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1 Introduction

In the view of [3], topology may be considered as the study of equivalence classes of sets
under homeomorphism, and then fractal geometry is sometimes regarded as the study of
equivalence classes of sets under bi-Lipschitz mappings.

Many works have been devoted to the Lipschitz equivalence of fractals, for example,
Cooper and Pignataro [1] studied the shape of Cantor sets, David and Semmes [2] discussed
the BPI equivalence between Ahlfors regular fractals including self-similar sets and Moran
sets generated by cubic patterns, Falconer and Marsh [3] obtained a necessary condition of
Lipschitz equivalence between dust-like self-similar sets.

Definition 1 We say that A ⊂ R
n and B ⊂ R

m are Lipschitz equivalent, denoted by A � B, if
there is a bijection f : A → B such that for all a1, a2 ∈ A, C−1|a1−a2| ≤ | f (a1)− f (a2)| ≤
C |a1 − a2|, where C > 0 is a constant.

First recall some notions of fractals. A mapping S : R
n → R

n is a contracting similitude,
if there is a ratio ρ ∈ (0, 1) such that |S(x) − S(y)| = ρ|x − y| for all x, y ∈ R

n . Given
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contracting similitudes {Si }n
i=1, suppose E = ∪n

i=1Si (E) is the corresponding self-similar
set. We say E is dust-like [3], if ∪n

i=1Si (E) is a disjoint union.

Example 1 Let s = log 2/ log 3. Take β ∈ (0, 1) with 3βs = 1 and let h = (1 − 3β)/2. Let
S1(x) = βx, S3(x) = (1−β)+βx, and S2(x) = (h +β)+βx . Suppose E∗ = ∪3

i=1Si (E∗),
then dimH E∗ = log 2/ log 3 = dimH C, where C is the Cantor ternary set. It is proved in
[3] that E∗ and C are not Lipschitz equivalent (also see [1] and [2]).

For any two dust-like self-similar set with the same Hausdorff dimension, the above
example illustrates that they need not be Lipschitz equivalent. However it is proved in [3]
that they are nearly Lipschitz equivalent. Furthermore, the nearly Lipschitz equivalence and
quasi-Lipschitz equivalence between C1 self-conformal sets were discussed in [7] and [8].

For self-similar sets not dust-like, we consider self-similar sets F1 and F2 satisfying

F1 = F1/5 ∪ (2/5 + F1/5) ∪ (4/5 + F1/5),

F2 = F2/5 ∪ (3/5 + F2/5) ∪ (4/5 + F2/5).

David and Semmes [2] asked the Lipschitz equivalence between F1 and F2, where F2 is
not dust-like. It is proved in [6] that they are Lipschitz equivalent. A generalized situa-
tion for three different ratios r1, r2, r3 is discussed in [9]. Suppose S1(x) = T1(x) = r1x,

S3(x) = T3(x) = (1 − r3) + r3x, and

S2(x) = 1 + r1 − r2 − r3

2
+ r2x, T2(x) = 1 − r2 − r3 + r2x .

Let F{r1,r2,r3} and G{r1,r2,r3} be self-similar sets generated by {Si }3
i=1 and {Ti }3

i=1 respec-
tively. It is proved in [9] that F{r1,r2,r3} and G{r1,r2,r3} are Lipschitz equivalent if and only
log r1/ log r3 is rational.

How to classify the dust-like self-similar sets under the Lipschitz equivalence? Fix a ratios
set R = {ri }n

i=1, let MR = M{r1,...,rn} be the collection of dust-like self-similar sets defined
by

MR = {
E = ∪n

i=1Si (E) : E is dust-like and Si has ratio ri for every i
}
.

The following fact is a version of “sliding” in [1]: If E, F ∈ MR, then E � F. In [1], some
invariants of the Lipschitz equivalence for self-similar sets are discussed.

Suppose R = {ri }n
i=1 and T = {t j }m

j=1 are ratios sets with
∑

rs
i = ∑

t s
j = 1. If E ∈ MR

and F ∈ MT , the question is how to judge

whether E and F are Lipschit z equivalent or not .

The paper [3] gives a necessary condition for E and F to be Lipschitz equivalent: If E � F,

then

(i) Q(rs
1, . . . , rs

n) = Q(t s
1 , . . . , t s

m);
(ii) There are positive integers p and q such that

sgp(r p
1 , . . . , r p

n ) ⊂ sgp(t1, . . . , tm),

sgp(tq
1 , . . . , tq

m) ⊂ sgp(r1, . . . , rm),

where sgp(a1, . . . , ak) is the multiplicative semigroup generated by {a1, . . . , ak}.
In this paper, we will give a necessary and sufficient condition to have E � F . To state

this condition, we need some notations. Write ρ j = t s
j for j = 1, . . . , m. Then

∑m
i=1 ρ j =1.
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Lipschitz equivalence of dust-like self-similar sets

Let �m = {1, . . . , m}∞ be a symbolic system equipped with the Bernoulli measure µ =
(ρ1, . . . , ρm). The cylinder [i1, . . . , il ] generated by the word i1, . . . , il is defined by [i1, . . . ,

il ] = { j1, . . . , jl , . . . ,∈ �m : j1, . . . , jl = i1, . . . , il}. Then for each cylinder [i1, . . . , il ],
µ([i1 · · · il ]) = �l

t=1ρit .

Let �∗
m denote the set of all finite words ∪∞

i=1{1, . . . , m}i . Let �T = {� = ∪k
u=1[i∗u] :

k ∈ N, i∗u ∈ �∗
m for all u and [i∗u] ∩ [i∗v] = ∅ for any u 
= v}. Suppose � ∈ �T . Then the

measure µ(�) = ∑
i∗u µ([i∗u]), which is a polynomial in ρ1, . . . , ρm . Given a word i1, . . . , ik

and a subset A of �m, let i1, . . . , ik A = {i1, . . . , ik j1, . . . , jl , . . . , : j1, . . . , jl , . . . ,∈ A}.
For �,�′ ∈ �T , we denote � ≺ �′, if either � = �′ or there is a word i1, . . . , ik such that
� = i1, . . . , ik�

′.
Fix n, let �k = {(i, j) : 1 ≤ i ≤ k, 1 ≤ j ≤ n} for k ≥ 1.

Theorem 1 Suppose R = {ri }n
i=1 and T = {t j }m

j=1 are ratios sets with
∑

rs
i = ∑

t s
j = 1.

Let E ∈ MR and F ∈ MT . Then E � F if and only if there exist �1,�2, . . . , �k ∈ �T
for some integer k, {�i, j }(i, j)∈�k ⊂ �T and γ : �k → {1, . . . , k} such that

(1) �i, j ≺ �γ(i, j) for every (i, j) ∈ �k;
(2) For every 1 ≤ i ≤ k, �i = ∪n

j=1�i, j , which is a disjoint union;
(3) For every (i, j) ∈ �k,

µ(�i, j )/µ(�i ) = rs
j .

The paper is organized as follows. Section 2 gives some examples to illustrate the con-
ditions of Theorem 1. Section 3 is devoted to the proof of Theorem 1. In this section, some
lemmas from [1,3] and [6] are introduced, including graph-directed construction and struc-
ture of bi-Lipschitz mapping between self-similar sets. At the end of Sect. 3, we will obtain
the necessary condition in [3] as a consequence of Theorem 1.

2 Examples

Let R = {ri }n
i=1 and T = {t j }m

j=1 with
∑

i r s
i = ∑

j t s
j = 1. We say the ratios set R is

equivalent to T , if any E ∈ MR and any F ∈ MT are Lipschitz equivalent.

Definition 2 Suppose R is equivalent to T . We say that χ ∈ N is the depth of the Lipschitz
equivalence for R and T (or “depth for R and T ” in short), if there are {�i }i ∪ {�i, j }(i, j)

as in Theorem 1 such that �i is the union of finitely many cylinders generated by words of
lengths not exceeding χ for every i, and �i, j = β∗

(i, j)�γ (i, j) for every (i, j) where β∗
(i, j) is

an empty word or a finite word of length not exceeding χ .

Fixing T and χ, we can write a computer program to find all R ={ri }n
i=1 which are

equivalent to T with the depth for T and R not exceeding χ . We only need to search
{�i }i , {β∗

(i, j)}(i, j) and {γ (i, j)}(i, j) satisfying the disjoint union �i = ∪m
j=1�i, j with �i, j =

β∗
(i, j)�γ (i, j) and

µ(�1, j )/µ(�1) = µ(�2, j )/µ(�2) = · · · = rs
j .

The following example illustrates the case of k = 1
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Example 2 Suppose �m is a symbolic system with the Bernoulli measure

µ0 = (ρ1, . . . , ρm).

Let �m = ∪n
u=1[i∗u ] be a disjoint union. Write �1 = [1] ∪ · · · ∪ [m] = �m and �1,u =

i∗u�1 ≺ �1 for u = 1, . . . , n. Then

�1 = ∪n
u=1�1,u

with µ0(�1,u)/µ0(�1) = µ0([i∗u ]). Then the ratios set R0 = {µ1/s
0 ([i∗u ])}n

u=1 is equivalent

to T0 = {ρ1/s
1 , . . . , ρ

1/s
m }. We say that R0 is generated by splitting operator [1] from T0.

Remark 1 Fix s > 0. Suppose R is a ratios set equivalent to {(1/2)1/s, (1/2)1/s}. It is proved
in [3] that R is generated by splitting operator from {(1/2)1/s, (1/2)1/s}. Then Example 1
follows from this result. The question is how to characterize the ratios class T satisfying the
following property: any ratios set equivalent to T is generated by splitting operator from T .
The reader is referred to [1] and [3].

The next example gives the Lipschitz equivalence for two different ratios sets {r1, r2} and
{t1, t2} with rs

1 + rs
2 = t s

1 + t s
2 = 1. Here m = n = k = χ = 2.

Example 3 For the symbolic system �2 equipped with the Bernoulli measure µ = (ρ1, ρ2),

let

�1 = [1] ∪ [2],�2 = [1] ∪ [21].
Then µ(�1) = 1, µ(�2) = ρ1 + ρ1ρ2. Here

�1 = [22] ∪ ([1] ∪ [21]) = 22�1 ∪ �2 = �1,1 ∪ �1,2,

�2 = [1] ∪ [21] = 1�1 ∪ 21�1 = �2,1 ∪ �2,2.

The condition (3) of Theorem 1 requires
{

α1 = µ(22�1)/µ(�1) = µ(1�1)/µ(�2),

α2 = µ(�2)/µ(�1) = µ(21�1)/µ(�2).

Therefore, we have
⎧
⎨

⎩

ρ2
2 = ρ1/(ρ1 + ρ1ρ2),

ρ1 + ρ1ρ2 = ρ1ρ2/(ρ1 + ρ1ρ2),

ρ1 + ρ2 = 1, ρ1, ρ2 > 0.

That means

ρ2
2 (1 + ρ2) = 1, ρ1 = 1 − ρ2.

We have

ρ2 = 0.7548 · · · and ρ1 = 0.24 · · · .

We also have

α1 = ρ1 + ρ1ρ2 = 0.43 · · · , α2 = ρ2
2 = 0.56 · · · .

For any s > 0, let ri = (αi )
1/s (i = 1, 2) and t j = (ρ j )

1/s ( j = 1, 2). Then {r1, r2} is
equivalent to {t1, t2}. Here {r1, r2} can not be generated by splitting operator from {t1, t2}.
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Lipschitz equivalence of dust-like self-similar sets

The last example gives the Lipschitz equivalence for ratios sets {r ′
i }3

i=1 and {t ′j }4
j=1 satis-

fying
∑

i (r
′
i )

s = ∑
j (t

′
i )

s = 1. Here m = 3, n = 4, k = 2 and depth χ = 3.

Example 4 For symbolic system �3 with the Bernoulli measure µ′ = (ρ′
1, ρ

′
2, ρ

′
3), let

�′
1 = [1] ∪ [2],�′

2 = [3].
Then µ′(�1) = ρ′

1 + ρ′
2, µ′(�2) = ρ′

3. Here

�′
1 = [1] ∪ [2] = 1([1] ∪ [2]) ∪ 1[3] ∪ 2([1] ∪ [2]) ∪ 2[3]

= 1�′
1 ∪ 1�′

2 ∪ 2�′
1 ∪ 2�′

2 = �′
1,1 ∪ �′

1,2 ∪ �′
1,3 ∪ �′

1,4,

�′
2 = 333([1] ∪ [2]) ∪ 333[3] ∪ 33([1] ∪ [2]) ∪ 3([1] ∪ [2])

= 333�′
1 ∪ 333�′

2 ∪ 33�′
1 ∪ 3�′

1 = �′
2,1 ∪ �′

2,2 ∪ �′
2,3 ∪ �′

2,4.

The condition (3) of Theorem 1 requires
⎧
⎪⎪⎨

⎪⎪⎩

α′
1 = µ′(1�′

1)/µ
′(�′

1) = µ′(333�′
1)/µ

′(�′
2),

α′
2 = µ′(1�′

2)/µ
′(�′

1) = µ′(333�′
2)/µ

′(�′
2),

α′
3 = µ′(2�′

1)/µ
′(�′

1) = µ′(33�′
1)/µ

′(�′
2),

α′
4 = µ′(2�′

2)/µ
′(�′

1) = µ′(3�′
1)/µ

′(�′
2).

Therefore, we have
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρ′
1 = (ρ′

3)
2(ρ′

1 + ρ′
2), (1)

ρ′
1ρ

′
3/(ρ

′
1 + ρ′

2) = (ρ′
3)

3, (2)

ρ′
2 = ρ′

3(ρ
′
1 + ρ′

2), (3)

ρ′
2ρ

′
3/(ρ

′
1 + ρ′

2) = ρ′
1 + ρ′

2, (4)

ρ′
1 + ρ′

2 + ρ′
3 = 1, ρ′

1, ρ
′
2, ρ

′
3 > 0. (5)

Adding (1) and (3), we get

ρ′
1 + ρ′

2 = (ρ′
1 + ρ′

2)[ρ′
3 + (ρ′

3)
2],

which implies ρ′
3 + (ρ′

3)
2 = 1, i.e., ρ′

3 = (
√

5 − 1)/2. Then, from (1) and (3), we get

ρ′
1 = 7 − 3

√
5

2
= 0.145 · · · , ρ′

2 = √
5 − 2 = 0.236 · · · , ρ′

3 =
√

5 − 1

2
= 0.618 · · · .

Here formulas (1)–(5) hold. We also have

α′
1 = 3−√

5
2 = 0.381 · · · , α′

2 = √
5 − 2 = 0.236 · · · ,

α′
3 = √

5 − 2 = 0.236 · · · , α′
4 = 7−3

√
5

2 = 0.145 · · · .

For any s > 0, let r ′
i = (α′

i )
1/s (i = 1, 2, 3, 4) and t ′j = (ρ′

j )
1/s ( j = 1, 2, 3). Then

{r ′
1, r ′

2, r ′
3} is equivalent to {t ′1, t ′2, t ′3, t ′4}.

3 Proof of Theorem 1

3.1 Graph-directed construction

Suppose that {1, . . . , M} is the vertices set of a directed graph G. For any 1 ≤ i, j ≤ M ,
let �i, j = {e′ : e′ ∈ G is a directed edge from i to j}. For any edge e ∈ �i, j , there
is a corresponding similitude Te : R

n → R
n with the similarity ratio ρe ∈ (0, 1), that is

123



L.-F. Xi

|Te(x) − Te(y)| = ρe|x − y| ∀ x, y ∈ R
n . The compact sets {Ei }M

i=1 are called the graph-
directed sets [5] on the graph G, if for each i,

Ei =
⋃

j

⋃

e∈�i, j

Te(E j ).

We say {Ei }M
i=1 are dust-like, if the above union is a disjoint union for each i.

Lemma 1 [6] Suppose {Ei }M
i=1 and {Fi }M

i=1 are dust-like graph-directed sets on the same
graph G satisfying

Ei =
⋃

j

⋃

e∈�i, j

Te(E j ) and Fi =
⋃

j

⋃

e∈�i, j

Se(Fj ),

where Se and Te have the same ratio ρe for each edge e. Then Ei � Fi for all i.

By using the above lemma, we can get the following results [6]: fix an integer n ≥ 2. For
any subset A ⊂ {1, 2, . . . , n}, let E A = ∪i∈A[E A/n + (i − 1)/n]. If A, B ⊂ {1, 2, . . . , n}
with #A = #B, then E A and EB are Lipschitz equivalent. A special case with three different
ratios was discussed in [9].

3.2 Copy and finite-copy

For a subset A ⊂ R
l , we say B = g(A) is a copy of A, if g : R

l → R
l is a similitude with

ratio r ∈ R
+. The set B = ∪k

i=1gi (A) is called a finite-copy of A, if {gi }k
i=1 are similitudes

and {gi (A)}k
i=1 are pairwise disjoint.

Suppose H = ∪η
i=1Si (H) is a dust-like self-similar set. For j∗ = j1, . . . , jk ∈ �∗

η, write
S j∗ = S j1 ◦ · · · ◦ S jk and Hj∗ = S j∗(H). Hj∗ is called a fine copy of H. Given a finite subset
� of �∗

η, we say that ∪ j∗∈� Hj∗ is a fine finite-copy of H .

Lemma 2 [1] Suppose A is a dust-like self-similar set. Then A is Lipschitz equivalent to any
of its finite-copy.

3.3 Structure of bi-Lipschitz mapping

In this subsection, we always assume that E, F are dust-like self-similar sets and E � F.

Let f : E → F be the corresponding bi-Lipschitz bijection. Then by [1] and [3], we have
the following two lemmas.

Lemma 3 [3] There exists an integer N such that for any fine copy Ē of E, there exists a
subset � ⊂ {1, . . . , m}N so that

f (Ē) =
⋃

j∗∈�

Fj1··· jk j∗ ,

where Fj1,..., jk is the smallest fine copy containing f (Ē).

Let s = dim H (E) = dim H (F) and Hs the s-dimensional Hausdorff measure.

Lemma 4 [1] There are a fine copy Ē of E and a fine finite-copy F̄ of F such that the
restriction f |Ē : Ē → F̄ is bijective, and f |Ē is measure linear, i.e., for any Borel subset
A ⊂ Ē with Hs(A) > 0,

Hs( f (A))

Hs(A)
≡ Hs(F̄)

Hs(Ē)
.
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Lipschitz equivalence of dust-like self-similar sets

3.4 Proof of Theorem 1: necessity

Assume that E ∈ MR, F ∈ MT are dust-like self-similar sets and E � F.

Let f : E → F be the corresponding bi-Lipschitz bijection. By Lemma 4, there exist a fine
copy Ē of E and a fine finite-copy F̄ of F such that the bi-Lipschitz mapping f |Ē : Ē → F̄
is measure linear.

By Lemma 3, for any fine copy E ′ ⊂ Ē, there exists � ⊂ {1, . . . , m}N such that

f (E ′) = ∪ j∗∈�Fj1··· jt j∗ , (1)

where Fj1,..., jt is the smallest fine copy containing f (E ′). We say � ⊂ {1, . . . , m}N is an
admissible set if there exists E ′ ⊂ Ē such that (1) holds. Since {1, . . . , m}N is a finite set,
there are only finitely many admissible sets �1, . . . , �k ⊂ {1, . . . , m}N .

For every �i , there exists a fine copy Ei ⊂ Ē such that f (Ei ) = ∪ j∗∈�i Fu1,...,u p j∗

where Fu1···u p the smallest fine copy containing f (Ei ). Let Ei = Ev1,...,vq . Then Ei =
∪m

j=1 Ev1,...,vq j . Let ϕi denote the natural similitude from E to Ev1,...,vq (= Ei ) and χi the
natural similitude from Fu1,...,u p to F. Therefore, we have

hi =̂χi ◦ f |Ei ◦ ϕi : E
ϕi→ Ev1...vq

f |Ei→ ∪ j∗∈�i Fu1...u p j∗
χi→ ∪ j∗∈�i Fj∗ . (2)

Here hi (E j ) ⊂ ∪ j∗∈�i Fj∗ ⊂ F , which implies that there is an admissible set �γ(i, j) and a
finite word or an empty word β∗

(i, j) such that

hi (E j ) = ∪ j∗∈�γ(i, j) Fβ∗
(i, j) j∗ . (3)

Since hi is a homeomorphism, we have

hi (E j1) ∩ hi (E j2) = ∅ for any j1 
= j2.

Let

�i = ∪ j∗∈�i [ j∗] and �i, j = ∪ j∗∈�γ(i, j) [β∗
(i, j) j∗] = β∗

(i, j)�γ (i, j). (4)

Then

�i, j ≺ �γ(i, j) and �i = ∪n
j=1�i, j , (5)

which is a disjoint union since hi (E j1) ∩ hi (E j2) = ∅ for any j1 
= j2.
In formula (2), χi , f |Ei and ϕi are measure linear, which implies hi is measure linear.

Therefore, for every pair (i, j),

rs
j = Hs(E j )

Hs(E)
=

Hs(∪ j∗∈�γ(i, j) Fβ∗
(i, j) j∗)

Hs(∪ j∗∈�i Fj∗)
= µ(�i, j )

µ(�i )
, (6)

where for any Borel set A ⊂ �m,

µ(A) = Hs(π A)/Hs(F) [4],

with π : �m → F defined by {π( j1, . . . , jk, . . .)} = ∩∞
k=1 Fj1,..., jk .

Therefore, the necessary condition follows from (4)–(6 ).
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3.5 Proof of Theorem 1: sufficiency

Suppose π : �m → F is defined by

{π( j1, . . . , jk, . . .)} = ∩∞
k=1 Fj1,..., jk .

Denote Xi = π(�i )/[µ(�i )]1/s . Then we get a disjoint union

Xi = ∪n
j=1π(�i, j )/[µ(�i )]1/s . (7)

Since �i, j ≺ �γ(i, j), we notice that π(�i, j )/[µ(�i )]1/s is a copy of

Xγ (i, j) = π(�γ (i, j))/[µ(�γ (i, j))]1/s

with ratio r satisfying

rs = Hs[π(�i, j )/[µ(�i )]1/s]
Hs{π(�γ (i, j))/[µ(�γ (i, j))]1/s}

= µ(�γ (i, j))

µ(�i )

Hs[π(�i, j )]/Hs(F)

Hs[π(�γ (i, j))]/Hs(F)

= µ(�γ (i, j))

µ(�i )

µ(�i, j )

µ(�γ (i, j))

= µ(�i, j )

µ(�i )

= rs
j ,

which implies r = r j . Therefore there exists an isometry T(i, j) such that

π(�i, j )/[µ(�i )]1/s = T(i, j)(r j Xγ (i, j)). (8)

It follows from (7) and (8) that for every i = 1, . . . , k,

Xi = ∪n
j=1T(i, j)(r j Xγ (i, j)), (9)

which is a disjoint union.
On the other hand, we have

E = ∪n
j=1S j (E) with the ratio of S j being r j .

For every i = 1, . . . , k, let

Yi = E . (10)

Then

Yi = ∪n
j=1S j (Yγ (i, j)). (11)

We construct a graph containing k vertices {1, . . . , k} such that for every pair (i, j) ∈ �k,

there is an edge e(i, j) starting at vertex i and ending at vertex γ (i, j). For this edge e(i, j), the
corresponding mappings are S j with respect to {Yi }k

i=1 and T(i, j) ◦r j with respect to {Xi }k
i=1,

these two mappings having the same ratio r j . It follows from (9), (11) and Lemma 1, Xi

and Yi are Lipschitz equivalent for every i . Here Yi is E and Xi is a finite-copy of F. By
Lemma 2, we have E � F.
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3.6 Necessary Condition in [3]

In this subsection, by using Theorem 1, we check that: If E � F, then

(i) Q(rs
1, . . . , rs

n) ⊂ Q(t s
1 , . . . , t s

m);
(ii) sgp(r p

1 , . . . , r p
n ) ⊂ sgp(t1, . . . , tm) for some p ∈ N.

In fact, (i) follows from µ(�i, j )/µ(�i ) = rs
j , where µ(�i, j ) and µ(�i ) are polynomial of

{t s
1 , . . . , t s

m} with integer coefficients.
To prove (ii), it suffices to show that (rs

j )
p j ∈ sgp(ρ1, . . . , ρm) for some p j ∈ N. Fix j,

there is an infinite sequence {cu}∞u=1 ⊂ {1, . . . , k} such that cu+1 = γ (cu, j) for every u.

Then there are l < l ′ such that cl = cl ′ . We have µ(�cl ) = µ(�cl′ ), and

(rs
j )

l ′−l+1 = µ(�cl , j )

µ(�cl )

µ(�cl+1, j )

µ(�cl+1)
· · · µ(�cl′−1, j )

µ(�cl′−1
)

= µ(�cl , j )

µ(�cl+1)

µ(�cl+1, j )

µ(�cl+2)
· · · µ(�cl′−2, j )

µ(�cl′−1
)

µ(�cl′−1, j )

µ(�cl′ )
,

where �ct , j ≺ �ct+1 and
µ(�ct , j )

µ(�ct+1 )
∈ sgp(ρ1, . . . , ρm). That means

(rs
j )

l ′−l+1 ∈ sgp(ρ1, . . . , ρm).
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