which should not be confused with the
Harder-Narasimhan stratification here.
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de Rham and Hodge-Tate period morphisms respectively. Thus it is more reasonable to
call ZU(G, i, b)® and FL(G, p~1)Newt=Il y_adic period domains, although historically in
[34, 6] it was the open Harder-Narasimhan strata .Z¢(G, u, b)*® and .Z4(G, =) AN=M!
that were called period domains. By construction, M(G, i, b)~ is a diamond over E.
This is why we pass to the diamonds associated to the above spaces.

Recall that Gortz-He-Nie have introduced the notion of fully Hodge-Newton decom-
posability for the Kottwitz set B(G, u) (or the pair (G,{u}), cf. [17] Definition 2.1,
where p is a not necessarily minuscule cocharater). Roughly, this condition means that
for any non basic element [b'] € B(G, u), the pair ([V/],{u}) satisfies the Hodge-Newton
condition. By [I7] Theorem 2.5 we have a complete classification for fully Hodge-Newton
decomposable pairs (G, {u}). Now we have the following theorem.

Theorem 1.1 (Theorem [5.1). Assume that p is minuscule and [b] € B(G, u) is basic.
The following statements are equivalent:

(1) B(G, ) is fully Hodge-Newton decomposable,
(2) FUG, p,b)* = FUG, i, b)",
(3) FUG, =N = = F (G, )TV,

The equivalence (1) < (2) was proved in [3] Theorem 6.1. Here the novelty is to add
the additional information (3). In fact, the equivalence (1) < (3) was conjectured by
Fargues in [13] 9.7. In Theorem we will give several further equivalent conditions.

The idea to prove the above theorem is to introduce the dual local Shimura datum
(Jp, {u=1},[b71]) (see subsection or [36] Conjecture 5.8 and [40] Corollary 23.2.3)
and consider the following similar statements:

(a) B(Jp,p™1) is fully Hodge-Newton decomposable,

(b) Fl(Jp, 1,071 = FU(Jy, p~ L, b Hwe

(C) 0“€<J ,U)Newt b1 J‘e(J M)HN b~ 1]
By [3] Corollary 4.15, we have shown (1) < (a) by purely group theoretical methods.
Then by [3] Theorem 6.1, we get (a) < (b). The point here is to show (3) < (b)
and (2) < (c¢), which can be viewed as certain dualities for the Newton and Harder-
Narasimhan stratifications on the p-adic flag varieties .Z¢(G, p) and Z¢(G,u~t). See
Theorem [£.4] and Corollary In fact, the duality for Newton stratifications already
appeared implicitly in [3] 5.3, and the duality for Harder-Narasimhan stratifications
appeared implicitly in [6] IX.6. The novelties here are:

e studying both dualities more systematically in the setting of twin towers principle
(see [3] 5.1 and the following section [4),

e showing that how the combination of both dualities produces new information
and sheds new lights on the other side of the whole story,

e extending both dualities to general not necessarily minuscule cocharacters u by
looking at the corresponding B:{R—afﬁne Schubert cells, see below.

On the other hand, we can show directly the equivalence (1) < (3) by similar argu-
ments as in the proof of [3] Theorem 6.1, see Remark Then under the equivalences
(1) & (a), (2) © (c) and (3) < (b), we get (a) < (c) < (b), and thus (1) < (2). In this
way we give another proof for [3] Theorem 6.1, although essentially the two proofs are
the same. As one has seen, the equivalence (1) < (a) is in fact the only key ingredient
which we take from [3].

For a general not necessarily minuscule cocharacter u, to have a similar picture as
above, the correct objects to study are the BjR-afﬁne Schubert cells (cf. [40] sections
19 and 20)

Gr, and Gru_1



HARDER-NARASIMHAN STRATA AND p-ADIC PERIOD DOMAINS 5

instead of the corresponding flag varieties. One of the main results of [40] says that Gr,,
and Gr,-1 are locally spatial diamonds over E. They are related to flag varieties by the
Bialynicki-Birula maps (cf. [2] Proposition 3.4.3 and [40] Proposition 19.4.2)

7, Gr, — FU(G,p)°, and -1t Gry1 — FUG, 1~ HC.

For any algebraically closed field C|E and any point z € Gr,-1(C,0¢), we have a
modification &, of the trivial G-bundle & on the Fargues-Fontaine curve X = X .
By considering the Newton vector (resp. Harder-Narasimhan vector) attached to &,
(resp. the triple (&€1,&1,4, f)), we can construct the Newton (resp. Harder-Narasimhan)
stratification on Gr,,-1 similarly as before. It turns out the Harder-Narasimhan strat-
ification is the pullback of the corresponding stratification on the flag variety under
Tt Gr,-1 — FUG, ). Let b € G(Q,) be such that [b] € B(G,pu). For any
C|E as above and any point x € Gr,(C,O¢), we have a modification &, of the G-
bundle & over X = X, attached to [b]. By considering the Newton vector of &,
We can construct the Newton stratification on Gr,. We define the Harder-Narasimhan
stratification on Gr, as the pullback of the corresponding stratification on F4(G, 1)
(defined in [6] Part 3) under the map m, : Gr, — F4(G, u)®. Moreover, the dualities
for Newton and Harder-Narasimhan stratifications on Gr,,-1 and Gry, also hold in this
general setting (see Theorem . When p is minuscule, the Bialynicki-Birula maps
m,-1 ¢ Gr,or — FUG, )¢ and 7, « Gr, — FU(G, p)° are isomorphisms (cf. [2]
Theorem 3.4.5 and [40] Proposition 19.4.2), and we recover the Newton and Harder-
Narasimhan stratifications on the flag varieties Z¢(G, 1) and FL(G, ).

Let b € G(Q,) be such that [b] € B(G,u). Starting from the datum (G, {u},[b]),
we get the admissible locus Grf; (the open Newton stratum) and the weakly admissible
locus Gry* (the open Harder-Narasimhan stratum) inside Gr,. Both of them are open
sub diamonds of Gr,. The theorem of Colmez-Fontaine ([I4] chapter 10) implies that
we have the inclusion of locally spatial diamonds over E:

a wa
Gru C Gru .

Now assume that [b] € B(G, u1) is basic. On the Hodge-Tate side Gr,,-1, by the inequality
v(&1,&14, f) < v(&1,x) as above, we have the inclusion for open Newton and Harder-
Narasimhan strata:

G Newt=([b]

r, c GritN=bl

p—t
Here is the generalization of Theorem where we remove the minuscule condition
(see [13] 9.7, Conjecture 1 (1)):

Theorem 1.2 (Theorem Corollary[6.17)). Let [b] € B(G, i) be basic. The following
statements are equivalent:

Elg B(G, ) is fully Hodge-Newton decomposable,
2) Gr¢ = Gr}?

p woo
(3) GrNe'wt:[b] . GI‘H]Y:U)].

pt e

As before, once we prove the equivalence (1) < (2), which is the generalized version of
[3] Theorem 6.1, the remaining equivalence (1) < (3) follows by the dualities for Newton
and Harder-Narasimhan stratifications. The key new idea is to study the geometry of
Gr, in terms of B:{R—afﬁne Grassmannians of parabolic and Levi subgroups of G, which
is in some sense a theory of (generalized) semi-infinite orbits in the current setting. More
precisely, we have the following new information:

e We prove the dimension formula and closure relation for the B:{R—afﬁne Schubert
cells (same as the classical setting, see Proposition [6.2)).
e Let M be a Levi subgroup inside a parabolic P of G over Q,. Then we have a

stratification Gr, =[], ) Grg,z, induced on Gr, by the natural diagram of
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the BjR—afﬁne Grassmannians of M, P and G respectively (the strata Grg ) are
intersections of the generalized semi-infinite orbits Sy with Gr,, see subsection
for more details). Moreover, we know the closure relation for this stratifi-
cation and we give some description for the index set Sys(u) (which is in fact
related to the geometric Satake equivalence for B;R-afﬁne Grassmannians, cf.
[15]).

e The above stratification naturally arises when we study reductions of modifi-
cations of G-bundles to P-bundles (resp. M-bundles) on the Fargues-Fontaine
curve, cf. Lemma Using this, we give an interpretation of the weakly
admissible locus Grj/® in terms of the Fargues-Fontaine curve, cf. Proposition
which is a generalization of [3] Proposition 2.7.

With these ingredients at hand, the arguments in the proof of [3] Theorem 6.1 apply
here to establish the above equivalence (1) < (2), see Theorem for more details.

The pullbacks under the Hodge-Tate period morphisms define Harder-Narasimhan
stratifications on moduli of local G-Shtukas (cf. [40] section 23) and on Shimura vari-
eties, see sections [7] and [§] We hope these constructions will be found useful for further
arithmetic applications.

We briefly describe the structure of this article. In section 2, we review some basics
about modifications of G-bundles on the Fargues-Fontaine curve, which will be our tool
in the following. In section 3, we define and study the Newton and Harder-Narasimhan
strata on the flag variety .Z¢(G, u~!). In section 4, we explain how to transfer the point
of view by using modifications of Jy-bundles. More precisely, we explain how to identify
the Newton and Harder-Narasimhan strata on the Hodge-Tate (resp. de Rham) side for
G by the corresponding strata on the de Rham (resp. Hodge-Tate) side for Jp. These
are the dualities of the Newton and Harder-Narasimhan strata established in Theorem
and Corollary In section 5, we summarize several various equivalent conditions
for a fully Hodge-Newton decomposable pair, using the results in sections 3 and 4. In
section 6, we explain how to generalize the previous constructions and results to not
necessarily minuscule cocharacters p by studying the BJR—aﬁine Schubert cells Gr,—1
and Gr,. In particular, we choose to work on the de Rham side Gr, and prove the
generalized Fargues-Rapoport conjecture (Theorem . Then we transfer back to the
Hodge-Tate side Gr,,-1 (Corollary by dualities (Theorem . In sections 7 and
8, we give applications to moduli of local G-Shtukas and Shimura varieties respectively.

Acknowledgments. I would like to thank Sian Nie for some valuable discussions on
group theory. I wish to thank Michael Rapoport for helpful remarks on the first version
of this paper. I also thank Miaofen Chen and Laurent Fargues for useful conversations.
The author was partially supported by the Recruitment Program of Global Experts of
China, and the NSFC grants No. 11631009 and No. 11688101.

2. MODIFICATIONS OF G-BUNDLES ON THE FARGUES-FONTAINE CURVE

Let C|Q), be a fixed algebraically closed perfectoid field, with C” its tilt. We have the
Fargues-Fontaine curve X = X, over Q,, together with the canonical point co € X

with completed local ring @Xpo = BJ(C). We refer the reader to [14] for a detailed
study of this curve, and to [3] section 1 for a brief summary. We will simply write
Bar = Ba4r(C) and B, = B;,(C) in the following. Let £ € B, be a fixed uniformizer.

Let cp—Monp be the category of F-isocrystals over I, and Buny be the category of
vector bundles on X. A basic result of [14] says that we have a natural functor

E(-): cp—Mod@p — Buny
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which is essentially surjective. For £ € Buny, we have the Harder-Narasimhan filtration
of €& with the associated Harder-Narasimhan vector v(£) € Q' where n = rank&. To
avoid confusion, we will call it the Newton filtration, since later we will introduce several
further Harder-Narasimhan filtrations. We refer to [1, 4] for some generalities on the
Harder-Narasimhan formalism.

2.1. Modifications of vector bundles. We are interested in the category of modifi-
cationsﬁ of vector bundles on X, which we denote by
Modif X-

Recall that a modification of vector bundles is a triple £ = (&1, &2, f), where

e &1,& are vector bundles on X,

o f:&x\{oo} = E2|x\{o0} Is an isomorphism.
A morphism F : £ — £ is a pair of morphisms Fj : & — &/ with Fyo f = f’ o Fy. This
category Modif y is a quasi-abelian Q)-linear rigid ®-category with a Tate twist, cf. [5]
3.1.4. For a modification (&1, &, f), let

g‘—j_dR =&,

be the completed local stalk at co of &;, and
far : glde[f_l] - 52Jth[£_1]

be the induced isomorphism of Bgp-vector spaces. We have the Newton filtrations
Fni(E) == F(&) for i = 1,2. Moreover, we have the Hodge filtrations Fg;(£), which
are the Z-filtrations on the residues &;(c0) 1= E;FdR/fgde of & induced by gg—i,dR: for
any j € Z,
fin (&S p) NE gp +EE i far(§E4p) N ES4r + €€ an

fglde 7 .2 fngde '
Let n = rank(&;) = rank(&,). Then Fp 1 and Fpo define opposed types vy (£) € Z7.

We have the following natural functors

Modif X

Jj
Frg =

\ﬂ
/

Bunyx Buny,
with
— —
h(517527f):(€27 h
7

(51752) f) = 51'
%
These functors h and h will be related to the de Rham periods and the Hodge-Tate

periods respectively.

2.2. Filtered F-isocrystals. For any extension K |Qp (not necessary finite), let

go—FilModK/@p
be the category of filtered F-isocrystals with respect to K \@p. A filtered F-isocrystal
D= (D,p,F) € cp—FilModK/Qp consists of a underlying F-isocrystal (D, ¢) € @—Mod@p
together with a Q-filtration F on D ®g, K. We have the rank and degree functions

rank : go—FilModK/Qp — N, deg: ¢—FilMod — 7

K/Qp
defined by

rankD = dim D, degD =ty(D) —tn(D),
where tg(D) = > ,idimgr-Dy and ty(D) = v,(det). These functions induce a
Harder-Narasimhan filtration on p—FilMod /3y

4In this paper we only consider modifications at the canonical point co € X.
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Consider the case K = C. By Fargues’s de Rham classification for modifications of

vector bundles in [10] 4.2.2, we can construct a functor
m: Modif x — ga—FllModC/@p
as follows.

Recall that by [10] 4.2.2, given a modification (€1, &y, f) is equivalent to given the pair
(&2,A), where A C & o is the Bjp-lattice defined by &;. Let BT = N0 ©"(BY..), and
©—Modpg+ is the category of p-modules over BT. By [14] Théoreme 11.1.9, we have an
equivalence of categories

Bunyx ~ ¢—Modg+,
which then induces an equivalence of categories
Modif x ~ p—ModJag+,

where p—ModJapg+ is the category of gauged ¢p-modules over BT. A gauged p-module
(D, ¢, A) over B consists of (cf. [10] Définition 4.15)

e a p-module (D, ) over BT,
e and a y-stable BjR—lattice A C D ® Byg.

Let B = (Bt /[w])yeq With @w € C” a pseudo-uniformizer, which is a local ring with
residue field W (k¢c)g (where k¢ is the residue field of C'), see [I1] 5.2.1. Let ¢—Mod g+
and p—Mody be the categories of ¢-modules over BT and B respectively. Then the
reduction of scalar induces an equivalence of categories

gO—MOdB+ ~ gO—MOdE.

Reduction to the residue field of B together with the equivalence o—Modw (ko)g =
@—Mod@p induce a functor

o—Modz — @—Mod@p.
Now for (V,¢) € go—Monp and A C V ® Byr, we can define a filtration on V¢ by

Fiv = gAN VdE++ gvdE’
Vi

where VdE =V® B:[R. Putting all the things together, we get a functor 7 : Modif x —

p—FilMod /3, by the composition of

Modifx — ¢—ModJap+ — ¢—FilMod,, ¢ .

If K |Qp is a finite totally ramified extension and C' = K, there is also a functor
p—FilMod 16, Modifx for which we refer the interested reader to [10] Exemple
4.19.

2.3. Admissible modifications. Consider the full subcategory of admissible modifi-
cations

Modif%
inside Modifx. Recall that a modification £ = (&1, &, f) is called admissible if & is
a semi-stable vector bundle of slope 0 (i.e. &; is the trivial vector bundle). This is

again a quasi-abelian Q,-linear rigid ®-category with a Tate twist. For an admissible
modification € = (&1, &, f), we set

FN(E) = F(&), Fu(&):=Fui(f), vn(E):=v(&), and vy(€):=vui(f).
We have an exact Qp-linear faithful ®-functor

w : Modif% — Vectg,, w(&)=T(X,&),
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which induces a bijection between the poset of strict subobjects of £ in Modifgg and the
poset of Qp-subspaces of w(£). We have the rank and degree functions

rank : Modif% — N, deg : Modif% — 7Z

defined by
rank(£) = rank(&;) = rank(&) = dimw(E)
and
deg(&) = deg &s.
They induce a Harder—Narasimha filtration on Modifgg with slopes p = deg/rank in
Q. We denote it by F(&) with the associated Harder-Narasimhan vector v(£).

Later we will need the following variant. Let Modif_%(d/ be the subcategory of modifi-
cations € = (&1, &2, f) with Es trivial. On this category we have the rank and degree
functions defined by rank(€) = rank(&;) = rank(&2) and deg(€) = deg &;. One checks
similarly as above that they induce a Harder-Narasimhan filtration on Modif%fl/. More-
over, we have the equivalence

Modifsd =5 Modif%, &= (&1,&,f)— & = (&,E1, 7Y
and v(€) = v(&').

Let HTB4R be the category of pairs (V, Z), where

e V is a finite dimensional Qp-vector space,

e Zisa BIR—lattice in Vgr =V ® Byg.
A morphism F : (V,E) — (V',Z') is a Qp-linear morphism f : V' — V' such that
the induced morphism fyr : Var — Vjp satisfies f(Z) C Z'. This defines a quasi-
abelian rigid Qp-linear ®-category. For (V,2) € HTB4r | as above Z induces a Hodge
filtration Fp(V, =), which is the Z-filtration on the residue Vo = V ® C of the lattice

ij =V® B;R C Var. Moreover, we have the rank and degree functions
rank : HTP® N, deg: HTPar — 7

defined by
rank(V,=2) = dimV = rankB;R (=),

and
deg(V,E) = Z i dim grerVc.

(2
They induce a Harder-Narasimhan filtration on HTP4%, We denote it by F(V, Z) with
Harder-Narasimhan vector v(V, Z).
By Fargues’s Hodge-Tate classification in [10] 4.2.3, we have an exact ®-equivalence
of ®-categories

HT : Modif§ — HTP, € (I(X, &), fon (€5 4p))-

The inverse functor is given by (V,Z) — (&1, &2, f), where
e &=V ®0x
e & and f are given by the modification of £ at oo corresponding to the B:{R-
lattice 2 of &' [€7'] = V ® Bag under the Beauville-Laszlo correspondence (cf.
[14] 5.3.1).
The functor HT preserves the rank and deg functions on the two categories, and it

induces a bijection between the posets of strict subobjects of £ and HT(E). Thus it
preserves the Harder-Narasimhan filtrations and types on both sides.

SIn [5] this filtration is called the Fargues filtration.
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2.4. Filtered vector spaces. Consider the category Filgp of pairs (V, F), where
e V is a finite Q,-vector space.
e F is a descending Q-filtration on Vo =V ® C.

For (V, F) € Fﬂgp, the rank and deg functions are defined by

rank(V, F) = dimV, deg(V,F) = idimgrizVe

induce a Harder-Narasimhan filtration on Fil&p. We have a natural functor
m: HTPm — Filg . (V,E) — (V, Fu(V,E)).
Composed with the equivalence functor HT : Modifgg — HTBir we get
7 : Modif§' — Filfy .

We remark that we can also construct the functor 7 : Modlf“d — FllQ by using the
functor in n 2| and [I0] Proposition 4.17. Now one checks directly the following fact
(compare [I3] Proposition 10):

Proposition 2.1. The functor © preserves the rank and deg functions on the two cat-
egories, and it induces a bijection between the posets of strict subobjects of £ and w(E).
Thus it preserves the Harder-Narasimhan filtrations and vectors on both sides.

2.5. G-structures. Let G be a connected reductive group over Q,. We would like to
add “G-structures” to our previous discussions.

Let us first fix some notations. We fix a minimal parabolic subgroup Py of G defined
over Q, and a Levi subgroup My of Fy. Then a standard parabolic subgroup is a para-
bolic P with P D Py. There is a unique Levi subgroup M of P containing M, which we
call a standard Levi subgroup. We write Up for the unipotent radical of P. Let A C My
be the maximal split torus over Q,, and 7' C My be a maximal torus of My defined over
Qp which contains A. Then T' = M, if and only if G is quasi-split over Q,,.

For a parabolic subgroup P C G with Levi subgroup M C P over Q,, let Wp := Wy,
be the absolute Weyl group of M. Assume that P O P, is standard with associated
standard Levi M. Let Aj; be the maximal split torus contained in the center Zy; of
M, and A’; be the maximal split quotient torus of M. Then we have a natural isogeny
Ay — Al We also write Ap = Ay and A, = A),. In particular A = Ap, = Ay, If
QDOP, then we have an inclusion Ag C Ap and a quotient A, — Af. Let B C Gf
be a Borel subgroup such that B C F 7 . Let T'C B be a max1mal torus such that

A CT C My. Then we get the absolute based root datum
(XH(T),®, X.(T), 2", A)
and the relative based root datum
(X (A), @o, Xi(A), Dy, Ao).

Let Ap (resp. Ag p) be the set of non-trivial restrictions of elements of A (resp. Ay)
to Zyr (resp. Ap) (recall Zpy C T resp. Ap C A). If we replace G by M and letﬁ
Apy (resp. Agar) be the set of simple roots (resp. relative roots) of M, then Ap (resp.
Ao, p) is in bijection with A\ Aps (resp. Ao\ Ag ar). Let AV be the set of simple coroots
of G, then we have A}, corresponding to P. Similarly we have the relative version A
and Af p.

6Note that the notation here is compatible with the notation of [3].
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Let W and Wj be the absolute and relative Weyl groups of G respectively. We can
identify
Xi(A)g/ Wy = X*(A)(E ={z € X.(A)g| (z,a) >0, Va € Ag}.
On the other hand, consider
— . r
N(G) = [Hom(]D)@p, G@p) / G(Q,)-conjugacy| ",
with I the pro-torus over Q, whose character group is Q and I' = Gal(@p /Qp). As in
[6], let X, (G) denote the set of cocharacters of G defined over Q,. Then
X*(G)Q = Hom(D@p, G@p),
on which G(Q,) acts by conjugation and we will write N'(G) = (X.(G)g/G)", which
we identify with (X.(T)g/W)!. We have
Xi(A)g = Xu(A)g/Wo = X.(G)y/G(Qy) C (Xu(G)a/G)' = N(G).
Then
G is quasi-split over Q, <= X*(A)a = N(G).
We identify
Xi(T)o/W = X*(T)a ={z € X\(T)g| (z,a) >0, Va € A}.
Moreover, the choice of B defines a partial order < on X.(7T) by pu1 < pg if po — g
is a sum of positive coroots with non negative integral coefficients. We get an induced
partial order < on X, (7T')g and thus on NV (G) C X*(T)(S C X«(T)q- By [42] 15.5.8, we

get an involution z — wo(—2z) on N (G), where wy is the element of longest length in
W acting on X, (7T')q.

Let w% : RepG — Vectq, be the standard fiber functor for the category Rep G of
algebraic representations of G. For any field extension K|Q,, let Filx (w®) be the set of
filtrations of w® over K. An element F € Filg (w®) is given by a tensor functor

F:RepG — Filgj
such that w® = wg o F and the induced tensor functor
groF :RepG — Gradg

is exact. Here wyq : Fil(gp — Vectq, is the natural functor and gr : Fil(gp — Gradg is

the graded functor from Filgp to the category of graded K-vector spaces. We refer the
reader to [6] chapter IV.2 for more discussions on these objects. We have natural maps

Filg, (w©) = X.(G)5/G(Q) = Xu(A)f = (X.(G)e/G)" = N(G).

Recall that an F-isocrystal with G-structure is an exact tensor functor
N :RepG — go—Mod@p.

An element b € G(Q,) defines an isocrystal with G-structure

Ny :RepG — (p—MOde

Vi— (V@p, bo )

Its isomorphism class only depends on the o-conjugacy class [b] € B(G) of b, where B(G)
is the set of o-conjugacy classes in G(Q)), cf. [23 25, B5]. By Steinberg’s theorem, any
isocrystal with G-structure arises in this way. Thus B(G) is the set of isomorphism
classes of isocrystals with G-structure, cf. [35] Remarks 3.4 (i). We have the Newton
map (23] section 4) and Kottwitz map ([24] section 6 and [25] 4.9, 7.5)

v:B(G) = N(G), k:B(G)— m(G)r,
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where

m(G) = X.(T)/(@")
(by our previous group theoretic notations, and it does not depend on the choice of
T) and m(G)r is its Galois coinvariant. In fact, v is induced by a map v : G(Qp) —
Hom(]D)@p, GQp)’ while s is induced by a map & : G(@p) — 71 (G)r. For this reason we
also write v/([b]) = [v3] and k([b]) = (b) for b € G(Q,) with the induced class [b] € B(G).
The partial order on N (G) induces a partial order < on B(G) (cf. [35] section 2).

We explain B(G) in terms of G-bundles on the Fargues-Fontaine curve X as follows.
Recall that we have the following two equivalent definitions of a G-bundle on X:

e an exact tensor functor Rep G — Buny, where Rep G is the category of rational
algebraic representations of G,
e a G-torsor on X locally trivial for the étale topology.

Attached to a G-bundle £ on X, we have the Newton vector v(€) € N (G) and the G-
equivariant first Chern class c¢§'(€) € m1(G)r. For b € G(Qy), let & be the composition
of the above functor IV, and

E(—): ¢p—Mody — Buny.
In this way, the set B(G) also classifies G-bundles on X. In fact, we have

Theorem 2.2 ([I1]). There is a bijection of pointed sets
B(G) = Hy(X, G)
[b] — [&].
Under this bijection, we have
(1) v(&) = wo(-((8)),
(2) f'(&) = —~([b])-
A modification of G-bundles is given by
e cither an exact tensor functor Rep G — Modif x,
e or a triple (&1,&2, f), where £1,& are G-bundles on X and f : &1fx\({oc} =
Ea|x\ {0} 18 an isomorphism.
Applying the functor 7 : Modif x — ¢—FilMod, /3, in subsection a modification of
G-bundles € = (&1, &, f) gives rise to a filtered F-isocrystal with G-structure

(&) : RepG — cp—FilModC/@p,
which is in turn equivalent to a pair (N, F), where (cf. [6] p. 239)
e N:RepG — go—Monp is the underlying F-isocrystal with G-structure induced
by the natural functor (forgetting filtrations) p—FilMod,, /3, go—Monp,
e F ¢ Filg(w%).

Theorem 2.3 ([6] Theorem 9.2.18). For the pair (N,F), there exists a unique Q-
filtration * Nz of N, such that for any (V,p) € Rep G, the induced filtration *Nx(V') on
N(V) is the Harder-Narasimhan filtration of the filtered isocrystal (N(V'), F*N(V)).

In particular, the Q-filtration *Nx € Fllvp( &) defines a Harder-Narasimhan vector
V(N, F) € (X.(G)g/G)' where Ty = Gal(Q/Q Qp). By [6] IX.4, we have in fact

v(N,F) € N(G) = (X.(G)o/G)".
In the following we will write v(&1, &, f) = v(IN,F) for a modification of G-bundles

(&1, &2, f) with the associated (N, F).

An admissible modification of G-bundles is given by
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e cither an exact tensor functor Rep G — Modif%,
e or a triple (&1, &, f), where &1, & are G-bundles on X such that &; is the trivial
G-bundle and f : &1/ x\ {00} = E2| x\{oo} is an isomorphism.

By the equivalence of categories HT : Modif4? = HTP4% | given an admissible modifica-
tion € = (&1, &, f) is equivalent to given an exact functor
HT(E) : Rep G — HTBar,
Composing with the functor 7 : HTBir — Fﬂgp in we then get a functor
(&) : RepG — Fil(%p,

which defines an element F € Filo(w®). Recall on all the categories Modif%d, HTBar
and Fil(%p7 there exist Harder-Narasimhan filtrations, which are compatible under the
functors

Modif% — HTP#" — Filg .

Theorem 2.4. Let C be one of the categories Modifg(d, HTBar, Fil(gp, and N : RepG — C
be an exact functor. There exists a Q-filtration *N of N, such that for any (V,p) €
Rep G, the induced filtration *N(V') on N(V') is the Harder-Narasimhan filtration of
N(V).

Proof. For C = Fil§ , this follows from [6] Theorem 5.3.1. For C = Modif§¢ or C =

HTBa& by [5] Proposition 47, since the Harder-Narasimhan filtrations are compatible
with tensor products, duals, symmetric and exterior powers, one sees that the arguments
in the proof of [6] Theorem 5.3.1 work here. See also [4] Theorem 5.8, Proposition 5.9
and Proposition 4.2. O

Let £ = (&1,&2, f) be an admissible modification of G-bundles on X. Then the
associated Harder-Narasimhan filtration defines an element in Filg, (w%), thus we get a
vector

v(€) € Xu(@)g/G(Qy) = X.(A)g/Wo = X.(A)§ C N(G).
We get a standard parabolic P of G such that the associated standard Levi M is the
centralizer of v(£). By Proposition we have
v(€) = v(HT(E)) = v(n(£)) = v(F),
where F € Filg(w?) is the element corresponding to 7(&).

2.6. Moduli of local G-Shtukas. As before, GG is a connected reductive group over
Qp. Let {u} be the conjugacy class of cocharacters 1 : G, 5 — Gg . Fixing a Borel
7=p P

subgroup B C Gg containing a maximal torus 7. The class {¢} defines an element
P

p € X.(T)* for the choice of B. We view it as an element in X,.(G)g/G. Then we

have the associated flag variety .Z¢(G, ) over a finite extension E = E(G, {u}) of Qp.

Recall that we have a natural map Filg (w¥) = X.(G)g/G, sending a filtration to its
D

type. By construction,
FUGC,1)(@)) = G(T,)/Pu(@,) = {F € Filg () of type u},
where P, is the parabolic subgroup of G@ associated to p by the formula
52
o ERT -1 .
P = {9 € Gl pu(O)gna(t) exists}.

In particular P, O B.

In the following sections 3-5, we will assume that p is minuscule and work with the
associated p-adic flag varieties F¢(G,u) and F4(G, u~t). For an arbitrary p, we will
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need the B;R—afﬁne Schubert cell Gr,, which is a diamond over E, see 0] 19.2, 20.2
and the following subsection [6.1] There is a morphism of diamonds

7, Gr, — FUG, p)°,
which is an isomorphism if ;4 is minuscule, see [2] Proposition 3.4.3, Theorem 3.4.5, [40]

Proposition 19.4.2 and the following We have also the B;R—afﬁne Schubert variety
Gre<, =11 W< Gr,s, which is a proper diamond over FE.

A local Shtuka daturrﬂ (cf. [40] 23.1) is a triple (G, {u},[b]), where
e ( is a connected reductive group over Q,,
e {u} is a conjugacy class of cocharacter i : (E}m’@?’ — G@p,
e [b] € B(G) is a o-conjugacy class of b € G(Q)) such that [b] € B(G, p).
If moreover p is minuscule, then (G, {u}, [b]) is called a local Shimura datum (cf. [36]
Definition 5.1).

Let (G, {u}, [b]) be alocal Shtuka datum and fix a representative b € G(Q),). Attached
to the triple (G, {u},b), we have the moduli space of local G-Shtukas with one leg (cf.
[40] sections 12-14 and the appendix to section 19) with infinite level (cf. [40] section
23)

Sht(G, 12, b)oo,
which is a diamond over E, and up to isomorphism, all of which depend only on
(G,{u},[b]). By construction, there exist two natural morphisms of diamonds

TaR : Sht(G, i, b)oo — Gry, and  7wgr : Sht(G, g, b)oe — Gry-1,

which factor through certain subspaces Grj, C Gr, (see subsection and Grfjﬂu =t

Gr,—1 (see subsection respectively. We call myp (resp. mgr) the de Rham (resp.
Hodge-Tate) period morphism. By [40] subsection 23.3, we can view that Sht(G, 1, b)so
classifies

e either modifications of G-bundles of type p between &, and & over Grj,
Newt=[b]
pt )
We get the following diagram of de Rham and Hodge-Tate period morphisms:

Sht(G, 1, b) oo

TdR THT

e or modifications of G-bundles of type ;' between & and & over Gr

a Newt=|[b]
" Gr#, 1

Gr

One can replace Gr,, by Gr<, in the above construction to get the diamond Sht(G, <
1, b)oo, which is exactly the version of moduli space of local G-Shtukas with one leg
bounded by p studied in [40].

If v is minuscule, we have Sht(G,< p,b)oo = Sht(G, i, b)), and we will also use
the notation M(G, u,b)e for Sht(G, p,b)e0. In this case Grj, =~ ZU(G, 1, b)° and
FLUG, pu,b) € FU(G, ) is the admissible locus introduced in [3] Definition 3.1. The
reader can assume that p is minuscule and work with the above under this condition
until section Gl

3. NEWTON STRATA AND HARDER-NARASIMHAN STRATA ON p-ADIC FLAG VARIETIES

Let G be a connected reductive group over Q, and {u} be the conjugacy class of
cocharacters p : G, 5 — Gg . Recall the Kottwitz set (cf. [25] section 6, here we use
7=p P

the notation of [3] 2.1)
B(G,p) = {[t] € B(G) | v(]b]) < u°,  w([B]) = u*}.

In this paper we only consider local Shtuka data with one conjugacy class {u}.



HARDER-NARASIMHAN STRATA AND p-ADIC PERIOD DOMAINS 15

We have also (cf. [36] 2.2)
A(G, p) = {[b] € B(G) | v([b]) < p°}.

Both B(G, 1) and A(G, p) are finite subsets of B(G), equipped with the induced partial
order <.

In the rest of this section, we will mainly consider the induced conjugacy class {u '}
instead. Let Z¢(G,u~1) be the flag variety defined over E = E(G,{u~'}) attached
to (G, {p~1}), which we consider as an adic space. We are interested in the geometry
of the p-adic flag variety .#¢(G, 1) from the point of view of p-adic Hodge theory.
After reviewing the Newton stratification introduced in [2], we define and study the
Harder-Narasimhan strata of the p-adic flag variety .Z4(G, u~ 1), following the lines in
[6] chapter VI. As mentioned in the introduction, these strata can be studied by the
theory of [6] Part 3. The direct approach here has the advantage that the stratification
is defined over E. On the other hand, these strata generalize the Harder-Narasimhan
strata in the case of GL,, studied by Fargues in [I3]. Assume that p is minuscule in this
section.

3.1. Newton strata. We first consider the Newton strata. Let C|E be an algebraically
closed perfectoid field, and £ be a G-bundle on the Fargues-Fontaine curve X = X .
Then since  is minuscule, by [2] 3.4.5, [10] 4.2 and [12] 3.20, for any = € .Z4(G, =) (C, O¢)
we can associate to it a modification &£, of £ at co. Consider the case £ = &1, the trivial
G-bundle. The isomorphism class of £; , defines a point b(&; ;) € B(G). Letting C vary,
we get a map

Newt : | F(G, u~ )| — B(G).
We can determine the image of the map Newt as in the following theorem.
Theorem 3.1. (1) We have the following decomposition of FL(G, 1) into locally
closed subsets over E:
FuG.p = [ FucpH¥r=,
[ble B(G,p)
such that for x € ZU(G, n=1)(C,O¢), we have
x e FUG, u HYNw=bl(C,00) & &, ~ &,

The open stratum is associated to the unique basic element [bo] € B(G, ). Each
stratum FL(G, 1 )Newt=0l js stable under the G(Qp)-action on FL(G,u~").
(2) We have the following dimension formula: for [b] € B(G, u),

dim Z (G, p~ YNt =0 = (1 — v([b)), 2p),
where p is the half of the sum of positive roots of G.

Proof. (1) follows from [2] Proposition 3.5.7, Corollary 3.5.9 and [34] Proposition A.9.
The fact that each stratum is locally closed comes from the upper semi-continuity of the
Newton map (cf. [22] and [40] subsection 22.5).

(2) follows from the theory of local Shimura varieties (see also [2] Proposition 4.2.23
for the PEL case). More precisely, consider the local Shimura datum (G, {u}, [b]). Fix a
representative b € G(Q,) of [b]. We have the associated local Shimura variety at infinite
level M(G, p1,b)0, which fits into the following diagram

M(G? M’ b)OO

TdR THT

FUG, 1, b)¥° FUG, = LyNewt=[].0
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where 74p is the Hodge-de Rham period map, which is a G(Q))-torsor, and 7wy is the

Hodge-Tate period map, which is a jb—torsor. Here jb = Aut(&) and we have dim jb =
(v([0]),2p) (cf. [12] for example). As p is minuscule, dim FU(G, p) = (u, 2p). As map is
pro-étale and .Z{(G, u,b)* C .FZL(G, u) is open, dim M(G, p,b)s = dim FU(G, p,b)* =
(11,2p). Thus dim .Z4(G, p~Y)Newt=[l = (;,—p([b]), 2p) (see also [3] Proposition 5.3). O

Remark 3.2. We call the decomposition in the above theorem the Newton stratification.
However, we don’t know whether the closure relation holds. Thus the word “stratifica-
tion” in this paper has only a weak sense.

3.2. Harder-Narasimhan strata. Recall that we have the finite subsets B(G, u) C
A(G, ) C B(G). Then under the Newton map v : B(G) — N(G) we have

v(A(G, 1)) = v(B(G, ).
Let
N(G,p) C N(G)
be the common image of A(G, 1) and B(G, p) under the Newton map. In [3] Corollary

4.7 we gave an internal description of the set N (G, u) (using roots and weights). Here
is an external (Tannakian) description which we will need.

Lemma 3.3. Let v e N(G). We have
(1) v € Imv if and only if for any representation (V,p) € Rep G we have p(v) €
I?TLI/GL(V).
(2) v e N(G, p) if and only if for any representation (V, p) € Rep G we have p(v) €
N(GL(V),pop).

Proof. (1) The only if part follows from the functoriality of the slope map v : B(:) —
N(-). The if part follows from the Tannakian definition of v, cf. [23] 4.2.

(2) The only if part follows from the functorialities of the slope map v : B(-) = N ()
and the Kottwitz map « : B(-) — m1(-)r and the properties of the partial order on B(G)
and NV (G). To show the if part, by (1) we have found [b] € B(G) such that v([b]) = v and
v < u® by the properties of the partial order. Then by definition we have [b] € A(G, p).
Thus v = v([b]) € V(A(G, n)) = N(G, ). O

Now we consider Harder-Narasimhan stratifications. Let C|E be an algebraically
closed perfectoid field. Applying Theorem to the admissible modification (€,&’, f)
with & = & and & = &, for a point x € FU(G, u=1)(C,0¢), we get a well defined
map

FUG, 1= 1)(C, Oc) — N(Q),
x—v(&1, &1, f).
We denote v(&1,E1 4, f)* = wo(—v (&1, €14, f))-
Proposition 3.4. For any v € F4(G, 1) (C,O¢), we have:
(1) The inequality of elements in N'(G):
V(&1 e, f) S V(1)
(2) The Harder-Narasimhan vector v(E1,E1 4, )* lies in N (G, p).

Proof. (1) By Theorem 2.4]and [35] Lemma 2.2 (see also [6] Proposition 6.3.9), it suffices
to show that for any (V,p) € Rep G,

V(gl,Va gl,z,Va fV) < V(gl,z,V) € N(GL(V))
This is exactly [5] Proposition 44. See also [13] Proposition 14.
(2) By Lemma it suffices to show for any (V,p) € RepG, p(v(&1,E14, f)) €
N(GL(V),popn). By (1), we have v(&1,E1 4, f) < v(€1z)* == wo(—v(E1z)). We
conclude by the construction of v(&1, &1 4, f). O
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For any = € ZU(G, 1) (C,0¢) we write HN(x) = v(&1,&1 4, f)*. Letting C vary,
we get the following map on topological spaces

HN : |[FUG,p )| — N(G, ).

Theorem 3.5. The above map HN is upper semi-continuous, that is, for any v €
N (G, p), the subset

FUG, pHINZY .= (2 € |.Z0(G, V)| |[HN (z) > v}
1s closed. In particular, the subset
FUG, )N = {2 € |ZUG, p~ )| [HN(z) = v}
1s locally closed.
Proof. For any x € Z4(G, u~1)(C,O¢), since by Theorem [2.4
v, e, ) = v(Fy)

with F, € Filo(w®) attached to z. Then the arguments in the proof of [6] Theorem
6.3.5 (see also the proof of the following Theorem and Proposition 6.3.12 apply to
the p-adic setting. O

In the following, we will identify N (G, u) with B(G, ) by the Newton map, and for
r € FUG,u 1) (C,0c) we will also write HN (z) = b(&1,E14, f) € B(G, 1). We have
the following stratification over E:

FuGu = I ZuGpH=n.
[b]€B(G,m)

For any [b] € B(G,p), the stratum .Z£(G, u~)HN=I is a locally closed subspace of
FU(G, 1), and it is stable under the action of G(Q,) on F(G,pu™t).

Let [by] € B(G, 1) be the basic element. Then the stratum

FUG )N

is open, which is also called the semi-stable locus of .Z (G, u~'). We have a description
for FZU(G, 1 )AN=I] which is similar to [3] Proposition 2.7, but here we don’t need
the assumption that G is quasi-split. To state it, we first need some more notations.
Recall that after fixing a maximal torus inside a Borel subgroup T' C B C G@p, we view

pu € X.(T)*. Let B~ be the Borel opposite to B. Then by construction P, D B".
Let Py C G be a minimal parabolic subgroup over Qp, such that Py > B™. Let Mo
»p

be a Levi subgroup of Fy. For any standard parabolic P D Py with associated standard
Levi M D My, we view

X*(P/Zg) C X*(P)=X"(M)=X"(Mu) C X*(Zn),

where M, is the maximal abelian quotient of M and Zj; — My, is the natural isogeny.
From the set A}, we get the following dominant set

XH(P)* = X*(M)* = {x € X*(Zn)| (x.a") > 0, ¥a” € A}}
and X*(P/Zg)t = X*(P/Zg) N X*(P)". Similarly, we have
X*(P/Zg)' ¢ X*(P)'' = X*(M)'' = X*(A),) € X*(An)
and Ay — A’y is the natural isogeny. Using the set Ag, p, we define similarly X*(P)0"
and X*(P/Zg)"+.
Proposition 3.6. Let x € ZL(G,u 1)(C,0c). Then x € FUG, " )YEN=ol(C Op)
if and only if for any standard parabolic P and any x € X*(P/Zg)", we have
deg x+(€1,2)P <0,
where (E1,4)p is the reduction of €14 to P induced by the reduction &1, of & to P.
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Proof. This is essentially a reformulation of [6] Corollary 5.2.10. Indeed, consider the
Schubert cell decomposition]

FUG, =1 (0) = 1T FUG, ) (C)",

wEWP\W/WPH_l

where
FUG,u~1)(C)" = P(C)wP,-1(C)/F-1(C) = P(C)/(P(C)NP,-1.u(C)) = FUP, i~ H)(C).
Projection to the Levi quotient M of P induces an affine fibration:
pr, . FUP, 1 )N C) = FU(M, 1~ H)(O).
Now
(E1,2)p X M 2= &1y br ()

and one can argue as in the proof of [3] Proposition 2.7 (see also the following Proposition
6.15]), except in the last step we use [6] Corollary 5.2.10 instead. O

Remark 3.7. We note that in the above proposition, for each P it suffices to consider
the subset Ao p C X*(P/Zg)'t € X*(P/Zg)*. In fact, it suffices to consider all
mazximal parabolic subgroups P, in which case each Ag p consists of only one element.

We have also the following GIT description for .Z¢(G, p~')HN=[bol,

Theorem 3.8 ([6] Theorem 6.2.8). Fiz an invariant inner product on G and let L be
the corresponding ample homogeneous Q-line bundle on FU(G,u~Y) (cf. [6] p. 146).
Let K be a field extension of E and x € FL(G,u 1) (K,Ok). Then we have

v e FUG, p HIN=l(K O)) <  VA:Gp — Gaer, pE(z,N) > 0.

The following theorem gives some basic properties of the Harder-Narasimhan strati-
fication.

Theorem 3.9 ([I3] Conjecture 2 (1)). For any non basic [b] # [bo], the stratum
QE(G,/Fl)HN:[b] s a parabolic induction.

Proof. We may assume that .Z((G, u~1)"N =[] £ (). We sketch the arguments following
some ideas in [6]. Fix a minimal parabolic subgroup Py with Levi subgroup Mj as above
Proposition Let T be a fixed maximal torus in My defined over Q,. We introduce
a finite set ©(G, p) be the set of pairs (P,vp) with P a standard parabolic subgroup of
G and vp € X,(T)q/Wp, satistying the following two conditions:

(1) vp=p~' mod W,

(2) Let u(rvp) € X.(Ap)g be the image of vp under X,.(T)g — X«(Ap)g —

X.(Ap)g. Then (u(vp),a) >0, Vae Agp.

A such pair (P,vp) is called a HN type. Let H(G, ) be the set of HN vectors which
contribute in the HN stratification. Then we have an inclusion H(G, u) < N (G, u) by
Proposition We have also a natural surjective map

H:0(G, 1) — H(G, )

sending a HN type to its HN vector. In the following we fix a finite extension E of E
which splits G and base change everything to E. We will denote by the same notations
over E. Similar to [6] p. 152 (and p. 280-281), we have a refinement of the Harder-
Narasimhan stratification

8Since the Schubert cell decomposition exists on the algebraic varieties level, we omit O¢ here to
simplify the notations.
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which is G(Qp)-equivariant and such that

FUG, = )IN=r = I zucuy.
0€0(G,p),H (0)=v
Fix a HN type § = (P,vp) € ©O(G,u). Consider the P-orbits in the flag variety
FUG, 1) = G/P,-1. Then vp determines a unique Schubert cell
FU(P,vp) = PwP, /P,
where w € Wp \ W/ I/Vpu_1 such that vp = p~5*. By abuse of notation, we still denote

w the minimal length representative in the corresponding coset prWpfl. Let M be
the standard Levi of P with induced vj;. Then the natural projection

FUP,vp) = FLUM,vy)
is an affine bundle of rank ¢(w). Set
FUP,vp) = FUG, n )0 N.FUP,vp).

The G(Qj)-action restricts to an action of P(Q,) on FL(P,vp)?. Let FL(M,vy)*
be the open HN stratum for the flag variety .#¢(M,vys). Then the above projection
FU(P,vp) — FL(M,v)y) restricts to an affine fibration of rank ¢(w)

FUP,vp) — FUM,vp)%.
We have a homeomorphism
FUP,vp)’ xp,) G(Q) = FUG, ")’

Thus the stratum .Z¢(G, u~')? is an affine bundle of rank ¢(w) over .F{(M,vyr)* X P(Qp)

G(Qp). We deduce that for any v € N(G, p), the stratum F4(G, = 1)IN=? is a para-
bolic induction.

O

Remark 3.10. We know the dimension formula for the basic stratum, since it is open.
For any non basic [b] # [bo], if the stratum FL(G,u~)IN=11 L () then by the above
proof we have

dim Z(G, p~HIN=E = max (u=%, 200, + £(w),

where M = M, C P = P, withv = wo(—v([b])) and w runs through the set w € PW u—1
such that {(u= 5% a) > 0 for any o € Ao p. Here we view p= " € X.(Ap)g under the
above map X, (T)g — X«(Ap)g. In fact, Conjecture 2 (2) of [13] predicts that for any
[b] € B(G, ) such that the stratum FL(G, " )IN=I £ () we have

dim Z6(G, =) IV=0 = (1 — v([b]), 2p).

This is verified in the case G = GL,, by Fargues in [13] Proposition 23. The above
theorem was also proved by Fargues in [13] Propositions 21 and 22 in the case G = GL,
by a different method.

Remark 3.11. By Theorems and (3.8, we can calculate the ((# p)-adic coho-
mology of FU(G, u YIN=1! " Indeed, b‘ 3.9 it suffices to consider the open stratum
FUG, p~YHN=lbol - By the GIT description m. we can follow [6] chapter VIIL.2 to
calculate the Euler-Poincaré characteristic, and [27] to calculate the individual cohomol-
ogy groups (see also [28, 130] ).

Remark 3.12. For any [b] € B(G, 1) with the associated HN stratum F (G, p~")HN=],
we neither know its non—emptinessﬂ nor the closure relation. If p is non minuscule, then

ot [b] is basic, then the associated stratum is open and non-empty. Thus the non-emptiness is a
problem on non-basic strata. For the case of GL,,, see [29] for a complete solution. For the general case,
see [6] Remark 9.6.3 for some hints.
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in [6] the authors there gave a counter example for the closure relation, see loc. cit. Ex-
ample 2.3.7. However the closure relation may hold for minuscule u and in the general
case for the BJR—aﬁCine Schubert cells (see section @

3.3. Newton strata vs Harder-Narasimhan strata. By [I9] Theorem 0.1, there
exists a unique maximal element [b1] in B(G, p) for the partial order <. If G is quasi-
split, then [vp,] = p°. In the general case, this is not true, see [20] Example 3.1. We call
the stratum
yg(G’ ufl)HN:[bﬂ (resp. gﬁ(Gjufl)Newt:[bl])
the p-ordinary Harder-Narasimhan (resp. Newton) stratum. Both of the p-ordinary
strata ZL(G, p~HIN=I1] and Z0(G, p)Newt=1] are closed in FU(G, 1), by the
semi-continuity of the maps Newt and HN. Proposition [3.4] implies that we have the
inclusion
ﬁﬁ(G“u_l)HN:[bl] C ﬂﬁ(G7M_1)NGU’t:[b1],

Proposition 3.13 ([13] Conjecture 1 (2)). Assume that G is quasi-split. Then we have
always

yE(G,M—l)HN:[bl} _ yﬁ(G,p_l)Newt:[bl].
In particular FL(G, = YEN=1] £ ¢ in this case.
Proof. Let C|E be any algebraically closed perfectoid field. We have to show that for

any point x € FU(G, u~1)(C, O¢) such that v(E ;)* = [w,], then v(E1, E1u, [)F = [Wn,]-
Since G is quasi-split, [, ] = p°. Then this follows from [5] Proposition 48. O

Let [bg] € B(G, ) be the unique basic element. By the last two subsections, we
have the open subspaces ZL(G,p~V)Newt=lbol and Z¢(G, p=)YHN=Mol of Z0(G, ).
Proposition implies that we have the inclusion

y€<G7ﬂfl)N6wt:[bo} C yg(G”ufl)HN:[bo].
In section [5, we will classify the case when the following equality holds
gf(G,uil)Newt:[bO} — yg(G“ulfl)HN:[bo]‘

4. THE TWIN TOWERS PRINCIPLE AND DUALITIES FOR NEWTON AND HN
STRATIFICATIONS

Let G be a connected reductive group over Q, and [b] € B(G)pqsic be a basic element.

Fix a representative b € G(@p) of [b]. We have the associated reductive group .J; over
Qp, which is an inner form of G. Fix an isomorphism J, o = GQp' Let Bung be the

groupoid of G-bundles on the Fargues-Fontaine curve, cf. [12] section 2, which is a small
v-stack (over Fp,) in the sense of [3§].

4.1. The twin towers principle. In [3] 5.1, we have introduced the so called “twin
towers principle”, which is the following isomorphism

Bunj, = Bung,

that is to say there is an equivalence of groupoids between G-bundles and Jp-bundles on
the curve. In fact, Jp x X is the twisted pure inner form of G x X obtained by twisting
by the G-torsor &,

Jb X X = M(é’b)

as a group over the curve. If £ is a G-bundle on X one associates to it the Jy-bundle
Isom(&, &).
At the level of points of the preceding small v-stacks this gives the well known bijection

B(J,) — B(G)
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that sends [1] to [b] and [b=1] to [1]. Here [b~!] € B(J,) is the class defined by
bt € Jh(Qp) = G(Qy).

In fact, we have the following commutative diagrams on the compatibilities for Newton
maps and Kottwitz maps:

B(J,) —— B(G) B(Jy) B(G)
N 2 vy, e S e

Let us make a comment on the notations. Here we have identified N'(G) = N (J,) =
N(H) and m (G)r = m1(Jp)r = m1(H)r, where H is a fixed quasi-split inner form of G
(and thus of J). Recall that m1(G)r is an abelian group, for which we will write the
group law additively and the identity as 0; on the other hand, N(G) C X.(G)g/G, the
later has a commutative ordered monoid structure, and we will write its semi-group low
multiplicatively.

The equivalence Bunj;, = Bung respects modifications of a given type p, that is to say
it identifies the corresponding Hecke stacks of modifications. Let {u} be a conjugacy
class of cocharacter u : Gm@ — Gg - In the rest of this section, we assume that

[b] = [bo] € B(G,u) is the basic element (in B(G)). The isomorphism J,5 =~ Gg
»p p
induces a conjugacy class of cocharacter {u} of J,. Then

b1 e B(Jy,ph)

is the basic element (in B(Jp)), and [b~1] — [1] via the above bijection B(.J,) — B(G).
One thus has

Jp-1 =G.

Recall that in [3] 4.1 we have introduced the following generalized Kottwitz sets

B(G,0,mp 1) == {[t'] € B(G) [w([b']) =0, w([V']) < w([b])wo(—1)}
and
B(Jy,0,v-1p1) == {[b"] € B(Jy) | s([b"]) = 0, w([b"]) <w(b~")p°},

which are finite subsets of B(G) and B(.Jp) respectively. They contain the trivial classes
[1] € B(G) and [1] € B(Jp) respectively. One checks directly the following lemma:

Lemma 4.1. The bijection B(J,) — B(G) induces the following bijections:
B(Jy, ") = B(G,0,u6p™ "), B(Jy,0,1-11) — B(G, p).
Consider the following p-adic flag varieties (as adic spaces) over E:
FUG, 1), FUG, ™Y, FlJy,p), and Fl(Jy,pn ).
We have identifications:
FUG, p) = FU(Jp, ), FUC,p~Y) = Ty, ™).

To summarize, we have the following data:

e the triples (G, {p "'}, [1]) and (Jp, {u},[1]) (which we call the Hodge-Tate side
for G and J, respectively),

e the local Shtuka data (G, {u},[b]) and (Jy, {z"1},[671]) (which we call the de
Rham side for G and Jj respectively).

In the rest of this section we will assume that p is minuscule.
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4.2. Newton strata on the de Rham side. In the last section, we studied the ge-
ometry of .Z¢(G, ') by modifications of the trivial G-bundle £F. Now we continue
to study the flag variety .Z4(G, u~') = F4(Jy, p~ ') by modifications of the Jy-bundle
El;]_bl. From the local Shimura datum (J,, {1}, [b71]), in [3] subsection 5.3, we have
constructed a stratification of .Z£(Jy, u=1) by locally closed subsets

gE(Jb,,U,il) _ H gE(ijufl’ bfl)Newt:[b/],
(t']€B(Jb,0,v—1 1)

which we call the Newto stratification. Let C ]E’ be an algebraically closed perfectoid
field. For any point x € FL(Jy, u=1)(C,O¢), we get a modification Sl;l_bl . of the Jp-

bundle El;lfl on the Fargues-Fontaine X = X,,. Then by definition
v € FU(Jp,p T HNENC 00) e gD ) = ).
We have the associated p-adic period domain
Ty, p b = Tyt b HNewr =,

which is the maximal open stratum.

Similarly, starting from the local Shimura datum (G, {u}, [b]) we can study the ge-
ometry of #¢(G, 1) by modifications of the G-bundle 5bG . More precisely, we have the
Newton stratification

FUG, ) = 11 FUG, p, b)Newt=[1,
1€ B(G,0,vpu—1)

and the associated p-adic period domain
FUG, 1, 0)" = FUG, p, o)V,

Recall that inside .Z¢(G, u~') and .Z4(Jy, i), we have respectively the open Newton
strata ZU(G, p~YNewt=0] and F0(Jy, 1) Vewt=P""] introduced in subsection

Lemma 4.2. Under the identification FL(G, =) = FU(Jy, n~ 1), we have
Ty, 1=t b Y = TG, Vet =1,
Similarly, under the identification FU(G,u) = FL(Jp, ), we have
FUG, 1, b)* = FU(Jy, p)Newt=1"",

Proof. We only check the identity .Z¢(Jy, u= ', b1 = FU(G, p~)Newt=0l Let C be
any algebraically closed complete extension of E and let z € ZU(G,u 1) (C,0c) =
FU(Jy, 1) (C,0¢). Then we have

x € FUJp, b7 H)UC,00) & &P =&
o &, =&

oz e UG, p HNw=bl o 00).
O

OTn [3] this is called the Harder-Narasimhan stratification. Here we change the terminology and
modify the notation, since later we will introduce another stratification with the same index set, which
we will call the Harder-Narasimhan stratification following [6], as an analogy of that introduced in last
section.
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4.3. Twin tower local Shimura varieties. (|8 9], [39] section 7, [40] Corollary
23.2.3.) Consider the local Shimura variety with infinite level
M(G, 11 b) oo,

which is the moduli space classifying

e cither modifications of type u between SbG and £F over .Z (G, u1,b)?,

e or modifications of type u~! between £ and EbG over FU(G,u™1)

ﬁé(Jb, ,u_l, b_l)a.
Similarly, we have the local Shimura variety with infinite level
M(Jba #_17 b_l)oo’

which is the moduli space classifying

Newt=[b] _

e cither modifications of type ;1 ~! between Sl;],”l and Ei]” over FU(Jyp, =, b71)2,
e or modifications of type p between Ei]b and El;]i’l over ﬁE(Jb,u)Newt:[b_l} =
FUG, p, b)°.
At the end, the twin tower principle induces a J,(Qp) x G(Qp)-isomorphism of local
Shimura varieties with infinite level

MG, 11,D) 00— M(Jp 07N o

as diamonds on Spa(E)Q. This fits into a twin towers diagram using the de Rham and
Hodge-Tate period morphisms that allow us to collapse each tower on its base

M(G,,U,, b)oo — M(Jba/"’_lub_l)ooﬂ_
lﬁd}% \ 7rHT/ lﬂdR
T~

FUG, 11, b)>° FU( Tyt b 1)

(@)

where:
o M(G, u,b)s classifies modifications of type p between EbG and EF over FU(G, 1, b)°.
e For such a modification its image by mgp is z if £7 = Elfx. Its image by 7y is
y if EF = Sfy.
o M(Jy, =1, b7 1) classifies modifications of type u~! between 51;7,1’1 and Ei]” over
yg(Jb, ,u’l, bil)a.
e For such a modification its image by mgg is z if 5i]b = 8(;],”1@. Its image by 7y

. . Ji Ji
isyif & =&7).

4.4. Harder-Narasimhan strata on the de Rham side. Now we continue to look at
the p-adic flag variety .Z¢(Jy, u~'). In [6] chapter IX.6, Dat-Orlik-Rapoport introduced
a stratification of .Z¢(J,, u~1) by locally closed subsets (indexed by Harder-Narasimhan
vectors)
yE(Jba ,u_l) = H yg(‘]bv ,u_la b_l)HN:U>
veHJ,p~1)

which they called the Harder-Narasimhan stratification. Here J is the augmented group
attached to J, and b=! as in [6] Example 9.1.22. Let C |]§7 be an algebraically closed
perfectoid field. For any = € F4(Jy,,u 1)(C,0O¢), we have the modification triple
(51;],”1’3:,5[;72’1, f) of Jy-bundles on X = X». We write

V(EP &R 1) = V(N1 Fa)

for the filtered F-isocrystal with Jp-structure (Ny-1,F,) attached to (EZ;]EI x,gl;j,bl,f)
constructed in subsection

Proposition 4.3. For any x € Z4(Jy, u=1)(C,0¢),
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(1) we have the following inequality in N (Jp)
V(ER L ERL L) S VIED L)
(2) The Newton map for Jy induces an injection
HIT, b = B(Jy, 0, vp-1p).
Proof. Under the bijection B(J,) = B(G), [b~!] = [1] and the identification F¢(Jy, u~ ') =
FU(G, u~Y), we have
V(ER &L ) = v (1, €1, ) = (€1, €1, €1, )

(for the second “=", see subsection and V(Sl;],bl ») = (€1 ). Since [b] is basic, we
have
be(ghgl,rvgla f) < be(gl,w) ~ V(gbgl,ma 517 f) < l/(gl,m)'
Therefore (1) is equivalent to Proposition (1). The proof of (2) is similar, which is
equivalent to Proposition (2) (using Lemma [4.1)). O
We get the composition
Ty 1Y) = T, 5 < B0, w111

and we write b(é’l;]flx,gl;]fl,f) € B(Jp,0,14-11). Therefore, starting from the local

Shimura datum (J,, {~'}, [b~]), for the flag variety .Z£(.J,, u '), we have the Harder-
Narasimhan stratification:

Tl )= [T Feu I
[b/]EB(Jb7O7Vb71 :U/)

Similarly, starting from the local Shimura datum (G, {u},[b]), for the flag variety
FL(G, 1), we have the Harder-Narasimhan stratification:

FuG = I FUGup) =,
[b']€B(G,0,vpp—1)

The open Harder-Narasimhan stratum .#£(G, u, b)HN =0 corresponds to the trivial ele-
ment [1] € B(G,0,vpu~ 1), which is also denoted by (cf. [37] chapter 1)

FUG, 1, b))V = F (G, p, b)TN=1,
Moreover, by Proposition (1) (applied to (G,{u},[b])), we have
FUG, 1, b)* C FUG, p1,b)" .

Alternatively, the above inclusion also follows from the theorem of Colmez-Fontaine
(cf. [14] chapter 10). Our argument above shows that it is equivalent to the inclusion
FUG, pHNewt=0 ¢ z¢(GQ, p=1)IN=1] see subsection

4.5. Dualities for Newton and Harder-Narasimhan stratifications. Consider
the p-adic flag variety Z¢(J,, u~1). Starting from the datum (Jy, {1}, [b~1]) (de Rham
side for the group Jy), by subsection we have the Harder-Narasimhan stratification:
Tl )= [T Feut )T
[b’]EB(Jb,Oyb,l )
By subsection [4.2] we have also the Newton stratification:
FUJp, ™) = 11 F(Jy, =t b Newt=P],
(V1€B(Jp,0,v—1 1)
Recall the Harder-Narasimhan and Newton stratifications for .7 ¢(G, u~!) introduced in
section [3| starting from the datum (G, {u~'}, [1]) (Hodge-Tate side for the group G):
FuCG = [ Fucu ™= zucu = I FuGuHN=rl.
(b']eB(G,p) (b'l€B(G,n)
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We have the following generalization of Lemma [4.2] which says that under the twin
towers principle, the corresponding Harder-Narasimhan and Newton stratifications in-
troduced in section [3l and here are identical.

Theorem 4.4. Under the identification
FUG, p™") = FL(Jo, p "),
for any [V'] € B(G,u) corresponding to [b'] € B(Jy,0,v,-1u) under the bijection (cf.

Lemma
B(G, 1) — B(Jy,0,vp-111),

we have

(1) FUG. =)V = 4, 1 b1V

(2) ﬁE(G,u—I)NGWZ[”'} — ﬁﬁ(sz,u_17 b—l)Newt:[b”}.
Proof. The proof for (2) is identical with the proof for Lemma which is in fact also
[3] Proposition 5.3.

The proof for (1) is in fact similar, which follows from the functoriality of the Harder-

Narasimhan filtrations and the morphisms HN: let C' be any algebraically closed com-
plete extension of E , we have the following commutative diagram

FUJp, 1w (C, Oc) = FUG, n~1)(C,Oc)
HNJb\L J/HNG
N (H) N(H),

see the similar diagrams for v and & in subsection
In fact, (1) also follows from [6] p. 252 (3.3), Proposition 9.5.3 (iii) and Remarks
9.6.18 (ii). O

v([b])

Similarly, starting from (G,{u},[b]) (de Rham side for the group G), for the flag
variety .#((G, p), we have the Harder-Narasimhan stratification (see subsection
FUG =[]  FUG )N
[b']€B(G,0,vppu—1)
and the Newton stratification (see subsection
FUG, p) = IT  7uG ppNe=v
[v'1€B(G,0,vpu—1)
introduced in this section. Recall also the Harder-Narasimhan and Newton stratifica-
tions for .F{(Jy, ) in section [3| starting from the datum (Jy, {u}, [1]) (Hodge-Tate side
for the group Jp):
ye(JbaM) = H ye(*]bnu)HN:[b/}? yg(‘]bvu) = H ‘g\e(*]bmu)]vewt:[b,]'
B'l€B(Jp,n1) [b'l€B(Jo,u1)

The following corollary is clear now.

Corollary 4.5. Under the identification
ﬁg(anu) = yﬁ(Gau)v
for any [b'] € B(G,u) corresponding to [b"] € B(Jy,0,vy-1u) under the bijection (cf.
Lemma
B<Jb7 :u_l) — B(G7 0, VbM_1)7

we have

(1) FU(Jp, )TV = F UG, p,b) TN,

(2) FUTp, )Nt =) = FUG, p, bV,
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5. FuLLy HODGE-NEWTON DECOMPOSABLE CASE

We keep the notations of the last section. Let (G, {u}, [b]) be a local Shimura datum
such that [b] € B(G,p) is basic. In particular p is minuscule. We get the dual local
Shimura datum (Jp, {1}, [b1Y]).

Recall that (cf. [I7] Definition 2.1 and [3] 4.3) we have the notion of fully Hodge-
Newton decomposability for the Kottwitz set B(G, 1) (or the pair (G, {¢})). This notion
can be generalized to the sets B(G,0,vpu~t) and B(Jy, 0, vp-1p).

Now we can summarize the various equivalent conditions for fully Hodge-Newton
decomposability studied in [3] and here.

Theorem 5.1. The following are equivalent:

( ) B(G, ,u) is fully Hodge-Newton decomposable.
B(Jy, u™1) is fully Hodge-Newton decomposable.

B(G,0,vu~ 1Y) is fully Hodge-Newton decomposable.

B(Jy, 0, vy-11) is fully Hodge—Newton decomposable.

(G, 1, b)* = FUG, p, 0)*

(Jb M)Newt b~ ]_ J‘K(Jb ,U,)HN b~ 1]

(Jb, -1 ,b™ ) d\g(Jb, 71,[) ) .

(G Mfl)Newt b — O\ﬁ(G Mfl)HN:[b]'

Proof. The equivalences (1) < (2) < (3) follow from [3] Corollary 4.15. Replacing
(G, {u}, [6]) by (Jp, {1}, [b71]), we get the equivalences (2) < (1) < (4).
The equivalence (1) < (5) was proved in [3] Theorem 6.1, thus we get also the
equivalence (2) < (7).
The equivalences (5) < (6) and (7) < (8) follow from Theorem [4.4] and Corollary [4.5]
respectively. Therefore all the above statements are equivalent.
U

Remark 5.2. In the above theorem, the equivalences (1)-(4) are taken from [3], which
are purely group theoretical statements. To show the equivalences with the remaining (5)-
(8), we have taken [3] Theorem 6.1 as one of the key ingredients. On the other hand,
one can shou] | the equivalence (1) < (8) directly, by using similar (and in fact easier)
arqguments as in the proof of [3] Theorem 6.1. Then using Theorem and Corollary
we get another proof of [3] Theorem 6.1, although essentially the two proofs are the
same. We leave the details to the interested reader.

Remark 5.3. There are some further (conjectural) equivalences for the fully Hodge-
Newton decomposable condition (1). For example, we refer the reader to

(1) [3] Conjecture 7.2 (in terms of fundamental domains of p-adic period domains
and local Shimura varieties),
(2) [I7] Theorem 2.3 (in terms of the geometry of affine Deligne-Lusztig varieties).

6. NON MINUSCULE COCHARACTERS

In this section, we indicate how to generalize the constructions and results in previous
sections to a general (not necessarily minuscule) cocharacter u. Roughly, we need to
replace flag varieties and local Shimura varieties by the corresponding BIR—afﬁne Schu-
bert cells and moduli of local G-Shtukas respectively. We have Newton and Harder-
Narasimhan stratifications on both sides (Gr, and Gr,-1), generalizing the previous
constructions in sections Bl and @l It turns out that the HN stratifications on both sides
are pullbacks of the corresponding HN stratifications on flag varieties via the Bialynicki-
Birula map. Then we analyze the geometry of Gr,, using affine Schubert cells of the Levi
subgroups, cf. which is in some sense a theory of (generalized) semi-infinite orbits
for B;R-afﬁne Grassmannians. This is the key last step to prove the generalization of
[3] Theorem 6.1.

Urhis is exactly what the author did at the beginning when preparing this article.
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6.1. B;R-afﬁne Grassmannians and B;R-afﬁne Schubert varieties. Let G be a

connected reductive group over @Q,. Recall the BJR—aﬂine Grassmannian Grg is the
small v-sheaf (cf. [0] 17.2 and [38]) over SpdQ, := (Spa@,)® such that for any
affinoid perfectoid space S = Spa(R, R") over Q,,

Gra(5) = {(€, )}/ =
where
e & is a G-torsor over SpecB)j(R),

o 3:& — &% is a trivialization over SpecByr(R); here £° is the trivial G-torsor,
cf. [12] 3.1 and [2] Definition 3.4.1. Equivalently,

Grg = LG/LTG,
where LG and LG are the loop groups such that
LG(Spa(R, R")) = G(B4r(R)), and LTG(Spa(R,R"))= G(BJR(R)).

See also [40] Definition 20.2.1 and Proposition 20.2.2 (where it is called the Beilinson-
Drinfeld Grassmannian over Spd Q). Let C|Q, be an algebraically closed perfectoid
field and Spd C := (SpaC)®. The base change Grg spac of Grg to Spd C is given by
Definition 19.1.1 of [40].

Let T'C B C Gfp be a maximal torus inside a Borel subgroup of G@p. We have

the set of dominant cocharacters X,(T)" of T with respective to B, which is a set of
representatives for X, (T')/W where W is the absolute Weyl group of G. Recall that we
have the Cartan decompositio

GBwr(C) = [ GBREC)HuWE 'GBLIC)),
neEXL(T)+

where £ € Bj,(C) is a fixed uniformizer. Any p € X, (T)" defines a closed subfunctor
Grep

of Grg spd g, With an open subfunctor Gr, C Gr<y, where E = E(G,{u}) is the field
of definition of {u}. By definition (cf. [40] Definition 19.2.2), Gr<, (resp. Gr, )
parametrizes those (€, ) such that over any geometric points z, the relative position
Inv(B,) is bounded (resp. exactly given) by p. One of the main results of [40] is the
following theorem.

Theorem 6.1 ([40] Theorem 19.2.4, Corollary 19.3.4 and Proposition 20.2.3). Gr<,, is
a spatial diamond, and it is proper over Spd E. Gr, is then a locally spatial diamond.

By definition we have a stratification of diamonds

GI‘SM = H GI‘H/.
W<p
In particular if p is minuscule, we have Gr, = Gr<,,.

The inclusion L™G C LG induces a natural action of L™G on Grg. For any perfectoid
affinoid Q-algebra (R, RY), let £ € BJ,(R) denote a uniformizer. For any p € X.(T),
we write &# = pu(€) and t* = p(&)~! for the corresponding elements in LG. By abuse of
notation we also denote £* and t# the associated points in Grg. The diamond Gr,, can
be described as usual the orbit L*Gt#, and we have

L*tG
LY*GNthLTGt—
Recall that for a diamond D we have its underlying topological space |D|. We call a sub
diamond D’ is dense in D, if |D’| C |D| is dense.

Gry, ~

Proposition 6.2. (1) The open sub diamond Gr, C Gr<, is dense in Gr<,,.

12Here we follow [2] and [3] to normalize the sign.
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(2) The dimensioﬂ of Gr, (and thus Gr<,) is (2p, ), where p is as usual the half
sum of positive (absolute) roots of G.

Proof. For both statements we may assume that the base field is E.

(1) We imitate the proof of [44] Proposition 2.1.5 (2) in the equal characteristic
setting. If A < p, then there exists a positive coroot « such that u — « is dominant
and A < g — a < . Thus it suffices to show that t#~< is contained in the closure of
Gr,. To prove this, we will construct a curve C' ~ PLC in Gr<, such that 7% € C and
C\ {t"=*} C Gr,.

tm

For any integer m, let t'm = 0 , regarded as an element in PGLo(Bgg). Let
y

0 1
K, = Adt?n (L+SL2) C LSLs. Then

0o -t
Om 1= <t_m 0 ) e K,,.

Consider the map LTSLs — SLo induced by the natural map 6 : B:{R(R) — R for any
perfectoid algebra R over Q. Let L>%SLy be its kernel and set K5 = Adp (L>°SLy).

Then Km/K(l) ~ SLs. Let i, : SLo — G be the canonical homomorphism associated to
a. We get the induced map Li, : LSLy — LG. Let m = (u,a) — 1 and consider

Chior 1= Lig (K )t".

Since Li,, (KT(,})) C LTGNt*LTGt™#, C), o is a homogenous space under Km/KT(,}) = SLs.
One gets then
Cho =P and (LTG N Lig(Ky))t" ~ AY c P12,
In addition,
Cpa \ (LTG N Lio(Kp))t" = ig(om)th =t *LTG.
Thus C),  is the desired curve.

(2) Since (2p, ) = (2p, —wop) and dim Gr;, = dim Gr,,-1 (note that LG — LG, g+
g~ ! induces an isomorphism Gr,, ~ Gr,-1), we consider Gr,,-1 = LTGE". Let ®* be
the set of positive (absolute) roots of G for the choice of the above Borel subgroup
B C G@ . Consider the parabolic subgroups P, and P,-1 defined by the roots « such

P
that (o, ) > 0 and (o, 1) < 0 respectively. Then P,-1 is the opposite parabolic of
P,. Let U = Up, be the unipotent radical of P,. Then U x P,-1 C G defines an open
subspace. Consider the associated open functor L™ (U x P,-1) = LYUxL*P,1 C L*G.
Then since LT P,~1 C LTG NELTGEF acts trivially on &, we have open functor
LTUEH Cc LTGEH = Gr,-1. By definition, U = Ha€¢+,< U, with U, the subgroup
of G corresponding to the root a. Then
tugr=( [ LU
046<D+7(04»M)>0
= ]I @'
a€® T (a,u)>0
— H B;-R/§<a,#>§#7
a€®t (a,u)>0
where B is the functor which sends a perfectoid affinoid Q,-algebra (R, RT) to B, (R),
and the last “=” comes from the fact that LTU, ~ IB%:{R which acts on &* through
IB%;FR/£<O"“). Moreover the action of B;R/ﬁm’m on &M is free, thus

Ltugt~ I B/t

a€® ™, (a,u)>0

o,p) >0

13We refer the reader to [38] section 21 for the definition and discussions for dimensions of diamonds.
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By [0] subsection 15.2, for each a as above, the Banach-Colmez space B,/ is a
diamond, which is a successive extension of A and dim B, /¢ {wm) = (@, p). Therefore,

dim Gr, = dim LU = Z (o, 1y = (2p, ).
aedt (a,u)>0

O

For p € X, (T)*, as in the above proof let P, be the parabolic subgroup of G@
P

associated to the roots a such that (o, ) > 0. In other words P, is given by the
formula

P,={g€G| %gr(l) ,u(t)gu(t)_l exists}.

Then P, D B. Consider the flag variety #¢(G, u) = G¢/P,, which is defined over E.
By [2] Proposition 3.4.3,Theorem 3.4.5 and [40] Proposition 19.4.2, there is a natural
Bialynicki-Birula map@ for diamonds over E

7w, Gr, — FUG, p)°,
which is an isomorphism if ;4 is minuscule. Let us recall the definition of 7,. Group
theoretically, over C' it is the projection
L*tG
LGNt LTGt—+

my : Gry, ~ — G¢/P,

induced by the projection
0: LTG(R) = G(B:[R(R)) — G(R)

for any C-perfectoid algebra R. Alternatively, we can give the moduli interpretation as
follows. By Tannakian formalism, it is enough to define it for GL,. In this case, u is
given by a tuple of integers (mq,...,m;,) with m; > --- > m,. Then Gr, parametrizes
lattices = C Bgg(R)™ of relative position (mq,...,my). For any such lattice, we can
define a descending filtration Fil2 on the residue R" = B, (R)"/(Bi,(R)" with
EENBIR(R)"
IENEBR(R)™
The stabilizer of this filtration defines a parabolic which is conjugate to P,. This gives
the desired 7, : Gr, — (G, 1)°. From the construction we see that in general, 7, is
surjective, and in fact it is a fibration in diamonds associated to affine spaces.

For C-points, recall (cf. subsection FUG, 1) (C) = {F € Filg(w®) | Fhas type u},
where Filg(w®) is the set of Q-filtrations over C' of the standard fiber functor w®. The

map Gr,(C,0c) = FU(G, 1)(C) sends a G-torsor to a “G-filtration”. We can define
similarly

Filt =

71 Gra(C, 0¢) — Filo(w®),

such that the following diagram commutes

Grg(C, O¢) —— Filo(w")

| |

X (T)* X(G)/G,

where the left vertical arrow is given by the Cartan decomposition, the right verti-
cal arrow is given by taking a splitting modulo conjugacy, and the bottom arrow
is given by the identifications X,.(T)* = X,.(T)/W = X.(G)/G and the inclusion
X:(Q)/G — X.(G)g/G.

1Note that according to our convention, here , agrees with that in [2] Proposition 3.4.3, and it is
the m,—1 of that in [40] Proposition 19.4.2.
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Now let H be an arbitrary linear algebraic group over Q,. Then we define the BJR—
affine Grassmannian Gry = LH/LT H similarly as above.

Proposition 6.3. Gry is representable by an ind-diamond, which is ind-proper if H is
reductive.

Proof. As in the proof of [31] Theorem 1.4, we can take a faithful representation H —»
GL,, such that GL, /H is quasi-affine. Then the arguments in the proof of [40] Lemma
19.1.5 show that the induced map Grg — Grgr,, is a locally closed embedding. Since
Grgr, is representable by an ind-diamond by [40] 19.3, we conclude that Grg is also
representable by an ind-diamond. In case H is reductive, Theorem 19.2.4 of [40] implies
that it is ind-proper. O

6.2. Hecke stacks and BJR—afﬁne Schubert cells. Fix a dominant cocharacter u €
X.(T)". We have the Hecke stack Hecke! over F, (here we slightly modify the definition
n [12] 3.4): for any Spa(R,R") € Perfz , Hecke!(Spa(R, RT)) is the groupoid of
quadruples (&1, &, D, f), where

e &1 and & are G-bundles on Xp,
e D is an effective Cartier divisor of degree 1 on Xg,
o f:&lx\0 = Ea|x\p is a modification of G-bundles, such that the type of
[ is p for any geometric point x = Spa(C(z),C(z)*) — Spa(R, R™).
This Hecke stack fits into the following diagram

Hecke!
y R
_ _ 1
BunGJFp BunG,FP x Divy,

where Divi = X© x Spa(Qp)<> /% is the diamond of degree one divisors on X and
— —
h(&, &, f, D) =&, h(&,&, f,D)=(&,D).

The above diagram is the stack version of the diagram in subsection
Let [b] € B(G, i) be the basic element. Fix a representative b € G(Q)) of [b] and we
have the reductive group Jp. Let

a1 : Spa(Fy) — [Spa(F,)/G(Qp)] = Bung 7
and
xp, : Spa(Fp) — [Spa(F,)/Jp(Qp)] — Bung g

be the points associated to the classes [1] and [b]. Consider the diamonds Gr, and Gr,,-1

over E. Then we have the following enlarged diagra where Gr;, and Gr,,-1 appear:

N

r, -1

.y

Spa(F,) Hecket Spa(F,)
Bun,, F, Bun,, 7, X Div}(,

where both the squares are cartesian. In particular, we get

Grufl — BunG,Fp

15 We can add Sht(G, p,b)eo on the top together with the period maps mqr and T to get a further
cartesian square and thus a even larger diagram, cf. [12] 8.2.
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F
which is the composition h o iy, and

Gr, — BUDG,FP

%
which is the composition pro h oip, where pr : BunGjp X Div}( — BunGﬁp is the natural
projection.
We have also the version of Hecke stack Hecke=*, which can be defined similarly and
it is related to Gr¢,, and Gre,-1 as above.

6.3. Newton and Harder-Narasimhan stratifications on Gruq. Fix a dominant
cocharacter o € X, (T)". Consider the affine Schubert cells Gr,, and Gr,-1.

We first study the geometry of Gr,-1 using modifications of the trivial G-bundle &;.
Consider the morphism Gr,-1 — BunG’Fp constructed above. The induced map on
the sets of C-valued points can be described in more concrete terms. Let C|E be an
algebraically closed perfectoid field. For any z € Gr,-1(C,O¢), we have modification
&1 of &. The isomorphism class of £, defines a point b(&,) € B(G). We write
Newt : Gr,-1(C,0¢) — B(G) for the map.

Proposition 6.4. The image of the induced map
Newt : Gr,—1(C,0¢) — B(G)
is B(G, ).

Proof. The fact that the image of the above map is included in B(G, u) follows from
[2] Proposition 3.5.3. To show the surjectivity, if p is minuscule, then it follows from
[34] Proposition A.9. The arguments in loc. cit. in fact apply to the general case. For
the reader’s convenience, we sketch the arguments. Consider Gr, and let [b] € B(G, i)
be any element. Fix a representative b € G(Q,) of [b] and let Grj, C Gry, be the
associated admissible locus (here Grj, = Gr, N Gr%, and Grg, is the admissible locus
introduced in the proof of [40] PI‘OpOSlthH 23.3.3), and FL(G, pu, b)Y C FL(G, ) be
the associated weakly admissible locus (cf. [37, [6]). Then the Bialynicki-Birula map
induces a morphism of diamonds

T 2 Grl — FU(G, 1, b) .
By the theorem of Colmez-Fontaine (cf. [14] chapter 10), we have Grf}(K,Ok) =
FUG, 1,b)" (K, OF) for any finite extension K|E. Thus .Z4(G,pu,b)"* # 0 if and
only if Gry # (). Since [b] € B(G,u), by [36] Proposition 3.1, Z4(G, u,b)"* # @ and
thus Grj, # (. Take a point x € Gr,-1(C, O¢). By definition,

re G 00) e f.~8 e & =&
for some z* € Gr,(C,O¢). This is equivalent to 2* € Gr};(C, O¢). Thus we get for any
b € B(G, ), G "= (€, 0c) # 0. O
Letting C' vary, we get a map
Newt : |Gr,—1| — B(G, ).

By [22] (in the case G = GL,) and [40] Corollary 22.5.1, this map is upper semi-
continuous. The Newton stratification of Gr,-1 is the following stratification in dia-

monds over E:
GI‘M—I _ H G Newt [b }

[b']€B(G,p)

The open Newton stratum Gr ffu =Pl 5 associated to the basic element [b] € B(G, ).

We have a natural action of G(Qp) on Gr,-1 and for any [0'] € B(G, i), the stratum

Newt=[V'] .
Gr

-1 is stable under this action.
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Proposition 6.5. We have the following dimension formula: for [V'] € B(G, u),

dim G = (u— v([1), 20).

Proof. This is essentially the same as the proof of Theorem [3.1|(2), using the diagram in
subsection [2.6{and the dimension formula dim Gr,, = (u,2p) of Proposition (2). O

For any point x € Gr,-1(C,Oc¢), consider the admissible modification (£1,&14, f)
and v(&1,&1 4, f) € N(G). Then Proposition still holds in this setting, since in the
proof we don’t need the minuscule condition. In other words, we have

V(51751,$,f) < V(El,x)
and
V(glagl,mv f)* = wo(_y(ghgl,mv f)) € N(Galu)
Letting C vary, we get a map
HN :|Gry-1| — N(G, p).
Theorem 6.6. The above map HN is upper semi-continuous, that is, for any v €
N(G, u), the subset
Gr 12" = {z € |Gr,| [HN (z) > v}
1s closed. In particular, the subset

Grf_]\f:” = {x € |Gr 1| |HN(x) = v}

is locally closed, thus it defines a sub diamond of Gr-1.

Proof. This is similar to the proof of Theorem for any z € Gr,-1(C,O¢), by
Theorem 2.4]

I/(gl, 51735, f) = I/(f"m)
with F, € Filg(w®) attached to m,-1(z) € FUG, 1) (C,0¢). Thus the map HN :
|Gr,,-1] — N(G, p) factors through HN : |Z4(G, p~1)| — N(G, ), via the Bialynicki-
Birula map. For the flag variety .Z£(G, u~!), this follows from (the proof of) [6] Theorem

6.3.5 and Proposition 6.3.12.
O

In the following, we will identify N'(G, ) with B(G, p) by the Newton map. We have
the following stratification of diamonds over E:

Gry1 = H Grfﬁ:[b/].
(b']€B(G,u)

For any [V/] € B(G, p1), the stratum Grfﬁ:[b/] is stable under the action of G(Q,) on
Gr,-1. By the proof of Theorem this stratification is the pullback of

FuGu = J[ FucpHr
[V]€B(G,p)
via the Bialynicki-Birula map
-1 Gry-1 — FUG, uH°.
N=[]

The open Harder-Narasimhan stratum Grf,1 is associated to the basic element [b] €

B(G, p). Note that theorem still holds for the flag variety .Z¢(G, u~!) (which is
reduced to [6] Theorem 6.3.5). Pulling back under m,-1 : Gr,-1 — FL(G, p1)?, we get

Corollary 6.7. For any non basic [V'] € B(G, ), the stratum Grf_]\lf:[bl]

induction.

s a parabolic
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6.4. Newton and Harder-Narasimhan stratifications on Gr,. Let [b] € B(G, )
be the basic element. Now we study the geometry of Gr, using modifications of the
G-bundle &,. Consider the map Gr, — BunGﬁp constructed in subsection Let C |E‘
be an algebraically closed perfectoid field. The induced map on the sets of C-valued
points can be described In more concrete terms. For any x € Gr,(C,O¢), we have
modification &, , of &. The isomorphism class of &, , defines a point b(&, ;) € B(G).
We write Newt : Gr,(C, O¢) — B(G) for the map.

Proposition 6.8. The image of the induced map Newt : Gr,(C,0c) — B(G) is
B(G,O,I/b'u_l).

Proof. For p minuscule, this has been studied in [3] section 5 (see also [34] A.10). The
arguments in [3] section 5 work in the general case. See also the proof of Proposition
6.4 (]

Letting C' vary, we get a map
Newt : |Gr,| — B(G, 0, Ui h),
which is upper semi-continuous by [22] [40]. Thus we have the Newton stratiﬁcatiorm of

diamonds over E:
Gro= ] Calew=o
[1€B(G,0,vpu~1)

For any [b'] € B(G,0,vpu™t), the stratum Grﬁr

Jp(Qp) on Gry. The open Newton stratum Gr,]yewt:[l] corresponds to the trivial element

[1] € B(G,0,pu"), which we will also denote by Gr?, (the admissible locus inside Gr,
with respective to (G, {u}, [b]), which we already introduced in the proof of Proposition
53).

Now we want to define a Harder-Narasimhan stratification on Gr,,. We first come back
to the p-adic flag variety .#/¢(G, ). Starting from the local Shtuka datum (G, {u}, [b]),
Dat-Orlik-Rapoport introduced a stratification on .#¢(G, 1) indexed by HN vectors, cf.
[6] IX.6 (and the previous subsection . The index set of this stratification is denoted
by H(G, p) in loc. cit., which is a finite subset of N'(G), where G is the augmented group
attached to G and b in [6] Example 9.1.22. Similar to Proposition we can prove that
the Newton map v induces an injection H(G, u) — B(G,0,vpu~"). Therefore, we have

ﬁg(Gy ,u) = H ye(Ga s b)HN:[b/]'
[b']€B(G,0,vpp—1)

=1l is stable under the action of

There is a unique minimal element vg in H(G, p1), which corresponds to [1] € B(G, 0, vpu~1).
The corresponding stratum (called semi-stable locus in [6]) is the weakly admissible locus

FUG, 1, b)) C FUG, 1)
previously studied in [37] chapter 1. Via the Bialynicki-Birula map
7, Gr, — FUG, p)°,
the above stratification on .Z/¢(G, 1) induces a stratiﬁcatiorﬂ on Gry:
Gro= [ v,
[b'1€B(G,0,vpp—1)

which we call the Harder-Narasimhan stratification. The open Harder-Narasimhan stra-

tum GrﬁN:m corresponds to the trivial element [1] € B(G, 0, vpu~!), which we will also
denote by Gr)/* (the weakly admissible locus inside Gr,, with respective to (G, {u}, [b])).

16Note here we have used simplified notations compared with the minuscule case: we have omitted
the subscript b on each Newton stratum.
17Similar as Newton stratification case here, we have used simplified notations.
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Remark 6.9. In this subsection, to define the Newton and Harder-Narasimhan strati-
fication, in fact we don’t need the assumption that [b] is basic. However, we don’t know
a description of the index set for a non basic [b]. Nevertheless, the open strata Gry, and
Gr,* are always well defined.

Consider the dual local Shtuka datum (J,, {1}, [b71]) and the triple (Jp, {u}, [1]).
Then we can consider the Newton and Harder-Narasimhan stratifications on Grj, ,-1

and Gry, ,, as before. Since [b] is basic, the isomorphism .J, & = GQp induces identifi-
cations Grg , = Gry, , and Grg -1 = Gry, ,-1 as diamonds over Spd E. The results of

subsection still hold (cf. [40] subsection 23.3). Now the following generalization of
Theorem [4.4] and Corollary [4.5] is clear:

Theorem 6.10. (1) Under the identification Grg - = Gry, -1, for any [b'] €
B(G, n) corresponding to [V'] € B(Jy,0,v,-1u) under the bijection (cf. Lemma

B(G7 /’L) ;> B(Jb707yb71:u’)7

we have
(a) GrHN 1[17} _Gr ?N gb“]
- bt
New 4 Newt=[b"
(b) GrGlft1 L =Gr, =0,

(2) Under the identification Gry, , = Grg,p, for any [b'] € B(G, i) corresponding to
[0"] € B(Jy,0,v-11) under the bijection (cf. Lemmal{.1))

B(Jy, 1" = B(G,0,vu™ 1),

we hcwe

N=[b HN=[b"
() GriN=W] — GeIN=I),

Ne b’ Newt=[b"
(b) Gy = = et =,

6.5. Extensions to Grg, and Gre,-i1. We can extend the above constructions to
Gre,, and Gre,-1. First, we note the following lemma.

Lemma 6.11. For py,pe € X.(T)" with wo(—p1) < wo(—p2), we have a natural
injection B(G, p1) — B(G, p2).

Proof. The assumption wo(—p1) < wo(—p2) implies that p; < po and thus py < .
Recall that by [25] 4.13,

(k,v) : B(G) = m(G)r x N(G)

is injective. For [b] € B(G, p1), consider the pair (Mg, v([b]) € m1(G)r x N(G). It comes
from a unique element [b'] € B(G) under the injection (k,v) : B(G) < m1(G)r x N(G),
since k is surjective and ug = v([b]) in 71 (G)r. Then since v([b']) = v([b]) < u§ < us,
by definition [/] € B(G, u2). In this way we get an injection B(G, u1) < B(G, u2). O

By the above lemma, we can define Newton and Harder-Narasimhan stratifications
on Gre,—1 by modifications of the trivial G-bundle &, with both of the index sets as
B(G, i). These strata will be the union over all (/) ~! < p~! of the corresponding strata
(could be empty) inside Gr(,-1. Similar, for [b] € B(G, 1) basic, we can define Newton
and Harder-Narasimhan stratifications on Gr<, by modifications of the G-bundle &,
with both of the index sets as B(G,0,vpu~1). The strata will be the union over all
1 < g of the corresponding strata (which could be empty) inside Gr,y,. We will use the
version of moduli of local G-Shtukas Sht(G, < p,b) in this setting. We can consider
the dual local Shtuka datum (Jy, {zz"'},[b~!]). Then the constructions and results in
subsections and in particular Theorem [6.10, can be generalized to the current
setting. We leave the details to the interested reader.
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6.6. Fargues-Rapoport conjecture for general p. Let G be a reductive group over
Qp, P C G a parabolic subgroup over Q,, M a Levi subgroup contained in P, which
is identified with the reductive quotient of P. Take a maximal torus inside a Borel
TCBC G@p and assume B C P—p and thus T C M@p. We have the set of dominant

cocharacters X, (T)". Let BN Mg be the induced Borel of Mg . Then we get the set
P p

of M-dominant cocharacters X, (T);,. We have the inclusion X, (T)" C X,(T)3,.

To simplify notations, the base field in this subsection will be C, an algebraically
closed perfectoid field of characteristic 0 (in fact an extension F|Q, which splits G
will be enough). In the following we will write Byg = Bar(C). Consider Bj,-affine
Grassmannians Grys, Grg and Grp (cf. Proposition over C. The inclusion P C G
and the projection P — M induce the following diagram of B;R—afﬁne Grassmannians:

Grp
N
GrM Grg.

We have the following fact: the Iwasawa decomposition
G(Byr) = P(Bar)G(Bjp)
induces a bijection
i: Grp(C,O¢) = P(Bagr)/P(Bjg) — Gra(C,Oc¢) = G(Bar)/G(Bjp)-

Let Up C P be the unipotent radical of P. Since G/M (resp. G/Up) is affine (resp.
quasi-affine), the natural inclusion M C G (resp. Up C G) induces a closed embedding
Gryr — Grg by [40] Lemma 19.1.5 (resp. a locally closed embedding Gry, — Grg by
the proof of Proposition. For any A € X, (T)},, we have the locally spatial diamond
Grasn C Gryy. Consider the locally closed sub ind-diamond

Sy = i(prfl(GrMﬁ\)) C Grg.

This is identified with the orbit LUpGrjs ) for the natural action LUp on Grg induced
by LUp C LG. The natural product defines a map LUp X LM — LG which induces a
map Gry, x Gryr — Grg. Then we have

Sy = GI“UPGI"M’)\ C Grg,

where Gry, Gryz,y denotes the image of Gry, x Grys ) under Gry, x Grys — Grg. The
Iwasawa decomposition above implies that

GI“G = H S)\.

AEXL(T)};

In the following we consider the partial order < plﬂ on X,.(T) (and the restriction to
X,(T)3,) with respective to the coroots appearing in Lie Up. When the setting is clear,
we simply write A\ < Ay for Ay, Ao € X*(T)L and \; <p \g. For any \ € X*(T)L, like
in the classical setting, Sy is of infinite dimensional. Nevertheless, we have

Proposition 6.12. The closure Sy of Sy is given by S<) := H/\’SA Sy. More precisely,
for any p € X.(T)", we have

SxNGre, = [] Sv N Grey.

N<A

18Note that this is different from the partial order <j; used in some literatures, e.g. [16] 5.1, where
one uses simple coroots of M.
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Proof. We follow the argument of [44] Proposition 5.3.6. We show firstly that S<) is
closed. First, assume that Gy, is simply connected. For any highest weight representa-
tion V,, of G, let £, be the corresponding highest weight line. Then we have the following
description

San =W, B) € Gra| 57 (L) C 10N (&)},
VX
where the intersection runs through all highest weight representations V, of G, and
Ey, =& x & V is the induced vector bundle. It suffices to prove the locus

{(&,8) € Grg| B71(ty) C t=XN (&)} C Grg

is closed. This follows from the proof of [40] Lemma 19.1.4. For general G, one can pass
to a z-extension to reduce to the case when Gy, is simply connected.

Now we show Sy = S<). For X' < )\, there exists a positive coroot a appearing in
Lie Up such that A — « is M-dominant and M < A — a < X. Then the arguments in the

proof of Proposition (1) apply. O
Let 1 € X.(T)" be fixed and consider Grg . For any A € X, (T}, note that
SyNGrg, #0 <= LUpt*NGrg, # 0.

1

Indeed, to prove the direction “ =" it suffices to work with an algebraically closed field
C' and then use the normality of Up. Set

Sum(p) = {X € Xi(T) 1 Sx N Grg,, # 0}

The stratificati = ind tratificati
e stratification Grg H/\EX*(T)L S induces a stratification

Grau= [[ SrnGray.
AeSn (1)

For each A € Sy (), for simplicity we denote Grg y = S\ N Grg,,, so that
GI"G“M = H Gr(;)\.
AESM (1)
To describe the index set Sys(u), first note by [16] Lemma 5.4.1

Sar () C (1) M—dom

where 3 (u) pr—dom C X«(T)7; is the set of M-dominant elements in {1/ € X (T)| uy,,, <
w}. Indeed, to describe Sys(n) we may choose any algebraically closed perfectoid field
C|Q, and consider the C-points of Grg,(C,Oc). Then A € Sy (p) if and only if
A € X.(T)}; and Up(Bar(C)t* N G(BIL(C)t*G(BIL(C)) # 0 (both as subsets of
G(B4r(C))). Fixing an isomorphism Byr(C) ~ C((t)), we translate these to subsets

of G(C((t))) As in the proof of [16] Lemma 5.4.1 (which is purely group theoretical
and applies to general base fields), A\ € (1) —dom if and only if A € X, (T)7, and
Us (C((t)))t)‘ A GO G(C[]) # 0, where Ug is the unipotent radical of B.
Recall that attached to p we have the parabolic subgroup P, C G@p. Let W (resp.

Wp,Wp,) be the absolute Weyl group of G (resp. P, P,). We have the following
inclusion:

W X(T)y € Su(p)-
The set Wy N X,(T)7, can be described as

W X (T) 5 = "Whep,

where PWF: C W is the set of minimal length representatives in the corresponding
coset in Wp \ W/Wp,. Then the element

Ao = 1 € Su(p)
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is the unique maximal element with respective to the partial order <p. When p is minus-
cule, we have W N X*(T);\% = PWPuy = Spr(p). In this case, under the isomorphism

Gra,, 5 Z0G, 1)?, for X\ = wu with w € W we have
Sy N GI‘G’M ~ (UpwwoP“/P“)O,
where wg € W is the element of maximal length.

Remark 6.13. The reader who believes the geometric Satake equivalence for B;R—aﬂ‘ine
Grassmannians (cf. [15]) can have the following descriptions of Syr(p):

Let G be the dual reductive group of G (over some characteristic zero algebraically
closed field) and M C G be Levi subgroup defined by the dual root datum of M. Similarly
let T C B C G be the mazimal torus dual to T inside the Borel subgroup of@ dual to B.
Then we may view p € X*(T)" = X,(T)*. Consider the irreducible representation Vi
of highest weight v of G. The geometric Satake equivalence in the current setting implies
that Spr(p) is the set of M -dominant weights off such that the associated highest weight
representations of M appear in the restricted representation V#‘I\?"

Su(p) = {1 € X*(T) 5[0 # Va C Vilgz},

where for any A € X*(T)A%, V) is the irreducible representation ofM\ of highest weight
A.

We identify W = W(G) and X*(T )]\7 = X.(T)};. The set Wun X*(T)XA/[ =PWhey
appears naturally when considering the decomposition of VMH into irreducible represen-
tations of M: we view W e X*(f)f]v\[, then the associated irreducible representation VMM

of M appears in Vu|]\7[' Consider the adjoint action of W on V, = Vu|1\7- For any
w € PWFe, we have

M
qu = Vuu C VN’]\/I‘
Any X € Syr(p) is of the form

A=p— Z NneQ, nNo € NVa,
a€A\A

where A = Ag (resp. Ag;) is the set of simple roots of G (resp. ]\/Z) Therefore,
Wpn XH(T)E = Wpn X (T); € Su(p)
and p € Syr(p) is the unique mazimal element.

In the following we sketch how to generalize the arguments in the proof of [3] Theorem
6.1 to the non minuscule case.

Fix a p € X.(T)" and consider Gr# = Grg,, which is defined over Spd E' with
E = E(G,{n}). As usual, let £ = E* be the completion of the maximal unramified
extension of E. We will study Grg,, over Spd E. First of all, we explain that the
set Syr(p) and the above diagram of B dR—afﬁne Grassmannians naturally arise when

considering reductions of modifications of G-bundles to P-bundles (resp. M-bundles),
cf. Lemma [6.14
For C|E any algebraically closed perfectoid field, let X = X, be the Fargues-Fontaine

curve over Q, attached to C°. Let b € G(@p) be an element with associated class
[b] € B(G) and the G-bundle & on X (cf. [11]). For a Levi subgroup M of G, recall
that (cf. [3] Definition 2.5) we have the notion of reductions of b to M. Such a reduction
is given by an element by, € M(Q,) together with an element g € G(Q,) such that
b = gbyo(g)~!. Then the M-bundle &, is a reduction of &. If M C P for some

parabolic subgroup P of G, let bp € P(Qp) be the image of by;. This defines a reduction
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of b to P, and thus a reduction of the G-bundle &, to a P-bundle &,. By construction,
Ebp = ng XM P.
For any z € Grg(C, O¢), we can define a modification &, of £, thus a map
GI‘(;(C, Oc) — Hélt(X, G).
It is functorial in the following sense: we have similar maps
Grp(C,0c) = HL(X,P), y+ Ebpy)

Gry(C,0c) = HLH(X, M), 2z Epyyozs
by considering modifications of the P-bundle &, and the M-bundle &,, respectively.
Then the following diagram commutes:

Grg(C,0c) — H}L (X, G)

| |

Grp(C,0¢) — HL (X, P)

| |

GI‘M(C, OC) - Hélt(X7 M)a

where the arrows on the right hand side are £ — & xp G, & — & xp M, the push
forwards of P-bundles along P C G and P — M respectively. By Iwasawa decompo-
sition, the map Grp(C,O¢) = P(Bygr)/P(B,p) — Gra(C,0¢) = G(Bar)/G(Bjg) is
a bijection. For z € Grg(C,O¢), let y € Grp(C,O¢) be its inverse image under this
bijection. Then
Evpy Xp G =Epg,

i.e. &py is a reduction to P of & ,. By [3] Lemma 2.5, &, , is the reduction to P of
& induced by the reduction &, of &. We will also write

Evpy = (Ebz)P
for this reduction. Recall that we have the decomposition
Grau(C,0c) = [ Grea(C,00).
AEShr (1)
For A € Sp(p), let pry : Grg A(C, Oc) = Grara(C, Oc) be the projection. The following

generalization of [3] Lemma 2.6 is clear now.

Lemma 6.14. For any x € Grg,,(C,Oc¢), let A € Sy(p) be such that v € Grg x(C, Oc).
Then there is an isomorphism of M-bundles

(gb,x)P xXp M ~ gbj\4,pr>\(x)7
where (Epz)p s the reduction of &, 5 induced by the reduction &, of & as above.

For any b € G(Q,) with associated class [b] € B(G), in [37] Rapoport-Zink introduced
the weakly admissible locus Z4(G, u,b)"* C FL(G, 1), which is an open subspace of
the adic space Z/{(G, ) over E. Up to isomorphism, it depends only on [b]. Recall that
we have the finite set A(G, u) C B(G) (see the beginning of section [3)). By [36], we have

FUG, 1, 0)"" # 0 < [b] € A(G, p).

Consider the diamond Grg,, over E. Assume that [b] € A(G, ) and we define (see
subsection and in particular Remark where we don’t require [b] to be basic)

wa ,__ wa J—
Gr,u = GrG,/,L,b C GI'M = GI"G”u

as the inverse image of F((G, ,0)*%® under the map 7, : Gr, — FL(G, u)® over
Spd E. The above Lemma 6.14] implies the following generalization of [3] Proposition
2.7 in the non minuscule case.
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Proposition 6.15. Assume that G is quasi-split and [b] € A(G, ). Then x € Grg,,(C,O¢)
is weakly admissible if and only if for any standard parabolic P with associated standard
Levi M, any reduction by of b to M, and any x € X*(P/Zg)", we have

degX*(gb,x)P < 0:
where (Epz)p is the reduction to P of &, induced by the reduction &, of & as above.
Proof. By definition, z € Gr*(C,O¢) & mu(z) € FUG, pu,b)**(C,O¢), where m, :
Gr,(C,0¢) — FUG,pn)(C,0¢) is the Bialynicki-Birula map. Recall that we have

similarly 7 : Grg(C, O¢) — Filg(w®). The map 7 is functorial. In particular, for P and
M as above, we have the following commutative diagram:

Gra(C, O¢) —= Grp(C, O¢) —= Gru(C, O¢)

File(w®) Filg(w?) —— Filg(wM)

)

where Grg(C, O¢) — Grp(C, O¢) is the inverse of the natural bijection Grp(C, O¢) —
Grg(C,O¢) induced by P C G and the Iwasawa decomposition as above, Filg(w®) —
Filc(w?) is the map defined by [6] Proposition 4.2.17, and the other arrows are naturally
defined by P — M.

Let A € Sy (p) be such that € Grga(C,O¢). By Lemma (Ebe)p Xp M =~
Ebpropry (x)- For any x € X*(P/Zg)", since it factorizes through M, we have x.(&.)p =
X+€hys pry (z)- BY [2] Lemma 3.5.5,

1! (Enyypry @) = A = war(bar) € i (M)r.
Therefore,

degX* (gb,a;)P = degX*ng,prA(m)
= deg (x(bM), X O T (prx(w)))

= deg (x(bzw), X © A),

where the last two terms are the degrees of rank one filtered isocrystals. Thus we are
reduced to [6] Corollary 9.2.30. O

Before proceeding further, let us fix some conventions. Recall that we have the fol-
lowing commutative diagram for the Kottwitz and Newton maps (see [35] p. 162):

B(G) —Y— N(G)

L

m1(G)r — m1(G)r,o;

where we identify
m(G)ro = m(G)y = X«(Za)y = X«(Ac)a,

where A is the maximal split torus inside the center Zg of G. For an element v € N (G),
in the following we will denote its image in 7 (G)r g, by the same notation v for sim-
plicity. For a Levi subgroup M C G, we have the corresponding commutative diagram
as above for GG, which maps to that for G, since all the maps in the diagram is functorial.

Let b € G(Q,) be such that [b] € B(G,u) C A(G,pu) is basic. Recall that we have
the weakly admissible locus Gr)* C Gry, which is defined as the inverse image of
FUG, p,b)*>° under the map m, : Gr, — FL(G,n)°. Recall that we have also the
admissible locus

Gr), :== Gr¢y . C Gy = Grg y,
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which is defined as the open Newton stratum Grfyewt:[l] inside the Newton stratification
(see subsection [6.4))
Gro= [ Caleww

[v]eB(G,0,vpp1)
The theorem of Colmez-Fontaine (see [14] chapter 10) implies that under 7, : Gr, —
FU(G, u)?, we have
mu(Gry) C FUG, p, b)wa,
see also the proof of Proposition [6.4. Thus we have the inclusion of locally spatial

diamonds over Spd E:
Grj, C Gr,".

Theorem 6.16. Assume that [b] € B(G, u) is basic. Then the following statements are
equivalent:
B(G, ) is fully Hodge-Newton decomposable <= Gr), = Gr))*.

Proof. With all the ingredients at hand, the arguments in the proof of [3] Theorem 6.1
apply here. We first assume that G is quasi-split.

The direction “=": The arguments is identical to the direction (1) = (2) in [3]
Theorem 6.1, using

Y

the Newton stratification Gr, = ]—[[b/]EB(G,O,Vbu—l) Grﬁfewt:[b']

[3] Corollary 4.15 and Lemma 4.11,
the above Lemma

[3] Lemmas 6.2 and 6.3,

e the above Proposition [6.15

We leave the details to the readers.

The direction “<”: We follow the arguments in the direction (2) = (1) of [3]
Theorem 6.1, except in the last step Proposition will be used. For the reader’s
convenience, and to clarify the ideas, we sketch the arguments as follows. We use the
notations of [3].

We prove that if B(G, i) is not fully Hodge-Newton decomposable, then Gr,* 2 Grj,
ie. there exists a point x € Gr)*(C,Oc¢) \ Gr},(C,Oc), for any algebraically closed

perfectoid field C|E.

By [3] Corollary 4.15, B(G,0,v,u~!) is not fully Hodge-Newton decomposable, and
thus by [3] Proposition 4.13 (and its proof), there exists o € A such that

(—wop, Wa) > 1,
where @, = Zveiw\A:a wy. Let B € A such that 5|4 = a with corresponding coroot
BY € AV. Then (8Y,04) = ((BY)°,@a) = 1 and thus
(—wop — 5\/7‘:)0) > 0.
Let M be the standard Levi subgroup such that Ag pr = Ag\{a}. Write P the associated

standard parabolic subgroup. Then the element (8Y)f € m(G)r admits to a lift to
m1(M)r, which we still denote by

(8 € m(M)r = (X.(T)/(@Y)) -

Let [b);] € B(M)pasic be the basic element in B(M) such that it is mapped to (8Y)*
under the bijection ks @ B(M )pasic — m1(M)p. Let [b'] € B(G) be the image of [b),]
under the natural map B(M) — B(G). Then by construction

My = M, [b/] € B(G,0, l/b/t_l)
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and ([b'], vpp1) is not Hodge-Newton decomposable.

Consider the Newton stratum Z := Gr{fe“’t:[’” attached to [0']. Then naturally

Z(C,0c) N Gr¥(C, Oc) € Gr*(C,Oc) \ Gri(C,Oc). We claim that
Z(C,00) () Gr*(C,0¢) # 0.

This will conclude the proof of the direction “<”.

Suppose the claim was not true, i.e. for any x € Z(C, O¢), = is non weakly admissible.
By the definition of Z, we have

(":b”fr ~ gb"
By Proposition there exists a standard maximal parabolic () with the correspond-
ing Levi Mg, a reduction by, of b to Mg, a character x € X.(Q/Zg)" such that
degx«(Epz)o > 0. Consider the map

v: XQ/Zg) = Z, X~ degX.(&ra)o-

It defines an element v € N(G) and we have v < v(&, ;) by [3] Theorem 1.8. From this
inequality, we get @ = P and (& ;)¢ is the canonical reduction of &, , to the maximal
parabolic ) = P.

Consider the decomposition Grg,,(C, Oc) = [1)es,, () GTaA(C; Oc). Let A € Spr(p)
such that z € Grg A (C,O¢). By Lemma we have

&, = ()P xp M = ()P xp M = &y or, (2)

where by = by, is the above reduction of b to Mg = M. Therefore, by taking —cM (),
we get

M) = kar(bar) — N € m (M)r,
which implies

Vy =, —N®1€ m(M)rg

M

by our previous convention. As s (by,) = (8Y)* by construction, we get
(1) Aﬁ@l:VbM _(Bv)ﬁ@)l Eﬁl(M)Fy@'

Next we pass to the dual side. Consider the inner form J, of G. Let [b”] € B(.J,) be
the element which is mapped to [b'] € B(G) under the bijection B(Jy) = B(G). Since G
is quasi-split and b" admits reductions to P and M (by construction), the groups P and
M transfer to parabolic and Levi subgroups respectively of Jp,, which we still denote by P
and M by abuse of notation. Moreover, there exist corresponding reductions b, and b/,
of b to M and P respectively. The isomorphism Jb,Qp ~ G(@p induces an identification
Grj, . = Grg,u, and by Theorem [6.10] we have

Gy = arge M = 2.
By Lemma 4.1, the bijection B(Jy) = B(G) restricts to a bijection B(Jp, u~t) =
B(G,0,vput). As [b] € B(G,0,vpu™1), we get [b"] € B(Jy,u~!). Consider the dual
local Shtuka datum (J,, {1}, [b"]). We have the following diagram

Sht(Jy, 1, ") oo

N

Newt [b”]
Ger, anu'

Recall that we have our point x € Z(C,0O¢) = Gr f,ie;'jt i }(C, Oc¢). Consider the
subset

mar(Tr(x)) C Gry, ,—1(C, Oc).
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For the parabolic P and Levi M of J,, we consider the digram of the corresponding BJR—

affine Grassmannians. Under the identifications Grg ), = Gry, , and S$ (1) = S]‘\]/}(u),
the decompositions Grg,, = ersﬁ(u) Grg and Gry, , = ]_[AGS}&(#) Gry, » coincide.
We consider the side Grj, ,-1. Let z € Tar(Tn(T)) C Gry, ,-1(C,Oc¢) be a point.
Consider the decomposition of Gry, ,-1(C,O¢) indexed by Syr(p!) := S]‘\]}(,u_l). Let
N € Syr(p™t) be such that

S Grjb,,\/(C, Oc)
By Lemma [6.14] again, we have

(&,//72) Xp M ~ gb?\//l

pryv(z):

Let Ao := —wop € Spr(n~!') be the maximal element. If M = \g, that is
N = —wop € X (T)3; € X(T),

then we have

N®1=(-wp) ®1em(M)g= (X*(T)/<<I>X4>)Q

Now we come back to the group G and consider M as a Levi subgroup of G. We have
our previous notation (M )r g, taking into account the Galois action on G@p defined
by G over Q,. Then

2) (V) @ 1= (—wopf ®1€m(Mrg.
Recall that we have the corresponding element A € Sy/(u) such that z € Gry, A(C, O¢).
Then

Mfol=-X®1

= —Up,, + (6\/)tt ®1e 7T1(M)F7Q,

where the second “=" comes from equation [I] Combined with equation [2, we get
(3) — Uy, = (—wop)f @1 = (8Y) @1 € m(M)rg.
Pushing forward equation [3|to 71 (G)r g and taking (-,0q), we get

<*Vb7a}a> = <*U)0/L - ﬁvv‘ba> > 0.
This is a contradiction, since b is basic in G and thus (—v},0,) = 0. Therefore, for any
z € WdR(W;I%,,(:r)) such that z € Gry, v(C,O¢), we have

N # .

Now let € Z(C,O¢) vary. Since Gr§  .1(C,0¢) = [l ezc.00) Tar(T(2)), by
the above discussion, we get

GrY, ,1(C,00) () Grs,»(C, Oc) = 0.

As Grgb#ﬂ C Gry, ,—1 is open and Gry, ), C Gry, ,—1 is dense by Proposition we
must have

GrY, ,1(C,00) [ Gry,(C, Oc) # 0.

This contradiction implies that the claim is true: Z(C,O¢) () Gr,*(C, O¢) # 0. Thus
we have proved the direction “<”.

The general case: now consider the case G non necessarily quasi-split. Let G4 be
the adjoint group attached to G. Then we get a natural surjective morphism ¢ : Grg, ,, —
Gra, maq- L€t [bad] € B(Gad, fad) be the corresponding element under the bijection
B(G, 1) = B(Gad, ptad)- We consider the admissible locus and weakly admissible locus
of Grg with respective to b,q. One checks easily that

Grg, = ¢ '(Gry ,,.,) and Grg? =o¢ 1 (Grg?, . ).

adsMad

ads>Mad

adsMad
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Thus we are reduced to the case G is adjoint. Let H be a quasi-split inner form of
G. Then H is adjoint and G = Jy for some [b*] € B(H)pasic = H(Qp, H). Let
[bH] € B(H) be the image of [b] under the bijection B(G) = B(H). We can consider
the admissible locus and weakly admissible locus inside Grpy, with respective to b,
Under the identification Grg,, = Gry,,, we have

a — a wa wa
GrG# = GrH’u and GrG# = GrH’u.

Thus we are reduced to the quasi-split case as the last paragraph of the proof of [3]
Theorem 6.1.
O

Come back to the Hodge-Tate side Gr,-1. For any algebraically perfectoid field C |]§7
and any = € Gr,-1(C,O¢), the inequality v(&1,&1 4, f) < v(E12) (see subsection
and Proposition (1)) implies that we have always the inclusion for open Newton and
Harder-Narasimhan strata:

GrNewt:[b} c GrHN:[b]
pt pto
Our previous efforts (cf. Theorems and [6.10) imply the following enlarged version
of Theorem [6.16}

Corollary 6.17. Let [b] € B(G, u) be basic. The following statements are equivalent:

(1) B(G, ) is fully Hodge-Newton decomposable,
(2) Grj, = Gr))”,
(3) Grfjf}”t:[b] = Grf,]\f:[b].

Of course, one can make the above corollary into a similar version as Theorem [5.1] by
including the corresponding information for the dual local Shtuka datum (J,, {uz =1}, [b~1]).
One can also generalize the results further to Gr<, and Grc,-1. We leave these tasks

to the reader.

7. APPLICATION TO MODULI OF LOCAL (G-SHTUKAS

Let (G, {u},[b]) be a local Shtuka datum. Fix a representative b € G(Q,) of [b], and
let Sht(G, p,b)s be the associated moduli space of local G-Shtukas of type {u} with
infinite level. 5

Consider the Hodge-Tate period map of diamonds over F

gy : Sht(G, p, ) oo — Grl[f],l,

where we write Gr[b],l = Ger;w =1 for the associated Newton stratum inside Gr,,—1 for

simplicity. By subsection the Harder-Narasimhan stratification on Gr,,-1 induces a

(0]

Harder-Narasimhan stratification on Gr

pt
Grrg)},1 = H Grl[foIN:[b]
[b']€ B(G,u),[b']<[b]
where each GrE’LfIN:[bI] C GrlrE’]_1 is the pullback of Grf_f\f:[bq C Gry-1 under the inclu-
sion Grl[f},1 C Gr,,-1, which is empty if [b'] > [b] and [0'] # [b] (see subsection . The

above stratification in turn induces a Harder-Narasimhan stratification on Sht(G, p, b) oo
by diamonds

Sht(G, pt, b)oo = 11 Sht(@, p, b) EN=11,
[V]€B(G,u),[b']<[b]
where
Sht(G, , H)IV=I) = b (Gal BN,
By Corollary we have
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Corollary 7.1. For any non basic V'] € B(G,u) such that [b'] < [b], the stratum
Sht(G, p, b)foN:[b] is a parabolic induction.

Of course, when [b] = [bo] is basic, the above Harder-Narasimhan stratification on
Sht(G, p,b) oo is trivial and thus Corollary says nothing in this case.
We may also consider the Hodge-Tate period map of diamonds over F

T Sht(G, < 1, b)so — Gr[ﬁL_l.

Then we have similar conclusion for Sht(G, < p,b)s as above.

8. APPLICATION TO SHIMURA VARIETIES

Let (G,X) be an arbitrary Shimura datum. Let p be a prime number. Consider the
conjugacy class of Hodge cocharacters {u} attached to X, which we view a conjugacy
class of cocharacters over Q,. Set G = Gq,.

Let v|p be a place of the reflex field E = E(G,X) above p and E = E,. Let
K C G(Ay) be a sufficiently small open compact subgroup. Attached to (G, X, K), we

have the Shimura variety Shk over the local reflex field F, which we view as an adic
space. Assume that K is of the form K = KK? with K C G(Q,) and K? C G(A?).

Consider the p-adic flag variety .#¢(G, ') over E, on which we have an action of
G(Qp). Let G¢ denote the quotient of G' by the maximal Q- anisotropic R-split subtorus
in the center Zg of G. Then we have an induced action G¢(Q,) on FU(G, u~t). Let
K¢ C G°(Qp) be the induced open compact subgroup. The quotient space

(KN FUG, )7

exists as a small v-stack in the sense of [38]. The main results of [26] and [7] imply that
we have the Hodge-Tate period map

mar : Shg — [K°\ FUG, p~ ),

which is a morphism of small v-stacks over E. More precisely, by [26] Theorem 1.2 the
universal p-adic local system over Shk is de Rham, thus we get a relative Hodge-Tate
filtration on it; by [7] Theorem 1.3, the type of this Hodge-Tate filtration is exactly

given by {u~1}.
Noting that the K°-action on .Z/(G, u~1)° preserves the Harder-Narasimhan strati-
fication

FUGu = [ FuGu Ik,

we get a stratification on Sh% via TyT:
shy=J] sng" "
[bleB(G,u)
where
Shy" " = ik ([K°\ FUG, um NI,
By Theorem we have

Corollary 8.1. For any non basic [b] # [bo], the stratum ShﬁN:[b] is a parabolic induc-
tion.

Similarly, the K°invariant Newton stratification

yg(Ghu—l)O _ H ggg(Ghu—l)Newt:[b],O
(bleB(G,u)
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also induces a stratiﬁcatiorﬂ on Shy:

Newt=[b
shig = J] Shg™ ",
bIEB(G )

where
Shﬁewt:[b} _ 71_;[%_' ( [LC \ QE(G, Mfl)Newt:[b],O] > )

Then we have an inclusion of open strata

snivei=lbol o gpHN=lol,

Theorem implies

Corollary 8.2. If the associated pair (G,{pu}) is fully Hodge-Newton decomposable, then
ShNewt:[bo] o ShHN:[bo}
K = »hg :

We refer the reader to [13] 9.7.2 for some speculations on possible arithmetic appli-
cations related to the results above.

Remark 8.3. The readers who prefer diamonds can replace the above by the following
considerations. Let
Shgr = @Shﬁ
KP
be the diamond of Shimura variety with infinite level at p and prime-to-p level KP, on
which we have a natural action of G(Qp). Then we get the Hodge-Tate period map of
diamond® over E
wgr : Shgr — FU(G, ufl)o,

which is G(Qp)-equivariant. We can define Harder-Narasimhan strata and Newton
strata on the diamond Shgpr, which are inverse limits of the corresponding strata at
finite levels. Corollaries and [8-3 admit the corresponding diamond versions.
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