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Abstract. We construct some n-dimensional eigenvarieties for finite slope overconvergent
eigenforms over some unitary Shimura varieties with signature (1, n−1)×(0, n)×· · ·×(0, n)
by adapting Andreatta-Iovita-Pilloni’s method. We also show that there are some Galois
pseudo-characters over our eigenvarieties by studying analytic continuation of finite slope
eigenforms over these Shimura varieties.
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1. Introduction

The theory of p-adic families of automorphic forms started from the various works of
Hida and Coleman. For the related history one can see the introduction of [11]. In loc.
cit. Coleman and Mazur constructed the eigencurve for finite slope elliptic modular forms,
which parameterizes the systems of eigenvalues for Hecke eigenforms. Since then, there have
been many authors working on this field to develop a general theory of p-adic automorphic
forms on higher rank groups. For example, there is the work of Urban [27] based on
studying overconvergent cohomology. In particular, Urban constructed eigenvarieties for
any reductive groups G over Q such that G(R) admits discrete series. There is also an
approach of Emerton [13] by studying the completed cohomology of arithmetic quotients.
For definite unitary groups, Chenevier has constructed some eigenvarieties in [9] which have
quite useful applications to Galois representations, see for example [10]. Finally, there is
a geometric approach of Andreatta, Iovita and Pilloni [1] for finite slope Siegel modular
cuspforms. Their method is based on the theory of canonical subgroups, and is quite
promising to be generalized to general PEL type Shimura varieties, see for example [2] and
[6].
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In this paper, we work out the construction of some n-dimensional eigenvarieties for finite
slope eigenforms over some unitary Shimura varieties with signature (1, n − 1) × (0, n) ×
· · · × (0, n) by adapting Andreatta-Iovita-Pilloni’s method in [1]. These Shimura varieties
are restricted to the class studied by Harris-Taylor in [17] for proving the local Langlands
correspondence for GLn. However, see Remark 6.5 for a discussion for more general Shimura
varieties.

There were some related works in our setup. In [19] Kassaei studied p-adic modular forms
of integral weights over the Shimura curves, that is the case n = 2. In [5] Brasca studied non
integral weight forms over these Shimura curves and constructed an eigencurve. However,
the definitions of modular forms in both [19] and [5] can not be compared with the classical
theory of automorphic forms, since their modular forms are sections of some line bundles
which are not automorphic vector bundles over the Shimura curves. In [12] Ding studied
also non integral weight forms, whose definition is compatible with classical modular forms.
He constructed in fact an eigenvariety of dimension two, and used it to study the local-
global compatibility of Langlands correspondence in this setting. This paper deals with the
higher dimension Shimura varieties.

As in [12], we study automorphic forms with fixed weights outside a fixed archimedean
place τ0 (of the total real field F+, see subsection 2.1). Let the weight κ at τ0 vary in the
n-dimensional p-adic weight space W (see subsection 2.2 for the definition), we construct

some overconvergent automorphic vector bundles ω†κw (w ∈ Q>0 is some rational number
which depends on κ, see subsection 3.2) over (some admissible open subspaces inside the
p-adic rigid analytification of) our Shimura varieties X by applying the method in [1].
These sheaves can be put in families when κ varies in W. In particular, we can construct
n-dimensional eigenvarieties for the finite slope eigenforms over our Shimura varieties. An
evident characteristic of the construction is that our eigenvarieties are partial, in the sense
that we only let the weight at a fixed archimedean place vary. This is similar to the
construction in [10], but contrary to the total eigenvarieties as in [6].

An important assumption which we made in this paper is that the local reflex field is
Qp. This is for having the density of the usual ordinary locus, cf. [28] 1.6.3, so that we can
apply the results on canonical subgroups of [15] Théorème 6 as in the way of Andreatta-
Iovita-Pilloni. See Remark 6.5 for more explanation about the generalization.

We also study the analytic continuation of finite slope overconvergent eigenforms to prove
that the classical points in our eigenvarieties are dense. As a consequence, there are some
Galois pseudo-characters over the eigenvarieties. Let L be a large extension of Qp for the
Shimura data, see page 4 of subsection 2.1 for more precise specification. The main theorem
of the paper is the following.

Theorem 1.1. There is a rigid analytic variety E over L and a locally finite map to the
weight space w : E → W, such that

(1) E is equidimensional of dimension n.
(2) We have a character Θ : TKp ⊗Tp → O(E). For any κ ∈ W, w−1(κ) is in bijection

with the eigensystems of TKp ⊗Tp acting on the space of finite slope locally analytic
overconvergent automorphic forms of weight κ.

(3) For any κ = (k1, . . . , kn−1, kn) ∈ Zn−1
+ ×Z ⊂ W, if x ∈ w−1(κ) satisfies v(Θx(Ui)) <

kn−i − kn−i+1 + 1 for 2 ≤ i ≤ n − 1 and v(Θx(U1)) < kn + kn−1 − n + 1, then the
character Θx comes from a weight κ automorphic eigenform on X. Here Θx is the
composition of Θ with the evaluation map evx : O(E) → k(x) (k(x) is the residue
field of x).
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(4) There is a Galois pseudo-character T : Gal(Q/F )→ O(E)red (F is some CM field,
see subsection 2.1), such that for any point x ∈ E, there is a continuous semi-

simple representation ρx : Gal(Q/F ) → GLn(k(x)) and the trace of this Galois
representation is Tx. Here O(E)red is the reduced algebra associated to O(E), and
Tx is the composition of T with the evaluation map evx : O(E)red → k(x).

For the definition of the Hecke algebra TKp ⊗ Tp and the operators Ui for 1 ≤ i ≤ n− 1
see section 4. We hope that these eigenvarieties will have useful applications to Galois
representations, as what those constructed by Chenevier for definite unitary groups have
done.

This paper is organized as follows. In section 2, we introduce the related Shimura va-
rieties and review automorphic vector bundles on them. In section 3, we first review the
theory of canonical subgroups and the Hodge-Tate maps for them as in [1] section 4, then

we construct the overconvergent sheaves ω†κw by proceeding in the same way as in loc.
cit.. In section 4, we define the Hecke operators which act on the spaces of overconvergent
automorphic forms. Then in section 5, we study analytic continuation of finite slope over-
convergent eigenforms and prove the classicality theorem. In the last section we construct
the n-dimensional eigenvarieties and prove the main theorem.

Acknowledgments. The tremendous debt that this paper owes to Andreatta-Iovita-
Pilloni’s work [1] will be clear to the readers. I wish to acknowledge its serious impact
on writing down this paper. I would like to thank Laurent Fargues sincerely for the dis-
cussion in the early stage of this work. I wish to thank Yiwen Ding, Peter Scholze, and
Yichao Tian for useful discussions during the preparation of this paper. I would like to
thank Fucheng Tan for useful comments. I should thank the referee for careful reading and
useful suggestions. This work was supported by the SFB/TR 45 “Periods, Moduli Spaces
and Arithmetic of Algebraic Varieties” of the DFG.

2. Shimura varieties and automorphic vector bundles

2.1. Some unitary Shimura varieties. In this section we introduce the Shimura varieties
which will be the main object of study in this paper. These were studied by Harris-Taylor
in [17] for proving the local Langlands correspondence for GLn. For more details, see loc.
cit. I.7, III.1, III.4.

Let p be a prime number. Fix an imaginary quadratic field E in which p splits. The two
primes of E above p will be denoted by u and uc, and the complex conjugation of Gal(E/Q)
will be denoted by c. Let F+|Q be a totally real field of degree N . Set F = F+E, so that
F is a CM-field with maximal totally real subfield F+. Let $ = $1, $2, . . . , $r denote the
primes of F above u, and let v = v1, v2, . . . , vr denote their restrictions to F+. We will
denote the degrees of F$i ' F+

vi by di for i = 1, 2, . . . , r. Let B/F denote a central division

algebra of dimension n2 over F such that

• the opposite algebra Bop is isomorphic to B ⊗E,c E;
• B is split at $;
• at any place x of F which is not split over F+, Bx is split (here and in the following
Bx = B ⊗ Fx);
• at any place x of F which is split at F+, either Bx is split or Bx is a division algebra;
• if n is even then 1 + Nn/2 is congruent modulo 2 to the number of places of F+

above which B is ramified.

As in [17] p.51, we can choose an involution of second kind ∗ on B. Moreover, we can
choose some alternating pairing 〈, 〉 on V ×V → Q for the B⊗F Bop module V := B, which
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corresponds to another involution of second kind ] on B. The associated reductive group
G/Q is defined by

G(R) = {(g, λ) ∈ (Bop ⊗Q R)× ×R×| gg] = λ},

for any Q-algebra R. Let G1 be the kernel of the map G → Gm, (g, λ) 7→ λ, which can be
viewed as a group over F+. Choose a distinguished embedding τ0 : F+ ↪→ R. As in Lemma
I.7.1 of loc. cit. we can make the choice of the alternating pairing on V ×V → Q such that

• if x is a rational prime which is not split in E, then G is quasisplit at x,
• if σ : F+ ↪→ R is an embedding, then G1×F+,τ R is isomorphic to the unitary group
U(1, n− 1) if σ = τ0 and U(n) otherwise.

We can say more about the group G. First, we have an isomorphism

ResE/QGE ' (Bop
Q )× ×ResE/QGm,

which is an inner form of the quasi-split group ResF/QGLn ×ResE/QGm. So the theory of
automorphic representations for G can be understood by those for GLn/F via the stable
base change theorem of Clozel and Labesse, see 1.2.6 in [16]. Second, the local reductive
group at p has the form

GQp '
r∏
i=1

(Bop
$i)
× ×Gm.

Fix a maximal order Λi = OB$i in B$i for each i = 1, 2, . . . , r. Our pairing on V = B

induces perfect duality between V$i and V$ci . Let Λ∨ ⊂ V$ci be the dual of Λi ⊂ V$i . Then

Λ :=
r⊕
i=1

Λi ⊕
r⊕
i=1

Λ∨i

is a Zp-lattice in V ⊗Q Qp and we have a perfect pairing Λ × Λ → Qp. Let OB ⊂ B be
the unique maximal Z(p)-order such that O∗B = OB and OB,$i = OB$i for i = 1, 2, . . . , r.

Fix an isomorphism OB$ ' Mn(OF$). Let ε = (εij) ∈ Mn(OF$) be the idempotent with
ε11 = 1 and all the other εij = 0. Then Λ11 := εΛ1 ' (OnF$)∨, and

Λ ' ((OnF$ ⊗ Λ11)⊕ (OnF$ ⊗ Λ11)∨)⊕
r⊕
i=2

(Λi ⊕ Λ∨i ).

Let K ⊂ G(Af ) be a sufficiently small open compact subgroup. Then we have a projective
Shimura variety ShK over F , which is a moduli space of abelian varieties with additional
structures. More precisely, for any connected locally noetherian F -scheme S, ShK(S) =
{(A, λ, ι, η̄)}/ ' where

• A/S is an abelian scheme of dimension Nn2;
• λ : A→ A∨ is a polarization;
• ι : B → End(A) ⊗ Q is an action such that λ ◦ ι(b) = ι(b∗)∨ ◦ λ for all b ∈ B and

(A, ι) is compatible (cf. [17] Lemma III.1.2);
• η̄ is a level structure η : V ⊗ Af → Vf (A) (modK).

Let L|Qp be a finite extension which is large enough so that it contains all the embeddings of

F into Qp and it splits all B$i for 2 ≤ i ≤ r. We fix an embedding F$ ⊂ L and still denote
ShK the above variety base changed to L via the fixed embedding by abuse of notation.
Assume K has the form K = KpKp ⊂ G(Apf )×G(Qp). If Kp =

∏r
i=1O

×
Bop$i
×Z×p , then one

can define a proper smooth intergral model SK of ShK over OL by considering a similar



p-ADIC FAMILIES OF AUTOMORPHIC FORMS OVER SOME UNITARY SHIMURA VARIETIES 5

integral modular problem. In fact, let m = (m1, . . . ,mr) ∈ Zr≥0, and Kp(m) be the product

Kp ×
r∏
i=1

ker(O×
Bop$i
→ (OBop$i

/$mi
i )×)× Z×p ,

then by introducing the notion of Drinfeld level structures at p, one can define a proper
flat regular model SKp(m) of ShKp(m) over OL. For Kp and m varying, the group G(Af )
acts as Hecke correspondences on the tower (SKp(m))Kp,m. Over C, ShK,C is a disjoint

union of ker1(Q, G) copies of the PEL unitary Shimura variety ShK(G,X) associated to
the corresponding Shimura data. By abuse of terminology, we will call these moduli spaces
for K varying Shimura varieties.

2.2. Automorphic vector bundles. Let (m2, . . . ,mr) ∈ Zr−1
≥0 and Kp be fixed. We will

be interested in the levels K0 = Kp(0,m2, . . . ,mr) and

K = Kp × Iw ×
r∏
i=2

ker(O×
Bop$i
→ (OBop$i

/$mi
i )×)× Z×p ⊂ Kp(1,m2, . . . ,mr),

where Iw ⊂ GLn(OF$) denotes the Iwahori subgroup. To simplify notations, let X :=
ShK , Y := ShK0 and X (resp. Y ) be the special and generic fibers of SK (resp. SK0). We
know that SK0 is smooth ([17] Lemma III.4.1), and SK has strictly semi-stable reduction
([26], Proposition 3.4). We will study automorphic vector bundles on X and the related
theory of automorphic forms. For this we will need some preparation.

Let Σ = Hom(F+, L). Then it is bijective to Hom(F+,R), after fixing an embedding
L ↪→ Qp and an isomorphism Qp ' C. Let τ ∈ Σ be the element which corresponds to τ0

under this bijection for the fixed τ0 : F+ ↪→ R in the last subsection. We can and we do take
the embedding and isomorphism above such that τ comes from an element in Hom(F$, L).
Consider the Levi subgroup M of

GF$ ' Gm ×
∏

σ:F$↪→L
GLn ×

r∏
i=2

(Bop
$i)
×
F$

defined by

M = Gm ×GLn−1 ×GL1 ×
∏

σ 6=τ :F$↪→L
GLn ×

r∏
i=2

(Bop
$i)
×
F$
.

Then over L, we have the isomorphisms

GL ' Gm ×
∏
σ∈Σ

GLn

ML ' Gm ×GLn−1 ×GL1 ×
∏

σ 6=τ :F+↪→L

GLn.

Take a maximal torus T ⊂ML ⊂ GL, and choose a Borel subgroup T ⊂ B ⊂ GL. Then we
have an isomorphism of dominant weight (of B ∩ML)

X∗(T )ML
+ ' Z× Zn−1

+ × Z×
∏
σ 6=τ

Zn+.

Here and in the following, for any positive integer k, Zk+ = {(a1, . . . , ak) ∈ Zk| a1 ≥ · · · ≥
ak}. Therefore, each irreducible representation ρ of ML corresponds to (b0,

−→
bτ , bτ , (

−→
bσ)σ 6=τ ),

with
−→
bτ = (b1τ , . . . , b(n−1)τ ) ∈ Zn−1

+ ,
−→
bσ = (b1σ, . . . , bnσ) ∈ Zn+, and this gives arise to an

automorphic vector bundle Vρ on X.
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Let A/SK be the universal abelian scheme with unit section e : SK → A. Recall SK is
the integral Shimura varieties over OL with generic fiber X. Let ω := ε(e∗Ω1

A/SK
), where

ε = (ε+
i ⊕ ε

−
i ), for each i = 1, . . . , r both ε+

i and ε−i are the idempotent matrices with all
(k, j) 6= (1, 1)-elements 0 and 1 for the (1,1) element. We have the decomposition

A[p∞] = A[$∞1 ]⊕ · · · ⊕A[$∞r ]⊕A[$c,∞
1 ]⊕ · · · ⊕A[$c,∞

r ],

with A[$∞i ] ind-étale for 2 ≤ i ≤ r, and A[$∞i ]D ' A[$c,∞
i ] for all 1 ≤ i ≤ r. This induces

a decomposition
ω = ω1 ⊕ · · · ⊕ ωr ⊕ ωc1 ⊕ · · · ⊕ ωcr,

with ωi comes from the sheaf of invariant differentials of A[$∞i ] and ωci comes from the sheaf
of invariant differentials of A[$c,∞

i ]. This is also the decomposition of ω under the action
of OF ⊗ Zp. Thus ω2 = · · · = ωr = 0, rankωci = din, i ≥ 2, rankωc1 = d1n − 1, rankω1 = 1.
For 1 ≤ i ≤ r, let Σi = Hom(F$i , L). From the next subsection we will assume F$1 = Qp.
Then Σ1 = {τ}, and Σ = Σ1 t · · · tΣr. If we consider the action of OF ⊗OL on ω, we have
further decompositions

ω = (ω1 ⊕ ωc1)⊕ ωc2 ⊕ · · · ⊕ ωcr
=

⊕
σ∈Σ1

ωσ ⊕
⊕
σ∈Σ2

ωσ ⊕ · · · ⊕
⊕
σ∈Σr

ωσ

= ωτ ⊕
⊕

σ∈Σ,σ 6=τ
ωσ,

where ωτ = ω1
τ ⊕ ω2

τ , ω
1
τ = ω1 is of rank one, and rankω2

τ = n − 1. For later use, we make
the following definition.

Definition 2.1. Let H = ε+
1 A[$∞], which is a p-divisible group of dimension one and

height n over SK . For any scheme S over OL, if x : S → SK is an S-valued point of SK ,
we denote Hx the corresponding base change of H to S.

We have similar objects over X, SK0 and Y . In the following, we will also use H to
denote a p-divisible group of dimension one and height n over a suitable base. The precise
meaning of the group H will be clear in the context. By abuse of notation we also denote
the restriction of ω over X by ω, which can be defined directly in the same way.

Consider the subgroup M ′ = GLn−1 × GL1 ×
∏
σ 6=τ GLn ⊂ ML, then every irreducible

representation of M ′ can be viewed as an irreducible representation of ML via the natural
projection ML �M ′. In the following we will concentrate on these representations and the
associated automorphic vector bundles. Let

T = Isom(ω,On−1
X ⊕OX ⊕

⊕
σ∈Σ,σ 6=τ

OnX),

which is aM ′-torsor overX. Denote by π the projection T → X. For κ = (kτ,1, . . . , kτ,n−1, kτ ,

(
−→
kσ)σ 6=τ ) ∈ Zn−1

+ × Z ×
∏
σ 6=τ Zn+, let κ′ = (−kτ,n−1, . . . ,−kτ,1, kτ , (

−→
kσ)σ 6=τ ). We define a

coherent sheaf
ωκ := π∗OT [κ′],

which as an automorphic vector bundle corresponds to the irreducible representation V (κ)
of M ′ of highest weight κ. Conversely, any automorphic vector bundle corresponding to an
irreducible representation V (κ) of M ′ of highest weight κ comes in this way. We note that
V (κ) = Vκ′ by the notation of [1] 2.1:

Vκ′ := {f : M ′ → A1| f(gb) = κ′(b)f(g), ∀(g, b) ∈M ′ × (B ∩M ′)}.
In the above we have denoted ωκ = Vκ.
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Definition 2.2. We call the elements of H0(X,ωκ) automorphic forms of weight κ over
X.

By definition, an element f ∈ H0(X,ωκ) is a functorially defined function T (R)→ R for
any L-algebra R, such that for all b ∈ BM ′ := B ∩M ′ we have

f(A, λ, ι, η, ((v+
τ , v

−
τ ), (vσ)σ 6=τ ) ◦ b) = κ′(b)f(A, λ, ι, η, ((v+

τ , v
−
τ ), (vσ)σ 6=τ )),

where (A, λ, ι, η, ((v+
τ , v

−
τ ), (vσ)σ 6=τ )) is a Spec(R)- valued point of T .

The sheaf ωκ has a decomposition as tensor product

ωκ = ωκτ ⊗
⊗
σ 6=τ

ωκσ ,

which corresponds to the factors of κ = (κτ , (κσ)σ 6=τ ). Let T ′ = Tτ ×
∏
σ∈Σ,σ 6=τ Tσ be the

maximal torus of M ′. Let (
−→
kσ)σ 6=τ (= (κσ)σ 6=τ ) ∈

∏
σ 6=τ Zn+ be fixed. Under the assumption

F$ = Qp, Tτ is defined over Qp. Let W be the rigid analytic space over L associated to
the Iwasawa algebra OL[[Tτ (Zp)]], then it is defined over Qp. Its points have the following
explanation: for any affinoid algebra A over L,W(A) is the set of continuous hommorphisms
Hom(Tτ (Zp), A×). We have an embedding:

W(Cp) = Hom(Tτ (Zp),C×p ) ↪→ Hom(
∏
σ∈Σ

Tσ,C×p )

κτ 7−→ (κτ , (
−→
kσ)σ 6=τ ).

We will identify W(Cp) with its image under the above embedding, and call it the weight

space. In particular, it contains the set of integral weights Zn−1
+ × Z × (

−→
kσ)σ 6=τ . The

goal of this paper is to put the automorphic bundles associated to integral weights into a
family. More precisely, we will define a sheaf ωκτ for any κτ ∈ W over the rigid analytic
Shimura variety Xrig associated to X over L, which after tensor product with ⊗σ 6=τωκσ
interpolates the classical automorphic bundles in some suitable sense. In fact, we can only
define these sheaves over some admissible opens of Xrig. So we need better understanding
of the geometry of Xrig, which is closely related to the geometry of the special fiber X.
Recall that by GAGA, H0(X,ωκ) = H0(Xrig, ωκ) for the integral weight κ.

2.3. The geometry of special fibers and rigid generic fibers. Before going further
into the theory of automorphic forms, we shall review some basic geometric facts on the
special fibers and rigid generic fibers of SK0 and SK .

The Newton stratification of Y was studied in detail in the section III.4 of [17]. Recall
this stratification

Y =

n−1∐
h=0

Y
h
,

where a point x ∈ Y h
if and only if htHet

x = h. Here Het
x is the étale part of one dimensional

p-divisible group Hx associated to x. Here and in the following, for a p-divisible group H

over some suitable base, we denote by htH the height of H. We have dimY
h

= h. In

particular Y
n−1

is the µ-ordinary locus, which is open and dense in Y . The usual ordinary
locus of Y is non empty if and only if F$ = Qp ([28], 1.6.3), in which case it is also open
and dense.

Assumption 2.3. In the following of this paper, we will assume F$ = Qp to use the theory
of canonical subgroups.
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See remark 6.5 in the final section for some general cases. Consider the rigid analytic
space Y rig associated to Y .

Definition 2.4. We have the stratification of rigid analytic spaces over L

Y rig =
n−1∐
h=0

]Y
h
[,

here ]Y
h
[⊂ Y rig is the tube over Y

h
.

For a point x ∈]Y
h
[, we have the associated one dimensional p-divisible group Hx/Ok(x)

with htHx = n. Here and in the following k(x) is the residue field of x and Ok(x) is the
integer ring. We have the local-étale exact sequence of p-divisible groups over Ok(x):

0→ H0
x → Hx → Het

x → 0,

with htH0
x = n− h, htHet

x = h.
Recall that SK parameterizes the set of total flags of H[p], where H/SK0 is the universal

one dimensional p-divisible group over SK0 , see [26] section 3. As in the last subsection, let
Xrig be the rigid analytic space associated to X over L. Now for the varieties X,Xrig, we
have also the Newton stratification

X =
n−1∐
h=0

X
h
, Xrig =

n−1∐
h=0

]X
h
[.

In our special unitary case of signature (1, n− 1)× (0, n)× · · · × (0, n), the Newton strati-
fication and the p-rank stratification coincide. As in [26] Proposition 3.4 (3), we know that
the irreducible components of X are

Xi = {x ∈ X|Filix is connected }
for the filtration 0 ( Fil1x ( · · · ( Fil(n−1)x ( Hx[p]. For any non empty subset S ⊂
{1, . . . , n}, let XS =

⋂
i∈S Xi, X

0
S = XS −

⋃
i∈S,j∈{1,...,n}−S(Xi ∩Xj), then by loc. cit.

X
h

=
∐

]S=n−h
X0
S .

In particular, ]X
n−1

[=
∐n
i=1]X0

i [. The locus

]X0
1 [⊂]X

n−1
[

is sometimes called “multiplicative-ordinary” locus in our case F$ = Qp.

3. Overconvergent automorphic forms

3.1. Canonical subgroups and applications. Let the notation and assumption be as
before. Let H/Y be the universal p-divisible group of dimension one over the special fiber

Y . Then we have the Frobenius and Verschiebung morphisms F : H → H(p), V : H(p) → H.
Let

V ∗ : ωH → ω⊗pH
be the induced morphism on cotangent bundles. Then the determinant of V ∗ defines a

section Ha ∈ H0(Y , ω
⊗(p−1)
H ). We know that the non-vanishing locus of Ha is the ordinary

locus Y
n−1

.
Let K be a complete valued extension of Qp for a valuation v : K → R ∪ {∞} such that

v(p) = 1 (Here and in the following, since the level is fixed, by abuse of notation K will
denote a complete extension of Qp. In any case, the precise meaning should be clear from
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the context.). We denote by OK the ring of integers of K and let v : OK/pOK → [0, 1]
be the truncated valuation. For any w ∈ v(OK) we set m(w) = {x ∈ K| v(x) ≥ w} and
OK,w = OK/m(w). Let H/OK be a p-divisible of dimension one, and G = H[p] be the
truncated p-divisible group of level one. Consider the group GOK/pOK . Then we have an

element Ha(H) ∈ ω⊗(p−1)
G in the OK,1-module ω

⊗(p−1)
G . Let Hdg(H) := v(Ha(H)) ∈ [0, 1].

Recall that we have the following theorem.

Theorem 3.1 ([15], Théorème 6). Let m ≥ 1 be an integer. Assume that Hdg(H) <
1

2pm−1 (resp. 1
3pm−1 ifp = 3). Then the first step of the Harder-Narasimhan filtration of

H[pm], denoted by Cm, is called the canonical subgroup of level m of H. It has the following
properties.

(1) Cm(K) ' Z/pmZ.

(2) degCm = 1− pm−1
p−1 Hdg(H).

(3) For any 1 ≤ k < m, Cm[pk] is the canonical subgroup of level k of H.
(4) In HOK,1−Hdg(H)

we have that C1OK,1−Hdg(H)
is the kernel of Frobenius.

(5) For any 1 ≤ k < m,Hdg(H/Ck) = pkHdg(H) and Cm/Ck is the canonical subgroup
of level m− k of H/Ck.

(6) Let HD be the Cartier-Serre dual of H. Denote by C⊥m the annihilator of Cm under
the natural pairing H[pm]×HD[pm]→ µpm. Then Hdg(HD) = Hdg(H) and C⊥m is
the canonical subgroup of level m of HD.

Let Y/SpfOL be the formal completion of SK0 along the special fiber Y . Since the
variety Y is proper, we have Yrig = Y rig. Then by [15] 2.2.2 there is a continuous function

Hdg : Y rig → [0, 1]

such that for any point x ∈ Y rig, Hdg(x) = Hdg(Hx). Here Hx is the p-divisible group over
Ok(x) associated to x. By our construction, we have

]Y
n−1

[= Hdg−1(0),

and for any ε ∈ [0, 1] ∩ v(L
×

),

Y (ε) := Hdg−1([0, ε])

is an admissible open subset of Y rig, which is a strict neighborhood of ]Y
n−1

[.
As in [1] 4.1, we let Adm be the category of admissible OL-algebras, i.e. flat OL-algebras

which are quotients of rings of restricted power series OL〈X1, . . . , Xr〉 for some r > 0. Let
NAdm be the category of normal admissible OL-algebras. For any object R of Adm, we
let R-Adm be the category of R-algebras which are admissible as OL-algebras. We define
similarly R-NAdm.

Fix an object R of NAdm. Let S = SpecR and Srig be the rigid analytic space associated

to the formal scheme Ŝ := SpfR. Let H/S be a p-divisible group of dimension one and
constant height n. Assume that there is a v < 1

2pm−1 (resp. v < 1
3pm−1 if p = 3) such that

for any x ∈ Srig, Hdg(x) < v. Then for any point x ∈ Srig, Hx has a canonical subgroup
of level m. By the properties of the Harder-Narasimhan filtration, there is a finite flat
subgroup Cm,L ⊂ HSrig interpolating the canonical subgroups of level m for all the points
x ∈ Srig. If w ∈ v(OL), we set Rw = R⊗OL,w and for any R-module M , set Mw = M⊗Rw.

Proposition 3.2 ([1], Prop.4.1.3, 4.2.1, 4.2.2). (1) The subgroup Cm,L extends to a fi-
nite flat subgroup scheme Cm ⊂ H[pm] over S.

(2) Let w ∈ v(OL) with w ≤ m− v p
m−1
p−1 . The morphism of coherent sheaves ωH[pm] →

ωCm induces an isomorphism ωH[pm],w → ωCm,w.
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(3) Assume CDm(R) ' Z/pmZ. Then the cokernel of the linearized Hodge-Tate map

HTCDm ⊗ 1 : CDm(R)⊗R→ ωCm

is killed by p
v
p−1 .

Similarly, we have a finite flat subgroup scheme C⊥m ⊂ HD[pm] over S with the same prop-
erties as in the above (2) and (3), whose generic fiber interpolates the canonical subgroups
of level m in HD

x for all points x ∈ Srig.
We fix a rational number v such that v < 1

2pm−1 (resp. v < 1
3pm−1 if p = 3) with the

property that for any point x ∈ Srig, Hdg(x) < v. Let Cm denote the canonical subgroup of
H of level m over S. Consider the dual, we have the canonical subgroup C⊥m of HD of level m
over S. In the following, we will assume that CDm(R) ' Z/pmZ, (C⊥m)D(R) ' (Z/pmZ)n−1,
and the sheaves ωH and ωHD are free over S. Then Prop. 4.3.1 of [1] gives us the following
sheaves.

• There is a free sub-sheaf of R-modules F+ of ωH of rank 1 containing p
v
p−1ωH which

is equipped, for all w ∈]0,m− v pm

p−1 ], with a map

HT+
w : CDm(R[1/p])→ F+ ⊗R Rw

deduced from HTCDm which induces an isomorphism

HT+
w ⊗ 1 : CDm(R[1/p])⊗Z Rw → F+ ⊗R Rw.

• There is a free sub-sheaf of R-modules F− of ωHD of rank n−1 containing p
v
p−1ωHD

which is equipped, for all w ∈]0,m− v pm

p−1 ], with a map

HT−w : (C⊥m)D(R[1/p])→ F− ⊗R Rw
deduced from HT(C⊥m)D which induces an isomorphism

HT−w ⊗ 1 : (C⊥m)D(R[1/p])⊗Z Rw → F− ⊗R Rw.
Then we have the sum maps

HTw = HT+
w ⊕HT−w : CDm(R[1/p])⊕ (C⊥m)D(R[1/p])→ F+ ⊗R Rw ⊕F− ⊗R Rw,

HTw ⊗ 1 : CDm(R[1/p])⊗Z Rw ⊕ (C⊥m)D(R[1/p])⊗Z Rw → F+ ⊗R Rw ⊕F− ⊗R Rw.
We keep the above notations and assumptions. Let GR → S be the flag variety parame-

terizing all (total) flags

Fil0F− = 0 ⊂ Fil1F− ⊂ · · · ⊂ Filn−1F− = F−

of the free module F−. We can view it parameterizes flags of

F := F− ⊕F+

of the form Fili(F) = FiliF− for i = 0, 1, . . . , n− 1 and FilnF = F . Note that when n = 2,
we have GR = S. Let GR+ be the Tτ = (Gm)n-torsor over GR which parameterizes flags
Fil•F together with basis vi of the graded pieces GriF− for 1 ≤ i ≤ n− 1 and basis vn of
F+.

We fix isomorphisms

ψ+ : Z/pmZ ' CDm(R[
1

p
]), ψ− : (Z/pmZ)n−1 ' (C⊥m)D(R[

1

p
]).

Let x1, . . . , xn−1, xn be the Z/pmZ-basis of (C⊥m)D(R[1
p ])⊕ CDm(R[1

p ]) corresponding to the

canonical basis of (Z/pmZ)n−1 ⊕ Z/pmZ. By ψ = (ψ+, ψ−) we obtain a flag

Filψ• = {0 ⊂ 〈x1〉 ⊂ 〈x1, x2〉 ⊂ · · · ⊂ 〈x1, . . . , xn〉 = (C⊥m)D(R[
1

p
])⊕ CDm(R[

1

p
])}.
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Let xi be the basis of the graded pieces. Let R′ be an object in R-Adm. We say that an
element Fil•F ⊗R′ ∈ GR(R′) is w-compatible if

Fil•F ⊗R′w = HTw(Filψ• )⊗R′w.

We say that an element (Fil•F ⊗R′, {vi}) ∈ GR+(R′) is w-compatible if

Fil•F ⊗R′w = HTw(Filψ• )⊗R′w
and

vi modpwF ⊗R′ + Fili−1F ⊗R′ = HTw(xi).

We define functors

IWw : R−Adm→ SET

R′ 7→ {w − compatible Fil•F ⊗R′ ∈ GR(R′)},
IW+

w : R−Adm→ SET

R′ 7→ {w − compatible (Fil•F ⊗R′, {vi}) ∈ GR+(R′)}.

These two functors are representable by affine formal schemes, for more detailed description
see [1] 4.5. We only remark that IW+

w is a torsor over IWw under Tw. Where Tw is the
formal torus defined by

Tw(R′) = Ker(Tτ (R′)→ Tτ (R′/$wR′))

for any object R′ in Adm. All these constructions are functorial in R. They do not depend
on m but only on w.

3.2. The overconvergent sheaves ω†κw . Recall we have the Shimura variety Y . On the
associated rigid space Y rig, we have a continuous function Hdg : Y rig → [0, 1]. For v ∈ [0, 1],
we have the open subset Y (v) = Hdg−1([0, v]). There is a formal model Y(v) of Y (v) by
some suitable blow-up and normalization, see [1] 5.2.

Let m ≥ 1 be an integer and v ∈ v(OK) such that v < 1
2pm−1 (resp. v < 1

3pm−1 if p = 3).

We have canonical subgroups Cm, C
⊥
m of level m over Y (v). Let

X1(pm)(v) = IsomY (v)(Z/pmZ, CDm)× IsomY (v)((Z/pmZ)n−1, (C⊥m)D).

It is a finite étale cover of Y (v). Let X1(pm)(v) be the normalization of Y(v) in X1(pm)(v).
Let Bτ ⊂ GLn−1 × GL1 be the Borel subgroup which contains Tτ with unipotent radical
Uτ (when n = 2, Bτ = Tτ , Uτ is trivial). Set X(pm)(v) = X1(pm)(v)/Bτ (Z/pmZ). We have
the following modular interpretations for the formal schemes X1(pm)(v) and X(pm)(v).

Proposition 3.3. For any object R in NAdm,

(1) X1(pm)(v)(R) is the set of isomorphic classes of (A, ι, λ, η, ψ+, ψ−), where (A, ι, λ, η) ∈
Y(R), and for any rigid point x in R, Hdg(Hx) ≤ v; ψ+ : Z/pmZ ' CDm , ψ

− :
(Z/pmZ)n−1 ' (C⊥m)D are trivialization of canonical subgroups of level m over R[1

p ].

(2) X(pm)(v)(R) is the set of isomorphic classes (A, ι, λ, η,Fil•), where (A, ι, λ, η) ∈
Y(R), and for any rigid point x in R, Hdg(Hx) ≤ v; Fil• is a full flag Fil• of H[pm]
over R[1

p ] such that Fil1 = Cm.

Proof. (1) is clear from the construction. For (2), by definition X(pm)(v)(R) is the set of
isomorphic classes (A, ι, λ, η,Fil+• ,Fil−• ), where (A, ι, λ, η) ∈ Y(R), and for any rigid point
x in R, Hdg(Hx) ≤ v; Fil+• (resp. Fil−• ) is a full flag of Cm (resp. C⊥m). One can easily
translate Fil+• and Fil−• as a full flag of H[pm] such that Fil1 = Cm. �
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We will identify the formal scheme X(p)(v) as a sub formal scheme of X, and simply write
it as X(v).

Let w ∈ v(OL)∩]m − 1 + v
p−1 ,m − v

pm

p−1 ]. Let H/X1(pm)(v) be the universal p-divisible

group. Applying the construction in the last subsection, we have locally free sub-sheaves
F+ ⊂ ωH,X1(pm)(v),F− ⊂ ωHD,X1(pm)(v). They are equipped with isomorphisms:

(HTw ◦ ψ+)⊗ 1 : Z/pmZ⊗OX1(pm)(v)/p
wOX1(pm)(v) ' F+ ⊗OL,w,

(HTw ◦ ψ−)⊗ 1 : (Z/pmZ)n−1 ⊗OX1(pm)(v)/p
wOX1(pm)(v) ' F− ⊗OL,w.

We have a chain of formal schemes:

IW+
w
π1→ IWw

π2→ X1(pm)(v)
π3→ X(pm)(v)

π4→ X(v).

Recall that IW+
w is a torsor over IWw under the formal torus Tw. Let Bw be the formal

group defined by

Bw(R) = Ker(Bτ (R)→ Bτ (R/pwR))

for all R ∈ Adm. Then there is a surjective map Bw → Tw with kernel Uw. Then we have
an action of Bτ (Zp)Bw on IW+

w over X(pm)(v) (with Uw acting trivially).
Recall our weight space W with W(Cp) = Hom(Tτ (Zp),C×p ). As in Definition 2.2.1 of

[1], for w ∈ Q>0, a character κ ∈ W(Cp) is called w-analytic if it extends to an analytic
map κ : Tτ (Zp)(1 + pwOCp)

n → C×p . Moreover, W has an increasing cover by affinoids
W =

⋃
w>0W(w), such that the restriction of the universal character κun of W to W(w) is

w-analytic. Let κ = κτ ∈ W(K) be a w-analytic character, where K|L is a finite extension.
Then we have the total character κ̃ = (κ, (κσ)σ 6=τ ), with the characters (κσ)σ 6=τ fixed as in
the subsection 2.2. The involution

κ = (kτ,1, . . . , kτ,n−1, kτ ) 7→ κ′ = (−kτ,n−1, . . . ,−kτ,1, kτ )

of X∗(Tτ ) extends to an involution of W mapping w-analytic characters to w-analytic
characters. The character κ′ : Tτ (Zp) → K× extends to a character κ′ : Bτ (Zp)Bw → K×

with Uτ (Zp)Uw acting trivially. Recall that we have the above chain of morphisms of formal

schemes. Set π = π1 ◦ π2 ◦ π3 ◦ π4. Let ω̃τ be the formal completion of the integral bundle
⊗σ 6=τωκσσ over SK . This is a sheaf over X. Since (κσ)σ 6=τ is fixed, the weights of our
automorphic forms depend only on κ = κτ .

Definition 3.4. (1) The formal Banach sheaf of w-analytic, v-overconvergent auto-
morphic forms of weight κ is

m†κw = π∗OIW+
w

[κ′]⊗ ω̃τ |X(v).

(2) The space of integral w-analytic, v-overconvergent automorphic forms of weight κ
over X is

M †κw (X(v)) = H0(X(v),m†κw ).

Let κ,m, v, w satisfy all the compatible conditions for the existence of m†κw . If v′ < v then

κ,m, v′, w satisfy also the conditions and the sheaf m†κw on X(v′) is the restriction of the
sheaf on X(v). For any w′ > w, one can find m′ such that κ,m′, v, w′ satisfy the conditions,

and one has a map m†κw → m†κw′ and thus a map M †κw (X(v))→M †κw′ (X(v)).

Definition 3.5. Let κ ∈ W. The space of integral locally analytic overconvergent automor-
phic forms of weight κ over X is

M †κ(X) = lim−→
v→0,w→∞

M †κw (X(v)).
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Let IW+
w and IWw be the rigid spaces associated to IW+

w and IWw respectively. They
are admissible opens of the rigid spaces associated to GR+ and GR respectively. Let Tw be
the rigid space associated to the formal torus Tw. Then IW+

w is a Tw-torsor over IWw. The
rigid spaces associated to X(pm)(v) (resp. X(v)) will be denoted by X(pm)(v) (resp. X(v)).
Note that X(v) is a strict neighborhood of the tube ]X0

1 [ over the multiplicative-ordinary
locus, see subsection 2.3. Moreover, X(0) =]X0

1 [. We have a chain of rigid spaces:

IW+
w → IWw → X1(pm)(v)→ X(pm)(v)→ X(v).

As in [1], let X+(pm)(v) = X1(pm)(v)/Uτ (Z/pmZ), which is the rigid space associated to
X+(pm)(v) = X1(pm)(v)/Uτ (Z/pmZ), then IW+

w (resp. IWw) descends to a rigid space
IW0+

w (resp. IW0
w) over X+(pm)(v) (resp. X(pm)(v)). Moreover, IW0+

w is a Tw tor-
sor over IW0

w. Recall the M ′ = GLn−1 × GL1 ×
∏
σ 6=τ GLn-torsor T over X. We have

the decomposition T = Tτ × T τ , where Tτ (resp. T τ ) is the GLn−1 × GL1-torsor (resp.∏
σ 6=τ GLn-torsor) over X. Let T rig, T rigτ , T τ,rig be the rigid analytic spaces associated to

T , Tτ and T τ respectively. For w > m−1 + v
p−1 , we have open immersions ([1] Prop. 5.3.1)

IW0+
w ↪→ (T rigτ /Uτ )|X(v), IW0

w ↪→ (T rigτ /Bτ )|X(v).

Let ω†κw be the generic fiber of the formal Banach sheaf m†κw . It can be defined by using

the morphism IW0+
w → X(v) in the same way as in the definition of m†κw .

Definition 3.6. Let κ ∈ W. The space of w-analytic, v-overconvergent automorphic forms
of weight κ is

M †κw (X(v)) = H0(X(v), ω†κw ).

The space of locally analytic overconvergent automorphic forms of weight κ is

M †κ(X) = lim−→
v→0,w→∞

M †κw (X(v)).

Concretely, we can describe a w-analytic, v-overconvergent automorphic form f of weight
κ as an element in H0(IW0+

w × T τ,rig,OIW0+
w ×T τ,rig) in the following way (here and in the

following we write simply IW0+
w ×T τ,rig for the space IW0+

w ×T τ,rig|X(v) over X(v)). For

any finite extension K of L, a K-valued point of IW0+
w × T τ,rig has the form

(A, λ, ι, η,Fil•H[p],Fil•F , (vτ , (vσ)σ 6=τ )),

where (A, λ, ι, η) ∈ Y (v)(K), Fil•H[p] is a full flag of the p-torsion subgroup of the associated
one dimensional p-divisible group H over OK such that Fil1H[p] = C1, (Fil•F , vτ ) is a full

flag in (T rigτ /Bτ )(K) with a basis vτ = (v1τ , . . . , v(n−1)τ , vnτ ) for the graded pieces, such

that there is a trivialization ψ = (ψ+, ψ−) : CDm(K) ⊕ (C⊥m)D(K) ' Z/pmZ ⊕ (Z/pmZ)n−1

(for some integer m ≥ 1) which is compatible with Fil•H[p], and (Fil•F , vτ ) is w-compatible
with ψ; finally (vσ)σ 6=τ is an element in T τ,rig(K) over Xrig(K). Then

f(A, λ, ι, η,Fil•H[p],Fil•F , (vτ , (vσ)σ 6=τ )) ∈ K
such that for all b ∈ BM ′ we have

f(A, λ, ι, η,Fil•H[p],Fil•F , (vτ , (vσ)σ 6=τ )◦b) = κ̃′(b)f(A, λ, ι, η,Fil•H[p],Fil•F , (vτ , (vσ)σ 6=τ )).

The space M †κw (X(v)) is a Banach space, with the unit ball M †κw (X(v)). Locally for the

étale topology, the sheaf ω†κw has fibres isomorphic to the space V w−an
κ′ ⊗

⊗
σ 6=τ Vκσ (cf.

[1] Proposition 5.3.4), where V w−an
κ′ is the locally w-analytic representation of the Iwahori

subgroup I of GLn−1(Zp)×GL1(Zp), which is defined as

V w−an
κ′ = {f : I → L| f(ib) = κ′(b)f(i), ∀ (i, b) ∈ I ×Bτ (Zp), f |N0 ∈ Fw−an(N0, L)}.
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Here are some explanations. Recall that I has the Iwahori decomposition I = Bτ (Zp)×N0,
where N0 is defined in the following way: let B0

τ ⊂ GLn−1 × GL1 be the opposite Borel
subgroup of Bτ with unipotent radical U0

τ , then N0 is the subgroup of U0
τ (Zp) of matrices

which reduce to the identity modulo p. Fw−an(N0, L) is the set of w-analytic functions,
i.e. the functions from N0 to L which are the restrictions to N0 of the unique analytic
functions on N0

w :=
⋃
x∈N0 B(x, p−w), where B(x, p−w) is the closed ball with center x

radius p−w in the rigid analytic affine space A
(n−1)(n−2)

2
,rig over Qp. Here we identify N0

with (pZp)
(n−1)(n−2)

2 ⊂ A
(n−1)(n−2)

2
,rig. In the case n = 2, we have N0 = {1}, I = Bτ (Zp) =

Tτ (Zp) = (Z×p )2, V w−an
κ′ is just the space of w-analytic characters.

Recall that we have the total character κ̃ = (κ, (κσ)σ 6=τ ). When κ ∈ Zn−1
+ × Z we have

the automorphic vector bundle ωκ̃ over X, which we will denote simply as ωκ since (κσ)σ 6=τ
is fixed. We denote also the corresponding vector bundle over the rigid analytic space Xrig

by ωκ. By construction we have the following proposition and corollary.

Proposition 3.7. If κ ∈ Zn−1
+ × Z, then there is a canonical restriction map

ωκ|X(v) ↪→ ω†κw

induced by the open immersion IW0+
w ↪→ (T rigτ /Uτ )|X(v). Locally for the étale topology, this

map is isomorphic to the inclusion

Vκ′ ⊗ V τ ↪→ V w−an
κ′ ⊗ V τ

of the algebraic induction into the analytic induction, where V τ =
⊗

σ 6=τ Vκσ .

Corollary 3.8. For any κ ∈ Zn−1
+ × Z, we have an inclusion

H0(X,ωκ) ↪→M †κw (X(v))

from the space of classical forms of weight κ into the space of w-analytic, v-overconvergent
automorphic forms of weight κ.

4. Hecke operators

4.1. Hecke operators outside p. Consider the set of prime to p Hecke correspondences
Kp \ G(Apf )/Kp. For any KpgKp, there is an algebraic correspondence p1, p2 : Cg → X

over X. It is defined as follows: recall K = KpKp with Kp as in subsection 2.2. We
have Cg = ShKpKp

g
where Kp

g = Kp ∩ g−1Kpg, with p1 the natural projection and p2 as

the composition of the natural projection ShKpKp
g
→ ShKpg−1Kpg with the isomorphism

ShKpg−1Kpg → ShKpKp = X induced by g. We consider the rigid analytification of this

correspondence, then we restrict it over X(v), so we have the diagram

Cg(v)
p1

{{

p2

##
X(v) X(v).

Over Cg there is a universal prime to p isogeny π : A → A′ defined by the morphism

ShKpg−1Kpg → ShKpKp = X, which induces a map π∗ : ωA′ → ωA, hence a map p∗2(T rigτ /Uτ×
T τ,rig)→ p∗1(T rigτ /Uτ × T τ,rig) which is an isomorphism. For w ∈]m− 1 + v

p−1 ,m− v
pm

p−1 ],

the map π∗ induces an isomorphism (see [1] Lemma 6.1)

π∗ : p∗2(IW0+
w × T τ,rig) ' p∗1(IW0+

w × T τ,rig).
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We define the Hecke operator Tg as the composition:

Tg : H0(X(v), ω†κw )
p∗2→ H0(Cg(v), p∗2ω

†κ
w )

π∗→ H0(Cg(v), p∗1ω
†κ
w )

Trp1→ H0(X(v), ω†κw ).

Consider the prime to p Hecke algebra Tp = H(G(Apf )//Kp), which is the restricted

tensor product of all local Hecke algebras Tl = H(G(Ql)//Kl) for primes l 6= p. We know
there are only finite primes l such that Kl is not hyperspecial maximal. Let TKp

be the sub
algebra of Tp which is the restricted tensor product of all Tl such that Kp is hyperspecial
maximal at l. Then TKp

is commutative. The above construction gives us an action of TKp

on M †κw (X(v)).

4.2. Hecke operators at p. We will define n− 1 Hecke operators at p as follows. Recall
that in section 2 the primes of the CM field F over p are denoted by $ = $1, $2, . . . , $r,
$c, $c

2, . . . , $
c
r, and we have assumed F$ = Qp. The p-divisible group associated to the

universal abelian scheme A over SK has the decomposition

A[p∞] = A[$∞1 ]⊕ · · · ⊕A[$∞r ]⊕A[$c,∞
1 ]⊕ · · · ⊕A[$c,∞

r ],

with A[$∞i ]D ' A[$c,∞
i ] for all 1 ≤ i ≤ r. The p-divisible group H = ε+

1 A[$∞] has

dimension one, where ε+
1 is the idempotent introduced in subsection 2.2. For a finite locally

free subgroup L ⊂ H[p], we denote by L̃ ⊂ A[p] the subgroup such that under the induced

decomposition L̃ = L̃1 ⊕ · · · ⊕ L̃r ⊕ L̃c1 ⊕ · · · ⊕ L̃cr, we have

L̃1 = Znp ⊗ L, L̃i = A[$i], 2 ≤ i ≤ r, L̃c1 = Znp ⊗ (H[p]/L)D, L̃ci = 0, 2 ≤ i ≤ r.

Here L̃1 and L̃c1 are the subgroups of A[$] and A[$c] respectively via the Morita equivalence

corresponding to L and (H[p]/L)D. Note ε+
1 (A/L̃)[$∞] = H/L.

Now for i = 1, . . . , n − 1, let Ci be the moduli scheme over X parameterizing finite
locally free subgroups L ⊂ H[p] such that L ⊕ FiliH[p] = H[p]. There are two projections
p1, p2 : Ci → X. The first projection is defined by forgetting L. The second projection

is defined by mapping (A, λ, ι, η,Fil•H[p], L) to ((A/L̃), λ′, ι′, η′,Fil•(H/L)[p]), where the

filtration on ε+
1 (A/L̃)[$] = (H/L)[p] is defined as follows:

• For j = 1, . . . , i, Filj(H/L)[p] is simply the image of FiljH[p] in H/L,
• For j = i + 1, . . . , n − 1, Filj(H/L)[p] is the image of FiljH[p] + p−1(FiljH[p] ∩ L)

in H/L.

We consider the analytifications p1, p2 : Crigi → Xrig. For an admissible open subset

V ⊂ Xrig, we denote the image of V under the correspondence Ci by Ui(V ) := p2(p−1
1 (V )),

which is also an admissible open subset of Xrig.

Remark 4.1. In the definition of the correspondences Ci for i = 1, . . . , n−1, we have taken

them by parameterizing L with L⊕ FiliH[p] = H[p], L̃j = A[$j ] and L̃cj = 0 for 2 ≤ j ≤ r.
In fact, as in [23], it is more natural to define the correspondences Ci,$1 for i = 1, . . . , n−1

by parameterizing L with L⊕FiliH[p] = H[p], L̃j = L̃cj = 0 for 2 ≤ j ≤ r. At the places $j

for 2 ≤ j ≤ r, we define correspondences C$j by parameterizing L with L̃j = A[$j ], L̃k = 0
for all 1 ≤ k ≤ r, k 6= j. Then C$j = X for 2 ≤ j ≤ r and the morphism p2 is by taking the

quotient by L̃ = A[$j ]. For 2 ≤ j ≤ r, by construction these quotients do not change the
part ⊗σ 6=τωκσ. Therefore when passing to operators on the space of automorphic forms (see
below), there is no difference between Ui = Ui,$1 ◦

∏r
j=2 U$j and Ui,$1 for i = 1, . . . , n− 1.
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We first consider the correspondence C1. If v < p−2
2p−2 , then by the theory of canonical

subgroups we know ([15] Prop. 17)

U1(X(v)) ⊂ X(
v

p
).

Let C1(v) = Crig1 ×p1,Xrig X(v). We have the diagram

C1(v)

p1

{{

p2

##
X(v) X(vp).

Let π : A → A′ be the universal isogeny over C1(v). Then as before it induces an isomor-
phism

π∗ : p∗2(IW0+
w × T τ,rig)|X( v

p
) ' p∗1(IW0+

w × T τ,rig).

We define the Hecke operator U1 as the composition:

H0(X(
v

p
), ω†κw )

p∗2→ H0(C1(v), p∗2ω
†κ
w )

π∗→ H0(C1(v), p∗1ω
†κ
w )

p1−nTrp1−→ H0(X(v), ω†κw ).

By abuse of notation, we also denote by U1 the endomorphism of H0(X(v), ω†κw ) obtained
as the composition of the above operator we just defined with the restriction map

H0(X(v), ω†κw )→ H0(X(
v

p
), ω†κw ).

Next we consider the correspondences Ci for 2 ≤ i ≤ n−1. Let Ci(v) = Crigi ×p1,XrigX(v).

If v < p−2
2p2−p , we have a diagram

Ci(v)
p1

{{

p2

##
X(v) X(v).

As in [1] 5.6, for v < 1
2pm−1 (resp. v < 1

3m if p = 3) and w = (wk,j)1≤j≤k≤n ∈] v
p−1 ,m −

v pm

p−1 ]
n(n+1)

2 satisfying wk+1,j ≥ wk,j , wk,j−1 ≥ wk,j , we can introduce a space IW0+
w over

X(v) such that for w with all wk,j = w, IW0+
w = IW0+

w . Let π : A → A′ be the universal

isogeny over Ci(v). We have a map π∗ : ωA′ → ωA. It induces a map π̃∗ : p∗2T
rig
τ → p∗1T

rig
τ

which sends a basis v′1, . . . , v
′
n of ωA′,τ to p−1π∗v′1, . . . , p

−1π∗v′n−i, π
∗v′n−i+1, . . . , π

∗v′n. This

map is an isomorphism. It induces an isomorphism π̃∗−1 : p∗1T
rig
τ /Uτ → p∗2T

rig
τ /Uτ . We

have the following proposition.

Proposition 4.2. Let v < inf{ 1
3pm−1 ,

p−2
2p2−p} and w = (wk,j)1≤j≤k≤n−1 with wk,j ∈] v

p−1 ,m−
2 − v pm

p−1 ]. Then the isogeny π induces π̃∗−1p∗1IW0+
w ⊂ p∗2IW

0+
w′ where w′k,j = wk,j for

j ≤ k ≤ i, w′k,j = 1 + wk,j for j ≤ i and k ≥ i+ 1, and w′k,j = wk,j for j ≥ i+ 1.

Proof. Identical to the proof of Proposition 6.2.2.2. in [1]. �

By the above proposition we have

π̃∗−1p∗1(IW0+
w × T τ,rig) ⊂ p∗2(IW0+

w′ × T
τ,rig).



p-ADIC FAMILIES OF AUTOMORPHIC FORMS OVER SOME UNITARY SHIMURA VARIETIES 17

Let w and w′ be as above, κ be a inf{wj,j}-analytic character. Then we have also the

sheaves ω†κw and ω†κw on X(v). For 2 ≤ i ≤ n − 1 we define the Hecke operator Ui as the
composition:

H0(X(v), ω†κw′)
p∗2→ H0(Ci(v), p∗2ω

†κ
w′)

π̃∗→ H0(Ci(v), p∗1ω
†κ
w )

p−inTrp1−→ H0(X(v), ω†κw ).

By abuse of notation, we also denote by Ui the endomorphism of H0(X(v), ω†κw ) obtained by

composing the above operator with the restriction map H0(X(v), ω†κw )→ H0(X(v), ω†κw′).

Let m ≥ 1 be some large integer. For v < inf{ 1
3pm−1 ,

p−2
2p2−p}, w ∈] v

p−1 ,m − n − v
pm

p−1 ],

and κ a w-analytic character, the product
∏n−1
i=1 Ui induces a map H0(X(vp), ω†κw′) →

H0(X(v), ω†κw ) for some suitable w′ with w′k,j ≥ w. Let U be the composition of
∏n−1
i=1 Ui

with the restriction map H0(X(v), ω†κw ) → H0(X(vp), ω†κw′). Then we have the following

proposition.

Proposition 4.3. U is a compact endomorphism of M †κw (X(v)) = H0(X(v), ω†κw ).

Proof. The operator U1 improves the radius of overconvergence, and for 2 ≤ i ≤ r the
operators Ui improve analyticity, therefore all of them are compact. Moreover, the natural
restriction map is compact. Hence their composition U is compact. �

Let Tp be the algebra generated by U1, . . . , Un−1, and TKp
be the commutative Hecke

algebra defined in the end of the last subsection. For the above v, w, κ, we have the morphism
of algebras

TK
p ⊗ Tp → End(M †κw (X(v))).

As explained in Remark 4.1, although the different conventions on the correspondences
C1, . . . , Cn−1 may produce slightly different algebras Tp, when passing to the image of the

Hecke algebra TKp ⊗ Tp into End(M †κw (X(v))), these differences disappear.

5. Analytic continuation and classicality

Recall that we have fixed the weights (κσ)σ 6=τ = (k1σ, . . . , knσ)σ 6=τ ∈
∏
σ 6=τ Zn+. Let

κ = κτ = (k1, . . . , kn−1, kn) ∈ Zn−1
+ × Z be w-analytic for some rational number 0 < w ≤ 1.

Then we have the inclusions

H0(X,ωκ) ↪→ H0(X(v), ωκ) ↪→ H0(X(v), ω†κw ).

We will establish a criterion for an element in H0(X(v), ω†κw ) to be classical, i.e. in the

image of H0(X,ωκ). For a = (a1, . . . , an−1) ∈ [0,+∞]n−1, we set M †κw (X(v))<a for the
union of the generalized eigenspaces where Ui has finite slope < ai for 1 ≤ i ≤ n− 1.

Theorem 5.1. Let κ = (k1, . . . , kn−1, kn) ∈ Zn−1
+ × Z be w-analytic for some rational

number 0 < w ≤ 1. Let a = (a1, . . . , an−1) ∈ Rn−1
≥0 with ai = kn−i − kn−i+1 + 1 when

2 ≤ i ≤ n− 1 and a1 = kn + kn−1 − n+ 1. Then we have the inclusion

M †κw (X(v))<a ⊂ H0(X,ωκ).

The proof of this theorem consists of the following two propositions.

Proposition 5.2. Let a′ = (+∞, a2, . . . , an−1) ∈ [0,+∞]n−1 with ai the same as in the
above theorem for 2 ≤ i ≤ n− 1. Then we have the inclusion

M †κw (X(v))<a
′ ⊂ H0(X(v), ωκ).
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Proof. We argue as [1] 7.2 and 7.3. First, there is a exact sequence of sheaves over X(v)

0→ ωκ
d0−→ ω†κw

d1−→
⊕
α∈∆

ω†sα·κw .

Here ∆ is the set of simple roots of GLn−1×GL1, sα is the associated element in the Weyl

group to α ∈ ∆, sα · κ is the usual dot action, d1 = ⊕Θα : ωκw →
⊕

α∈∆ ω
†sα·κ
w is the sum of

the maps Θα which are defined as in subsection 7.2 of [1]. Next, for 2 ≤ i ≤ n− 1 we have

the operators δi for V w−an
κ′τ

as defined in loc. cit. 2.5 for di =

 p−11n−i
1i−1

1

 ∈
GLn−1(Qp) × GL1(Qp). δi extends naturally to an operator on V w−an

κ′τ
⊗ V τ (by acting

trivially on V τ , where V τ is as in Prop. 3.7). Then one checks that locally on the fibers,
the operators Ui and δi are compatible for 2 ≤ i ≤ n− 1. Using this we get

UiΘα(f) = α(di)
<κ,α∨>+1ΘαUi(f)

from the corresponding equalities for the representation V w−an
κ′τ

(subsection 2.5 of [1]). One

then uses the slope condition as the proof of loc. cit. Prop. 7.3.1 to conclude. �

Proposition 5.3. Let H0(X(v), ωκ)<kn+kn−1−n+1 be the eigenspace where U1 has slope
< kn + kn−1 − n+ 1. Then it is included in the space of classical forms

H0(X(v), ωκ)<kn+kn−1−n+1 ⊂ H0(X,ωκ).

We begin the preparation for the proof of the above proposition. It will be finished in
Prop. 5.7. The method which we use here is by studying the analytic continuation of
finite slope overconvergent eigenforms as in [23]. There is a related work [4] of Bijakowski,
where classicality results for modular forms over some general PEL type Shimura (with
unramified local reductive groups) are proved. Although Bijakowski also used the method
of analytic continuation to prove classicality results, there are still many differences between
our approach below and that in [4]. Namely, Bijakowski studied intensively the geometry
near the region with integer degrees in the rigid analytic Shimura varieties, while we are
mainly based on the geometry of the special fiber, which is simpler in our special case. In
this sense our method is more close to that of [23]. We remark that there is a related result
of Johansson in [18] by studying the rigid cohomology for a more restricted sub class of our
Shimura varieties.

We define a function of deg over Xrig as follows

deg : Xrig −→ [0, 1]

x 7→ deg(Fil1Hx[p]).

Then it is continuous, and note that X(v) = deg−1([1− v, 1]), ]X0
1 [= deg−1(1) = X(0). For

any point y ∈ U1(x), we have deg(y) ≥ deg(x). Moreover, the equality holds if and only if
Fil1Hx[p] is a truncated p-divisible group of level one, see [23] Propositions 3.1.1 and 3.1.2.
Therefore any finite slope eigenform for U1 in H0(X(v), ωκ) extends to the analytic domain
deg−1(]0, 1]). We would like to extend them further to the whole space Xrig. Since in our
special case

H0(Xrig, ωκ) = H0(]X
n−1

[
∐

]X
n−2

[, ωκ),

it suffices to extend these forms to the tube ]X
n−1

[
∐

]X
n−2

[. We know that we can do this
for the domain

deg−1(]0, 1]) ∩ (]X
n−1

[
∐

]X
n−2

[).
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To extend to the remaining domain

deg−1(0)∩](X
n−1

[
∐

]X
n−2

[),

we will use the condition that the slope for U1 satisfies v(α) < kn + kn−1 − n+ 1 to define
some Kassaei series and then glue.

Consider a strict neighborhood ]X
n−1

[ε of ]X
n−1

[ such that the canonical subgroup C ⊂
H[p] inside the universal p-divisible group H exists. Then the correspondence Crig1 has the
decomposition

Crig1 ∩ p−1
1 (]X

n−1
[ε) = C<1 t C

≥
1

when restricts to ]X
n−1

[ε, where C<1 parameterizes the subgroups L ⊂ H[p] which has

trivial intersection with C, and C≥1 parameterizes the subgroups L ⊂ H[p] which contains

C. Then the degree of L is < 1 over C<1 while ≥ 1 − η over C≥1 , where 0 ≤ η < 1 is some

real number which depends on ε. Over the tube ]X
n−2

[, we have also a decomposition

Crig1 ∩ p−1
1 (]X

n−2
[) = C<1 t C

≥
1 ,

where C<1 parameterizes the subgroups L ⊂ H[p] such that Let = H[p]et which have height

n− 2, and C≥1 parameterizes the subgroups L ⊂ H[p] such that Let ( H[p]et and thus the

local parts L0 = H[p]0. The degree of L is < 1 over C<1 while = 1 over C≥1 . Here we have

used the fact that, over the formal completion of SK along X
n−2

there is an exact sequence
of finite locally free groups

0 −→ H[p]0 −→ H[p] −→ H[p]et −→ 0,

which induces an exact sequence for the subgroup L ⊂ H[p]

0 −→ L0 −→ L −→ Let −→ 0,

see [23] Lemme 5.1.2. Therefore, we obtain decompositions of the Hecke operator U1

U1 = U<1 t U
≥
1

over ]X
n−1

[ε and ]X
n−2

[. If we consider U<1 , U
≥
1 as maps on the set of admissible opens

(defined by the correspondences C<1 , C
≥
1 respectively), then by construction

U<1 (]X
n−1

[ε) ⊂ deg−1(]0, 1]), U<1 (]X
n−2

[) ⊂ deg−1(]0, 1]).

Remark 5.4. Here we use our special signature condition (1, n−1)× (0, n)×· · ·× (0, n) to

have the decompositions of the correspondence Crig1 over ]X
n−1

[ε and ]X
n−2

[. In general,
one should work on the tube over each Kottwitz-Rapoport strata to get the decompositions
of the related Hecke correspondence, see [23] section 5.

Let f ∈ H0(X(v), ωκ) be an overconvergent eigenform for U1 with eigenvalue α 6= 0. We

know that f extends to a form over deg−1(]0, 1])∩ (]X
n−1

[
∐

]X
n−2

[), which we still denote
by f . Assume that v(α) < kn + kn−1−n+ 1. We claim that there exists an overconvergent

form f̃ over ]X
n−1

[
∐

]X
n−2

[ which extends f .
Let ε be a real number such that kn + kn−1−n+ 1− v(α) > ε > 0. We choose an ε0 > 0

such that over any admissible open V ⊂]X
n−1

[ε0 , the norm of U≥1 has the estimate (cf. [23]
Lemme. 5.4.6)

‖U≥1 ‖V ≤ p
−kn−kn−1+n−1+ε,

where for an operator T : H0(T (V ),F)→ H0(V,F) (F is a locally free sheaf equipped with
a norm | · |), its norm over V is defined as

‖T‖V = inf{β ∈ R+| |T (f)|V ≤ β|f |T (V ), ∀ f ∈ H0(T (V ),F)}.
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Let εk = ( 1
N )kε0 for all k ≥ 1. Here N ≥ 1 is such that U≥1 (]X

n−1
[ε0) ⊂]X

n−1
[Nε0 (loc. cit.

Prop. 5.4.5). For k ≥ 1, f as above, we define

fk =

k−1∑
j=0

α−j−1((U≥1 )j ◦ U<1 )(f),

which is a well defined element in H0(]X
n−1

[εk , ω
κ). We have the following proposition.

Proposition 5.5. For all k ≥ 1, we have the estimate

|fk+1 − fk|]Xn−1
[εk+1

= O(p−k(kn+kn−1−n+1−v(α)−ε)).

Proof. By definition over ]X
n−1

[εk+1

fk+1 − fk = α−k−1((U≥1 )k ◦ U<1 )(f).

Since the norm of U<1 is always bounded, we can conclude by the estimate for the norm of

U≥1 . �

Over the tube ]X
n−2

[ we have also the following definition. For k ≥ 1, f as above, we
define

f ′k =
k−1∑
j=0

α−j−1((U≥1 )j ◦ U<1 )(f),

which is a well defined element in H0(]X
n−2

[, ωκ). For any admissible open V ⊂]X
n−2

[ we
have the following norm estimate

‖U≥1 ‖V ≤ p
−kn−kn−1+n−1.

Similar to the above, we have the proposition.

Proposition 5.6. For all k ≥ 1, we have the estimate

|f ′k+1 − f ′k|]Xn−2
[
= O(p−k(kn+kn−1−n+1−v(α))).

Let f ∈ H0(X(v), ωκ) be as above. Now we can prove the proposition, which will finish
the analytic continuation of f to the whole space Xrig under the slope condition. Thus it
is classical.

Proposition 5.7. There exists a unique section of ωκ over

]X
n−1

[
∐

]X
n−2

[

which extends f .

Proof. We consider the larger domain

]X
n−1

[εk
⋃

]X
n−2

[

for all k ≥ 1. By the above we can define fk and f ′k over ]X
n−1

[εk and ]X
n−2

[ respectively.

Let V =]X
n−1

[εk
⋂

]X
n−2

[. We study the norm of fk − f ′k over V . First we consider V as a

sub domain of ]X
n−1

[εk . Then the operator U1 has a decomposition

U1 = U≥1 t U
<
1

according to the decomposition of the correspondence Crig1 when restricting to p−1
1 (V ). Now

we consider V as a sub domain of ]X
n−2

[, the operator U≥1 has a further decomposition

U≥1 = U ′1 t U ′′1 ,
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where the part U ′1 corresponds to the sum over the subgroups L of H[p] such that L ∩
Fil1H[p] = 0 and Let = H[p]et (which have height n − 2), and the part U ′′1 corresponds to
the sum over the rest subgroups L of H[p] such that L ∩ Fil1H[p] = 0 and Let ( H[p]et

(which have degree 1). Therefore, the image of U ′1 is included in deg−1(]0, 1]). We have

fk − f ′k = −αk(
k∑
j=1

(U ′′1 )k−j ◦ (U ′1)j)(f).

By using similar estimate for the norms of the operators U ′1 and U ′′1 , we have

|fk − f ′k|V = O(p−k(kn+kn−1−n+1−v(α)−ε)).

This will suffice to prove the proposition by using Kassaei’s gluing lemma in [20]. �

6. Families of overconvergent automorphic forms

Let U = Sp(A) ⊂ W be any affinoid open subset. Then there exists a wU > 0 such
that the universal character κun : Tτ (Zp)×W → C×p restricted to U extends to an analytic

character κun : Tτ (Zp)(1 + pwUOCp) × U → C×p , cf. [1] Prop. 2.2.2. Let m ∈ N, v ≤ 1
2pm−1

(resp. 1
3pm−1 for p = 3) and w ∈]m − 1 + v

p−1 ,m − v
pm

p−1 ] satisfying w ≥ wU . We have the

following proposition which says the construction in section 3 works in families, see also loc.
cit. Prop. 8.1.1.1.

Proposition 6.1. There exists a sheaf ω†κ
un

w on X(v)×U such that for any weight κ ∈ U ,

the fiber of ω†κ
un

w over X(v)× κ is ω†κw .

Proof. Consider the projection π × 1 : IW0+
w × U → X(v)× U . Recall we have the bundle

ωτ = ⊗σ 6=τωκσσ over X(v) for the fixed weight (κσ)σ 6=τ apart from τ . We take ω†κ
un

w =
(π × 1)∗OIW0+

w ×U [(κun)′]⊗ ωτ . �

Let Mv,w be the Banach A-module H0(X(v)×U , ω†κ
un

w ). Then similar to section 4, there
is an action of the Hecke algebra TKp ⊗ Tp on Mv,w for v small enough. For w′ ∈ Q>0,
as W(w′) is affinoid, we can consider the admissible open subspace U ⊂ W in the form
U =W(w′) = Sp(A). In this case, we can take w = w′.

Proposition 6.2. (1) The Banach A-module Mv,w is projective.
(2) For any κ ∈ U , the specialization map

Mv,w → H0(X(v), ω†κw )

is surjective.

Proof. The proof is similar to the proof of Prop. 8.2.3.3 in [1], except that our Shimura

varieties are proper, so the things here are simpler. First, note that m†κ
un

w over X(v)×W(w)

is a formal Banach sheaf, where W(w) is a formal model ofW(w), and m†κ
un

w is constructed

in the same way as m†κw , which is a formal model of the sheaf ω†κ
un

w in the above proposition.
Next, since X(v) is affinoid, we can take a finite affine covering U = (Vj)1≤j≤k of X(v). Let
i = (i1, . . . , ij) be an index with 1 ≤ i1 < · · · < ij ≤ k, and Vi be the intersection of Vil for

1 ≤ l ≤ j which is again an affine formal scheme. Let Mi = H0(Vi ×W(w),m†κ
un

w ), then
it is isomorphic to the p-adic completion of a free B-module, where W(w) = Spf(B) (so
A = B[1

p ]). Let M = Mv,w = H0(X(v) ×W(w),mκun
w )[1

p ]. Since the rigid analytic fiber of

the covering U forms a covering of X(v) and X(v)×W(w) is affinoid, we get a resolution of
M by the projective modules Mi[

1
p ]. As a result M is projective. Finally, the specialization

map is surjective by considering the Koszul resolution of A/mκ and the double complex
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obtained by taking the Cech complex of the Koszul complex, see the proof of Corollary
8.2.3.2 of [1].

�

By the above proposition, one can apply Coleman’s spectral theory as in [1] 8.1.2 or in
[7] 5.7 to construct an equidimensional eigenvariety over W. More precisely we have the
following theorem. In the following we denote O(E)red as the reduced algebra associated to
O(E).

Theorem 6.3. There is a rigid analytic variety E over L and a locally finite map to the
weight space w : E → W, such that

(1) E is equidimensional of dimension n.
(2) We have a character Θ : TKp ⊗Tp → O(E). For any κ ∈ W, w−1(κ) is in bijection

with the eigensystems of TKp ⊗Tp acting on the space of finite slope locally analytic
overconvergent automorphic forms of weight κ.

(3) For any κ = (k1, . . . , kn−1, kn) ∈ Zn−1
+ ×Z ⊂ W, if x ∈ w−1(κ) satisfies v(Θx(Ui)) <

kn−i − kn−i+1 + 1 for 2 ≤ i ≤ n − 1 and v(Θx(U1)) < kn + kn−1 − n + 1, then the
character Θx comes from a weight κ automorphic eigenform on X. Here Θx is the
composition of Θ with the evaluation map evx : O(E) → k(x) (k(x) is the residue
field of x).

(4) There is a Galois pseudo-character T : Gal(Q/F ) → O(E)red, such that for any
point x ∈ E, there is a continuous semi-simple representation ρx : Gal(Q/F ) →
GLn(k(x)) and the trace of this Galois representation is Tx. Here Tx is the compo-
sition of T with the evaluation map evx : O(E)red → k(x).

Proof. (1) and (2) come from the construction. (3) was proved in section 5. For (4), we use
the density of classical points as proved in (3) and the results of Harris-Taylor in [17] to
get the desired Galois pseudo-character, as in [3] 7.5.2. We sketch the proof as follows. Let
Z ⊂ E be the subset defined by (3), then it is Zariski dense in E . For any point x ∈ Z, by the
main result (Theorem C) of [17] we have a Galois representation ρx : Gal(Q/F )→ GLn(Qp),
such that Trρx(Frobl) = Θx(Tl) for any l 6= p and such that Kl is hyperspecial. Here Frobl
is the geometric Frobenius at l. Consider the map∏

x∈Z
Trρx : Gal(Q/F )→

∏
x∈Z

Qp.

Since Z is Zariski dense in E , the map f 7→ (f(x))x∈Z induces a closed immersion

(O(E)red)≤1 ↪→
∏
x∈Z

Qp.

Here the upper subscript ≤ 1 means that we consider the subset of functions with norm ≤ 1.
On

∏
x∈Z Qp we take the product topology for the p-adic topology on Qp. The statement

that the image of (O(E)red)≤1 in
∏
x∈Z Qp is closed, comes from the fact that (O(E)red)≤1

is compact, see Lemma 7.2.10 of [3]. Moreover, since the prime to p Hecke operators Tl
have norm ≤ 1, we see that the elements Θ(Tl) (image of Θ(Tl) in O(E)red) are included in
(O(E)red)≤1. Therefore by Cebotarev’s theorem we can conclude that

∏
x∈Z Trρx factors

through (O(E)red)≤1. Thus the desired Galois pseudo-character T exists (for the fact that
Tx = Trρx which takes values in k(x), see p.172 of [3]). �

Remark 6.4. It will be interesting to study the properties of the Galois representations ρx
for x ∈ E. For example, when is it crystalline or potentially semi-stable? By the main
results of [17] and [25], it is true that the crystalline points (that are the points x ∈ E
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such that ρx are crystalline) are dense in E, see [3] 7.6. Also it will be interesting to find
applications of our eigenvarieties to the construction of Galois representations as in [10].

Remark 6.5. In this paper we worked out the construction of some equidimensional eigen-
varieties for the Shimura varieties studied by Harris-Taylor with local reflex field Qp. An
immediate extension to the Shimura varieties studied in [25] works. One may try to work
in the general case that the local reflex field is not necessary Qp. However, for this one will
need a theory of canonical subgroups for $-divisible O-modules in the sense of section II.1
of [17] (O is the integer ring of some finite extension of Qp, $ is a fixed uniformizer of
O). Here one should consider the Faltings dual instead of the usual Cartier-Serre dual, and
the expected canonical subgroups should be strict in the sense of [14]. This theory should
be as good as the theory of canonical subgroups for usual p-divisible groups as in [15] (the
case for dimension one may be easier, see [19] and [5] for the case of height two). Since
the first version of this article appeared, recently in a joint work [24] with Tian, we have
developed a such theory and applied it to the construction of eigenvarieties in some more
general case along the same line as here. For example, we can treat the case of unitary
Shimura varieties with signature (d, n− d)× (0, n)×· · ·× (0, n). For p-divisible groups with
more general additional structures induced from more general PEL type Shimrua varieties,
one will need a theory of more generalized canonical subgroups. Once such a theory is avail-
able, combined with the theory of arithmetic compactification of PEL type Shimura varieties
(with good or bad reductions, see [21]), one can deal with any PEL type Shimura varieties
(compact or not) with the usual ordinary loci empty or not to construct geometrically the
associated eigenvarieties.

In the future work we will compare the eigenvariety E with those introduced by Emerton
in [13] and Chenevier in [9]. In particular we will study the completed cohomology of these
Shimura varieties, and the possible p-adic Jacquet-Langlands correspondence for E and the
corresponding eigenvariety constructed in [9] as in the case of curves studied in [8]. See [22]
for some results in this direction in the case of Shimura curves.
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Sup. 44 (2011), 905-961.

[16] M. Harris, The local Langlands correspondence: Notes of (half) a course at the IHP spring 2000,
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