PERFECTOID SHIMURA VARIETIES OF ABELIAN TYPE
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Let p be a fixed prime. For a Shimura datum (G, X), we have the associated tower of
Shimura varieties (Shx (G, X)) kcq(a,) over Cp. Fix a sufficient small prime to p level KP C
G(A?), and consider open compact subgroups K in the form K = K, K? with K, C G(Q,).

Let Shg,x»(G, X )24 be the associated adic spaces over C,. As usual, associated to the
Shimura datum (G, X), we have the flag variety FLq over Cp,, which will be viewed as an
adic space. In [4], we proved the following theorem.

Theorem 1. Assume that the Shimura datum (G, X) is of abelian type.
(1) There exists a perfectoid space Skv over C, such that Sgr ~ @Kp Shr, kr (G, X).

For the meaning of ~, see the Definition 2.4.1 of [§].
(2) There is a G(Qp)-equivariant map of adic spaces

THT SKp — ]:ﬁg,

which is invariant for the prime to p Hecke action on Sk, when KP varies. More-
over, pullbacks of automorphic vector bundles over finite level Shimura varieties
to Skr can be understood by using the map mur (for a precise statement, see [4]
subsection 3.4).

Recall that the basic theory of perfectoid spaces was developed in [5]. Recall also that
Shimura varieties of abelian type are exactly those studied by Deligne in [2], where he proved
that the canonical models of these Shimura varieties exist. When the weight is rational,
Shimura varieties of abelian type (over characteristic 0) are known as moduli spaces of
abelian motives. The class of abelian type Shimura varieties is strictly larger than the
class of Hodge type Shimura varieties. By Deligne’s classification, the class of abelian type
Shimura varieties is also the main class of Shimura varieties. Natural examples of abelian
type Shimura varieties (which are usually not of Hodge type) include those associated to
quaternion algebras over a totally real field, and those associated to special orthogonal
groups over Q with signature (2, n) for some integer n > 1.

Before stating the ideas in the proof of the theorem, let us first give some remarks. If
(G, X) is of Hodge type, then the theorem was proved by Scholze in [6] (and the part (2) for
Hodge-Tate period map was completed by Caraini-Scholze in [I]). In fact, Scholze proved a
stronger version for some compactification of Shimura varieties, which is the key geometric
ingredient for his construction of automorphic Galois representations.

By definition, a Shimura datum (G, X) is called of abelian type if there exists a Shimura
datum of Hodge type (G1,X1), together with a central isogeny between the derived sub-
groups G‘f” — G such that it induces an isomorphism of the associated adjoint Shimura
datum (G¢4, X¢d) ~ (G, X ). Therefore, the geometry of Shimura varieties of abelian
type and of Hodge type are closely related. The ideas in the proof of the theorem are as
follows.

Step 1. For any Shimura datum (G, X), fix a connected component X* C X. We
show that the statement (1) in the theorem is equivalent to the statement that, there
exists a perfectoid space S%, over C,, such that S%, ~ @Kp Shg(p )0 (G, X)) where
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Sh?(p x» (G, X)% are the connected (adic) Shimura varieties which over C come from X+ x
{e} (e is the identity element in G(Ay) ).

Step 2. Let (G, X)) be of abelian type and (G1, X1) be of Hodge type as above. Consider
the scheme over C,, defined by

Shicr (G, X) = lim Shi sr (G, X).
KP

Then we can show that there exists some K7 C G1(A%) such that
Shiyr (G, X) = Ship(G1, X1)/A,
where A is some finite group, acting freely on the scheme

Shg(f(Gl,Xl) = @ShgﬁpKf(Gl,Xl).
Kip
We would like a perfectoid version of this construction. By Step 1 and Scholze’s result
for (G1, X1), there is a perfectoid Shimura variety S?(p(Gl,Xl), such that S(I)(p(Gl,Xl) ~
1 1

@Klp ShgﬁpK? (G1,X1)%. The key points are now

(1) A acts freely on S?(p (G1, X1), which implies that S?(p (G1, X1)/A exists as a diamond
1 1
(cf. [7]).

(2) In fact, S%,(G1,X1)/A exists as an adic space. Moreover, there is a finite étale
1
Galois cover S%p(Gl,Xl) — 8%, = S?(p(Gl, X1)/A with Galois group A.
1 1

Then by a theorem of Kedlaya-Liu (cf. [3] Proposition 3.6.22), SY%, is perfectoid. By
construction, we have S%, ~ @KP Shg(pr(G, X)ed. By Step 1 again, the statement (1) of
the theorem holds.

Step 3. Let (G,X) and (G1,X1) be as in Step 2. Then we have FLg = FLg,.
By the results of Caraiani-Scholze, statement (2) of theorem holds for (Gp,X1). Let
Ty SK:f(Gl, X1) — FLg be the Hodge-Tate period map for the Hodge type perfectoid
Shimura variety Sgr(G1, X1). The key point is then 7T/HT‘S?<119(G1,X1) is A-invariant. So we

get a map

THT : S?{p — fﬁG
Then applying the G(Qp)-action, and the theory of connected components of Shimura va-
rieties, we get that the statement (2) of the theorem holds.

Here we give briefly some applications of the theorem. First, if (G, X) is a Shimura datum
of abelian type such that the associated Shimura varieties are compact, then we can use the
theorem to deduce the vanishing of degree i-th completed cohomology of these varieties,
where i > dimShg. Next, we can prove that the moduli spaces of polarized K3 surfaces with
infinity level at p are perfectoid, by applying our theorem and the global Torelli theorem
for K3 surfaces. We hope that this result will lead more interesting applications to the
arithmetic of K3 surfaces.
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