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Abstract This paper proves a necessary and sufficient condition for two dust-like
self-similar sets to be Lipschitz equivalent.
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1 Introduction

In the view of [3], topology may be considered as the study of equivalence classes of sets
under homeomorphism, and then fractal geometry is sometimes regarded as the study of
equivalence classes of sets under bi-Lipschitz mappings.

Many works have been devoted to the Lipschitz equivalence of fractals, for example,
Cooper and Pignataro [1] studied the shape of Cantor sets, David and Semmes [2] discussed
the BPI equivalence between Ahlfors regular fractals including self-similar sets and Moran
sets generated by cubic patterns, Falconer and Marsh [3] obtained a necessary condition of
Lipschitz equivalence between dust-like self-similar sets.

Definition 1 Wesaythat A C R” and B C R are Lipschitz equivalent, denotedby A ~ B, if
thereis abijection f : A — Bsuchthatforalla;,a; € A, Claj—ar| < |f(a)— f(ax)| <
Cla; — az|, where C > 0 is a constant.

First recall some notions of fractals. A mapping S : R* — R" is a contracting similitude,
if there is a ratio p € (0, 1) such that |S(x) — S(y)| = plx — y| for all x, y € R". Given
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contracting similitudes {S;}7_,, suppose E = U!_,S;(E) is the corresponding self-similar

set. We say E is dust-like [3], if U?_, S; (E) is a disjoint union.

Example 1 Lets =log2/log3. Take g € (0, 1) with38* = 1 andlet h = (1 — 38)/2. Let
S1(x) = Bx, $3(x) = (1—B)+Bx, and Sp(x) = (h+ )+ Bx. Suppose E* = U}_, S;(E*),
then dimy E* = log2/log3 = dimy C, where C is the Cantor ternary set. It is proved in
[3] that E* and C are not Lipschitz equivalent (also see [1] and [2]).

For any two dust-like self-similar set with the same Hausdorff dimension, the above
example illustrates that they need not be Lipschitz equivalent. However it is proved in [3]
that they are nearly Lipschitz equivalent. Furthermore, the nearly Lipschitz equivalence and
quasi-Lipschitz equivalence between C I self-conformal sets were discussed in [7] and [8].

For self-similar sets not dust-like, we consider self-similar sets F| and F; satisfying

Fi = F/5U@2/5+ F1/5U@/5+ F1/5),
Fr = F,/5U (/5 + F»/5) U (4/5 + F»/5).

David and Semmes [2] asked the Lipschitz equivalence between F; and F, where F> is
not dust-like. It is proved in [6] that they are Lipschitz equivalent. A generalized situa-
tion for three different ratios ry, r, r3 is discussed in [9]. Suppose S;(x) = T1(x) = rix,
S3(x) = T3(x) = (1 — r3) + r3x, and
SH(x) = H_rl# +mrx, Thx)=1—r—r3+nrnx.

Let Fiy, ry,r3) and Gy, .4} be self-similar sets generated by {Si}?:] and {Ti}?:l respec-
tively. It is proved in [9] that Fy,, ,, r} and Gy, r, 4} are Lipschitz equivalent if and only
log ry/log r3 is rational.

How to classify the dust-like self-similar sets under the Lipschitz equivalence? Fix a ratios
setR = {r; }?=1 ,let Mg = My, .....r,) be the collection of dust-like self-similar sets defined
by

,,,,,

Mp = {E = Ul'-lzlSi(E) : E is dust-like and S; has ratio r; for every i} .

The following fact is a version of “sliding” in [1]: If E, F € M, then E ~ F.In[1], some
invariants of the Lipschitz equivalence for self-similar sets are discussed.

Suppose R = {r;}}_,; and 7 = {t; }’/’.’=l areratios sets with " rf =3~ t; =1.IfE e Mp
and F € M, the question is how to judge

whether E and F are Lipschitz equivalent or not.

The paper [3] gives a necessary condition for E and F to be Lipschitz equivalent: If £ >~ F,
then

i) Qf,....r) =Qf,....1);

(ii) There are positive integers p and g such that
sgp(rlp, D) Csgpt, .. tw),
sgp(l, ... th) Csgp(ri, ... . rm),
where sgp(ay, ..., ar) is the multiplicative semigroup generated by {ay, ..., ax}.
In this paper, we will give a necessary and sufficient condition to have E ~ F. To state

this condition, we need some notations. Write p; = tj forj=1,...,m. Then >, p;=1.

@ Springer



Lipschitz equivalence of dust-like self-similar sets

Let X, = {1,...,m}* be a symbolic system equipped with the Bernoulli measure u =
(o1, .., pm). The cylinder iy, . .., i;] generated by the word iy, .. ., i; is defined by [iy, ...,
l=4, - jis---»€Xm: j1s---5 1 =11, ...,11}. Then for each cylinder [iy, ..., i],

wlliy---igl) = _ i,

Let X denote the set of all finite words U?2 {1, . omi.Let Ay = (Q = Uk W I
k e N,if € ¥ forall u and [i}'] N [i}}] = @ for any u 7+_ v}. Suppose Q2 € Ar. Then the
measure M(Q) zl*/L([l 1), which is a polynomial in py, ..., py,. Given aword iy, ..., i
and a subset A ofEm, letiy, ..., ik A ={i1, o sikjloeees Jlsovvst Jloeuusly-oor € A}
For 2, Q' € A7, we denote Q < €', if either @ = Q' or there is a word i1, .. ., ix such that
Q=iy,..., ;.

Fixn,letTy ={(i,j): 1 <i <k,1<j<n}fork>1.

Theorem 1 Suppose R = {r;}i_, and T = {t; }’/"_1 are ratios sets with > r? = th =
Let E € M and F € M7. Then E >~ F if and only if there exist 21, Q2, ..., Q € AT
for some integer k, {2 j}i jyery C A7 andy : Ty — {1, ..., k} such that

(D) R < Qyq, ) forevery (i, j) € I'y;
(2) Foreveryl <i <k, Q; =VU_,Q; ;, which is a disjoint union;
(3) Forevery (i, j) € I'g,

j=1

(2, )/ (i) = rj.

The paper is organized as follows. Section 2 gives some examples to illustrate the con-
ditions of Theorem 1. Section 3 is devoted to the proof of Theorem 1. In this section, some
lemmas from [1,3] and [6] are introduced, including graph-directed construction and struc-
ture of bi-Lipschitz mapping between self-similar sets. At the end of Sect. 3, we will obtain
the necessary condition in [3] as a consequence of Theorem 1.

2 Examples

Let R = {ri}j_; and 7 = {1;}7_; with 3., ] = > ;1] = 1. We say the ratios set R is
equivalent to 7, if any E € My and any F' € M7 are Lipschitz equivalent.

Definition 2 Suppose R is equivalent to 7. We say that x € N is the depth of the Lipschitz
equivalence for R and 7 (or “depth for R and 7 in short), if there are {Q2;}; U {2; ;}¢, )
as in Theorem 1 such that €; is the union of finitely many cylinders generated by words of
lengths not exceeding y for every i, and €; ; = ﬂé,j)Qy(i,j) for every (i, j) where ,Bz*l.’j) is
an empty word or a finite word of length not exceeding x.

Fixing 7 and x, we can write a computer program to find all R ={r;}/"_, which are
equivalent to 7 with the depth for 7 and R not exceeding x. We only need to search
{Szi}i s {,32;7].)}(,',]‘) and {y (i, j)}(,"j) satisfying the disjoint union 2; = UT:I Q,’qj with Qi,j =
Bi.j)Stva.j and

(1, )/ (1) = (R, )/ u() = -+ =17

The following example illustrates the case of k = 1
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Example 2 Suppose X, is a symbolic system with the Bernoulli measure

o = (P15 -5 Pm)-

Let X, = U!_,[ix] be a disjoint union. Write Q; = [1]U--- U [m] = ¥, and Q, =
i¥Q) < Qqforu=1,...,n. Then

S.21 = U;’=1Ql,u
with po(21,,)/10(21) = wo([i;1). Then the ratios set Rg = {M(l)/s([i,’:])}’;:1 is equivalent
to 7o = { ,01l / S p,i/ 1. We say that R is generated by splitting operator [1] from 7.

Remark 1 Fixs > 0. Suppose R is a ratios set equivalent to {(1/2)!/%, (1/2)!/5}. It is proved
in [3] that R is generated by splitting operator from {(1/2)'/%, (1/2)!/5}. Then Example 1
follows from this result. The question is how to characterize the ratios class 7 satisfying the
following property: any ratios set equivalent to 7 is generated by splitting operator from 7 .
The reader is referred to [1] and [3].

The next example gives the Lipschitz equivalence for two different ratios sets {r, r»} and
{ti,p}withr{ +r3 =t +1; =1.Herem=n=k=x =2.

Example 3 For the symbolic system X, equipped with the Bernoulli measure 1 = (p1, p2),
let

Q= [1]U[2], 2 = [1]U[21].
Then u(€21) = 1, 1(£22) = p1 + p1p2. Here

Q) =[221U([1]U[21]) =22Q, U Qy = Q1,1 UL 2,
Q =[1]U21] = 1Q; U21Q; = Q1 U).

The condition (3) of Theorem 1 requires

[on = u(22821) /(1) = p(1£21)/n(€22),
oy = (1(22)/pn(821) = n(2121)/pn(822).

Therefore, we have

p3 = p1/(p1 + p1p2).
p1+ p1p2 = p1p2/(p1 + p1P2),
p1+p2=1,p1,02>0.

That means
p3(L+p2)=1,p1=1-ps.
We have
p2=0.7548--- and p; =0.24--- .
We also have
a1 =p1+pipr=043---, ay=p3=056---.
Forany s > 0, let r; = ()" (i = 1,2) and t; = (p))"/* (j = 1,2). Then {ry, r2} is

equivalent to {1, t}. Here {ry, r»} can not be generated by splitting operator from {t1, #2}.
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Lipschitz equivalence of dust-like self-similar sets

The last example gives the Lipschitz equivalence for ratios sets {r/ }?zl and {t}}‘}:l satis-
fying >, (r))* = Z/-(tl.’)s = 1.Here m =3, n =4, k = 2 and depth x = 3.

Example 4 For symbolic system X3 with the Bernoulli measure u' = (o, pj, p5), let
Q= [11U[2], 2 = [3].
Then 1/ (1) = p} + p5, ' (2) = pj. Here
Q) = [11U[2] = I([1]U[2]) U 1[3]U2([1]U [2]) U2[3]
=1QIUIQU2QIU2Q) = Q) | UQ|,UQ|3UQ),,
le = 333([1]U [2]) U333[3]U33([1]U 2D U3([1]1U[2])
=333Q] U333Q5U33Q| U3Q =Q5 | UQ),UQy;UQ),.
The condition (3) of Theorem 1 requires

o) = W (191 () = W/ (333Q)) /1 ()
oy = 1 (1) /() = w (B339) /1 ().
o = W QO /I () = W33/ (),
o = W QY1) = 1 BR /1 ().

Therefore, we have

= (04> (0] + P}, (1)
P1P5/ () + pb) = ()3, 2
Py = p5(p] + ph), (3)
Py05/ (P} + p3) = pi + 5, “4)

P+ 05+ Py =1, 01, p5, Py > 0. (5)
Adding (1) and (3), we get
P} + pb = (o} + Py)Ips + ()1,
which implies pj + (,og)2 =1,ie, p} = (+/5 — 1)/2. Then, from (1) and (3), we get

7—34/5 5—-1
p;:%:o.ms.-., 0y =+5-2=0236---, pngz =0.618--- .
Here formulas (1)—(5) hold. We also have

o) =355 <0381 ang— = 0.236-

o = J5—220236. . Lo =135 —0.145.
Forany s > 0, let 7/ = (e))!/* (i = 1,2,3,4) and 1 = (p})‘/f (j = 1,2,3). Then
{r{, 15, r}} is equivalent to {r{, 15, 5, 13}
3 Proof of Theorem 1
3.1 Graph-directed construction
Suppose that {1, ..., M} is the vertices set of a directed graph G. Forany 1 <i,j < M,

let I;; = {¢/ : ¢ € G is a directed edge from i to j}. For any edge e € I'; ;, there
is a corresponding similitude 7, : R” — R” with the similarity ratio p, € (0, 1), that is
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[T, (x) — T,(y)| = pelx — y| ¥V x,y € R". The compact sets {(EM

i=1
directed sets [5] on the graph G, if for each i,

E=J | E)p.

j eel“,-,j

are called the graph-

We say {E; }i}‘i | are dust-like, if the above union is a disjoint union for each i.

Lemma 1 [6] Suppose {Ei}iﬁi | and {Fi}iﬁi | are dust-like graph-directed sets on the same
graph G satisfying

E=J | TE) and Fi=] | S.(Fp.

j eEF,g_,- j eeI‘,-,,'
where S, and T, have the same ratio p, for each edge e. Then E; >~ F; for all i.

By using the above lemma, we can get the following results [6]: fix an integer n > 2. For
any subset A C {1,2,...,n}, let Eg = UjeplEa/n+ (i —1)/n].IfA, B C {1,2,...,n}
with#A = #B, then E 4 and Ep are Lipschitz equivalent. A special case with three different
ratios was discussed in [9].

3.2 Copy and finite-copy

For a subset A C R, wesay B = g(A)isacopyof A, if g : Rl — R’ is a similitude with
ratior € RT. The set B = Uif:lgi (A) is called a finite-copy of A, if {gi}if:l are similitudes
and {g; (A)}i.‘=1 are pairwise disjoint.

Suppose H = U;?:lSl-(H) is a dust-like self-similar set. For j* = ji, ..., jx € 2,’;, write
Sjx =S8j0---08; and Hjx = S;+(H). Hj= is called a fine copy of H. Given a finite subset
E of E;‘, we say that Uj«cg H+ is a fine finite-copy of H.

Lemma 2 [1] Suppose A is a dust-like self-similar set. Then A is Lipschitz equivalent to any
of its finite-copy.

3.3 Structure of bi-Lipschitz mapping

In this subsection, we always assume that E, F are dust-like self-similar sets and £ >~ F.
Let f : E — F be the corresponding bi-Lipschitz bijection. Then by [1] and [3], we have
the following two lemmas.

Lemma 3 [3] There exists an integer N such that for any fine copy E of E, there exists a
subset A C {1,...,m}N so that

FEY = Fjpjijes

JreA

where Fj, . ;. is the smallest fine copy containing f (E).

.....

Lets =dimyg(E) = dimyg(F) and H® the s-dimensional Hausdorff measure.

Lemma 4 [1] There are a fine copy E of E and a fine finite-copy F of F such that the
restriction f|g : E — F is bijective, and f|j is measure linear, i.e., for any Borel subset
A C E with H*(A) > 0,
H (f(A) _ HY(F)
H(A) H(E)
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3.4 Proof of Theorem 1: necessity

Assume that E € My, F € M7 are dust-like self-similar sets and E >~ F.

Let f : E — F bethe corresponding bi-Lipschitz bijection. By Lemma 4, there exist a fine
copy E of E and a fine finite-copy F of F such that the bi-Lipschitz mapping f|z : E — F
is measure linear.

By Lemma 3, for any fine copy E’ C E, there exists A C {1, ..., m}N such that
F(E") =Ujrep Fjy.j js (1)
where Fj, . j is the smallest fine copy containing f(E’). Wesay A C {1,..., m}V is an
admissible set if there exists E’ C E such that (1) holds. Since {1, ..., m}" is a finite set,
there are only finitely many admissible sets A.l’ cees A C{l,..., m}N .
For every A;, there exists a fine copy E' C E such that f(E') = Ujsen, Fy,..., U j*

where Fy, .., the smallest fine copy containing f(E"). Let E! = E,,

U;."ZIEU] ,,,,, v, j- Let ¢; denote the natural similitude from E to Ey,
natural similitude from F,, . , o F. Therefore, we have

,,,,, vy - Then E! =
v, (= E') and y; the

yeees

,,,,,

~ Yi Flgi Xi
]’l,':)(,' (o) f|Ei oQ; . E = EUI--~Uq — Uj*EA,' Ful.“upj* — Uj*EA,' F]* (2)

Here h; (E;) C Ujsen, Fj» C F, which implies that there is an admissible set A, ;, ) and a
finite word or an empty word /3(*1' ) such that

hl(Ej) = Uj*EAV(f~j)Fﬂfi,/)j*' (3)
Since &; is a homeomorphism, we have
hi(Ej)) Nhi(Ej,) =@ forany ji # j,.
Let
Qi = Ujren, [J"] and Qi j = Ujren, , [BG 17T =BG @y - 4)
Then
Q,”j < Qy(i,j) and Q; = U?:lQiJ, ©)
which is a disjoint union since /; (E ;) N h;(E},) = @ for any j; # j2.
In formula (2), x;, f|gi and ¢; are measure linear, which implies /; is measure linear.

Therefore, for every pair (i, j),

o _ME) H(Ujren, i Fay ) _ m(Qi))
7 HS(E) HS (Ujren,; Fjx) w(€2)

(6)

where for any Borel set A C %,,,,
wn(A) = H'(w A)/H' (F) [4],

with 7 : ¥, — F defined by {m(j1, ..., jk, .- )} =02 Fjioo e
Therefore, the necessary condition follows from (4)—(6 ).
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3.5 Proof of Theorem 1: sufficiency

Suppose 7 : X,, — F is defined by
{mGins e i o DY = Ry Fi e
Denote X; = n(Qi)/[pc(Q,-)]l/‘V. Then we get a disjoint union
Xi =) (Qi )/ (@]’ @)
Since 2; j < 2y, j), we notice that n(Qi,.,-)/[u(Qi)]l/s is a copy of

Xy) = 7(Qy.)/ 1Ry )1
with ratio r satisfying

s Hm () /[r(Q)]V]
TRy ,) /TRy 6, )T
 w(Qyh, ) Hm (2 )1/ H(F)
o w(Q) Hr(Qyq, )]/ HE(F)
_ n(Qya, ) m(€))

) Q6.
(82 5)
()

N
=}"j7

which implies r = r;. Therefore there exists an isometry 7(;, ;) such that

Q)@Y = T,y (rj Xy, ) ®)
It follows from (7) and (8) that foreveryi =1, ..., k,
Xi = Ty (rj Xy ), ©)

which is a disjoint union.
On the other hand, we have

E = U;?ZISJ-(E) with the ratio of S; being r;.
Foreveryi =1,...,k, let
Y, =E. (10)
Then
Yi = Ui, Si(Yya)- (11)

We construct a graph containing k vertices {1, ..., k} such that for every pair (i, j) € I'k,
there is an edge e;, ;) starting at vertex i and ending at vertex y (i, j). For this edge e, ), the
i i . i 1k . . Wi 1k
corresponding mappings are S; with respect to {Y;};_ and T(;, ;) or; with respectto {X;};_;,
these two mappings having the same ratio r;. It follows from (9), (11) and Lemma 1, X;
and Y; are Lipschitz equivalent for every i. Here ¥; is E and X; is a finite-copy of F. By
Lemma 2, we have E >~ F.
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3.6 Necessary Condition in [3]

In this subsection, by using Theorem 1, we check that: If E >~ F, then

i) QGf,....r) CQUf,....t);
(ii) sgp(rf, .. rP)y Csgp(ty, ..., ty) for some p € N.
In fact, (i) follows from w(€2; ;)/m($2;) = r;, where ©1(€2; ;) and (1(€2;) are polynomial of
{t, ..., t;,} with integer coefficients.
To prove (ii), it suffices to show that (rjs.)f’./' € sgp(pt, .., pm) for some p; € N. Fix j,
there is an infinite sequence {c,};°, C {1, ..., k} such that ¢, 41 = y(cy, j) for every u.
Then there are [ < [’ such that ¢; = ¢;. We have u(Q,) = (2, ), and

w(Qep, ) (¢4, 5) o (2, _,.j)

Q) 1w Q) Q)

_ Q) M Q) ) ()
Q) Q) m(Q) ()

s\'—I+1 __
(rj) =

)

Qi
where Q¢ ; < ., and ;L((Tl;’l)) € sgp(p1, ..., pm). That means

(r;‘)l —I+1 c Sgp(pl, ey )Om)
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