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Introduction

In these notes, I survey a long term work, joint with D. Ginzburg and S. Rallis, where we
develop a descent method, which associates to a given irreducible automorphic representation
7 of GL,(A), an irreducible, automorphic, cuspidal, generic representation o, on a given
appropriate split classical group G, such that o, lifts to 7, for almost all places v, where
7, is unramified. Of course, not every 7 is obtained in such a way. We have to restrict
ourselves to 7 which lies in the expected (conjectural) image of the functorial lift from G to
GL,, restricted to cuspidal representations o of G(A). We restrict ourselves even more and
consider only generic . This also applies to quasi-split unitary groups G. Here A denotes
the adele ring of a number field F'. Thus, for example, let F be a quadratic extension of
F, and let 7 be an irreducible, automorphic, cuspidal representation of GLg,11(A)g), such
that a partial Asai L-function L*(7, Asai,s) has a pole at s = 1. Then we construct an
irreducible, automorphic, cuspidal, generic representation o, of Us,1(A), which lifts weakly
(i.e. lifts at all places, where 7 is unramified) to 7. Here, Us, 1 is the quasi-split unitary
group in 2n + 1 variables, which corresponds to E. We regard it as an algebraic group over
F'. Note that o, would probably be a generic member of “an L-packet which lifts to 77. Of
course, o, is a generic member of the near equivalence class which lifts to 7.

The basic ideas of our descent method (backward lift) can be found in [GRS7,8]. A

more detailed account appears in [GRS1], where we also start focusing on the descent from
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cuspidal 7 on GLy,(A), such that L°(7, A%, s) has a pole at s = 1, and L(r, %) £ 0, to -
generic cuspidal representations o on the metaplectic cover of Sp,,,. We complete the study
of this case (for non-cuspidal 7 as well) in [GRS2-4,6]. In [GRS9], we consider the lift from
(split) SOsg,41 to GLg,. I review this last case in Chapter 1 of these notes. Here we can
prove more; namely, that the generic cuspidal representation o, is unique up to isomorphism.
This is achieved due to a “local converse theorem” for generic representations of SOs,11(k),
over a p-adic field k, proved in [Ji.So.1]. In Chapter 2, I review integral representations for
standard L-functions for G x GL,, (valid only for generic representations). The integrals
are of Rankin-Selberg or Shimura type. They are certain Gelfand-Graev, or Fourier-Jacobi
coefficients applied to Eisenstein series or cusp forms. In Chapter 3, I review the descent
from GL, to G in general, and in Chapter 4, I illustrate various proofs through low rank
examples.

This survey is the content of a minicourse that I gave at Centre Emile Borel, IHP, Paris,
when I took part in the special semester in automorphic forms (Spring 2000). I thank the
organizers H. Carayol, M. Harris, J. Tilouine, and M.-F. Vignéras for their invitation, and I

thank my audience for their attention.

Frequently used notation:

F — a number field.

A = Ap — the adele ring of F.

F,, — the completion of F' at a place v.

O, — the ring of integers of F},, in case v < c0.
P, — the prime ideal of O,,.

q = |0,/P,|.

SO,.(F) ={g € GL,,(F)|'qJg = J}, where J =
1
Let R denote the group of positive real numbers. Let i : Rt — A* be defined by

i(r) = {x,}, where for all finite places v, x, = 1, and for each archimedean place v, z, =
r. We denote i(RT) = AZ. For an irreducible representation 7, w, denotes its central
character. Sometimes we denote by V. a vector space realization of 7. When 7 is an
automorphic cuspidal representation, we assume that 7 comes together with a specific vector
space realization of cusp forms, which we sometimes denote by 7 as well. Finally, given
representations 7, . ..,7. of GL,, (F,),...,GL,, (F,) respectively, we denote by 73 X -+ X 7,

the representation of GL,(F,), n = ny + --- + n,, induced from the standard parabolic



subgroup, whose Levi part is isomorphic to GL,,, (F,) X - - -xGL,, (F,), and the representation
Tl ® P ® T’I"'

1. The weak lift from SO, ,; to GLo,

In this chapter we survey the results on the weak lift from SOs, 1 to GLs,, obtained after
applying our descent method (backward lift). Together with the existence of this weak lift
for generic representations [C.K.PS.S.], we obtain a fairly nice description of this weak lift,

which turns out to be not weak at all.

1.1 Some preliminaries

Let 0 = ®0, be an irreducible, automorphic, cuspidal representation of SOsg,1(A). For
almost all v, ¢, is unramified and is completely determined by a semisimple conjugacy class
la,] in £SO3,,,; = Sp,,(C), so that L(o,,s) = det(l, — ¢, *a,)"*. Let i be the embedding
SPs, (C) C GLy,(C). Then the conjugacy class [i(a,)] in GLy,(C) determines an unramified
representation 7, of GLa,(F),), such that L(7,,s) = L(o,,s). The unramified representation
7, is called the local Langlands lift of o,,. This notion (of local Langlands lift) is conjecturally
defined at all finite places and is well defined at archimedean places. For an archimedean
place v, 0, is determined by its Langlands parameter, which is an admissible homomorphism
©y : W, — Sp,,,(C) from the Weil group of F,,. The local lift of o, is the representation 7, of
GL2,(F,), whose Langlands parameter is i o ¢, : W,, — GLs,(C). (For finite places v, where
0, is not unramified, o, is conjecturally parameterized by an admissible homomorphism from
the Weil-Deligne group ¢, : W, x SLy(C) — Sp,,,(C), and an irreducible representation 7,
of GLy, (F,) would be a local lift of ¢, if 7,, corresponds to the homomorphism 7 o ¢,,, under
the local Langlands reciprocity law for GLa,, now proved by Harris-Taylor [H.T.] and by
Henniart [H].) An irreducible, automorphic representation 7 = ®r, is a weak lift of o, if for
every archimedean place v and for almost all finite places v where ¢, is unramified, 7, is the
local lift of o,,. Using the converse theorem for GL,, [C.PS.] and L-functions for SOq, 1 X GLy
constructed and studied by Shahidi [Sh1], the existence of a weak lift from SOs, 1 to GLs,
was established for globally generic o, by J. Cogdell, H. Kim, I. Piatetski-Shapiro and F.
Shahidi.

Theorem [C.K.PS.S.] Let o be an irreducible, automorphic, cuspidal, generic represen-
tation of SOg,11(A). Then o has a weak lift to GLa,(A).

Here we remark that a weak lift of o is realized as an irreducible subquotient of the space



of automorphic forms on GLy,(A). Moreover, by the strong multiplicity one property for
GLs, [J.S.], all weak lifts of o are constituents of one representation of GLy,(A) of the form
71 X -+- X 7., where 7; are (irreducible, automorphic) cuspidal representations of GL,,,(A),
my+ -+ +m, = 2n and the set {7y,...,7.} is uniquely determined. In particular, if o has a
cuspidal weak lift, then it is unique. We are going to describe the image of the above weak

lift, starting with its cuspidal part.

1.2 The cuspidal part of the image

Let o be an irreducible, automorphic, cuspidal, generic representation of SOg,,.1(A). Assume
that o has a cuspidal weak lift 7 on GLy,(A). As we just remarked, 7 is uniquely determined
(even with multiplicity one). Clearly 7, =27, (and w,, = 1), for almost all v. By the strong
multiplicity one and multiplicity one properties for GLa,, [J.S.], [Sk]|, we have 7 =7, i.e. T
is self-dual. (Similarly, w, = 1). Let S be a finite set of places, including those at infinity,

outside which o and 7 are unramified. We have
L?(0 x 1,8) = L°(t x 7,8) = L°(T x 1, 5),
and hence L°(o x 7, 5) has a pole at s = 1. Recall that
L5(1 x 7,5) = L®(1,sym? s) L% (1, A, s) .
By Langlands’ conjectures, one expects 7 to be “symplectic”, and so the pole of L¥(7 x 7, s)
at s = 1 should come from L%(7, A2, s).

Theorem 1. Let o be an irreducible, automorphic, cuspidal, generic representation of
SO2,41(A). Assume that o has a cuspidal weak lift 7 on GLy,(A). Then L°(7, A2 s) has a
pole at s = 1.

Proof. Let us express the pole at s = 1 of L® (0 x 7, 5) through a Rankin-Selberg type integral
which represents this L-function [Sol], [G.PS.R.]. It has the form

L(Po, frs) = / 0o(9)E” (fr.s, 9)dyg, (1.1)

SO2n41(F)\SO2n11(A)
where ¢, is a cusp form in the space of o, E(f;s,-) is an Eisenstein series on split SOy, (A)
corresponding to a K-finite holomorphic section f;, in Indig);&(f)ﬂ det -|*~1/2, where P, is

the Siegel parabolic subgroup of SOy4,. E¥ denotes a Fourier coefficient along the subgroup

z oy e 1 *
Ny ={u= Ipio ¥ ] €SOy, | z€ 2,1 = 1,
7 0 1



with respect to the character

Xo iU — (212 4+ 203+ -+ Zneon-1 F Yn—1n+1 — Yn—1n+2)-

In—l
Here 1) is a fixed nontrivial character of F'\A. The stabilizer of x,, inside SO9,19

Infl

0

]n—l 1
is the subgroup of all g , where g fixes the vector 1 (inside F?n+2).

[nfl
0

This defines (split) SOg,11 and its embedding (over F') inside SOy, all implicit in the defi-
nition of L(¢,, fs). For a suitable choice of data,

Lo x 71,8)

L(po, fr,s) = mR(s)a (1.2)

where R(s) is a meromorphic function, which can be made holomorphic and nonzero at a
neighbourhood of a given point so. We consider sy = 1. Since 7 is unitary, L%(7, A2, 2s)
is holomorphic at s = 1. We conclude from the last equation that L(y,, frs), and hence
E(f:s,-), has a pole at s = 1 (for some choice of data). This implies that the constant term
of E(f.s,1), along the radical of Ps,, has a pole at s = 1, for some decomposable section,

and this has the form )
S5 (1,A%,25 — 1)

L5(r,A2,25)

Foa(T) + T M()E

ves’

(1.3)
for some finite set of places S’ containing S. By [K,Lemma 2.4], M ( T(VS)) (the corresponding
local intertwining operator at ) is holomorphic for Re(s) > 1. We conclude that L% (7, A2, )
has a pole at s = 1. Since L(7,,A?, s) is nonzero for (each s and) each v, L%(7, A% s) has a

pole at s = 1. O

Remarks

1) For each place v, L(7,,A?, s) is holomorphic at s = 1. We thus may replace L%(7, A2, s)
by L% (7,A?,s), for any S" and even by L(7, A?, s).

2) If o is not (globally) generic, L(g,, frs) is identically zero.

The argument in the last proof proves the second direction of the following proposition. (The

first direction is easy and appears in [G.R.S.1, p. 814].)
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Proposition 2. Let 7 be an irreducible, automorphic, cuspidal representation of GLg(A),
k > 2. Assume that the central character of T is trivial on AY. Let sy € C be such that
Re(so) > 1. Then E(f;,-) (similarly constructed on SOq(A)) has a pole at sy (as frs

varies), if and only if k is even, so = 1, and L(7, A% s) has a pole at s = 1.
From this proposition we conclude

Theorem 3. Let o be an irreducible, automorphic, cuspidal, generic representation of
SOg,11(A), and let T be an irreducible, automorphic, cuspidal representation of GLj(A),
k > 2, such that w, N 1. Then L%(c x 7,s) is holomorphic for Re(s) > 1, and if
L%(o x 7,5) has a po]eo;t so, such that Re(sg) = 1, then k is even, so = 1 and L%(1, A2, s)
has a pole at s = 1. (S, as usual, is a finite set of places, outside of which both o and T are

unramified.) Finally, if T is an automorphic character of A*, then L°(o x 7, s) is entire.

Proof. As in the proof of Theorem 1, we can express L° (o x 7,s) using global integrals (see
[G],[So1],[G.PS.R.]). We will review them in more detail later. They involve the Eisenstein
series E(fr.s,-) on SOg,(A) when k > 2, so that, as in Theorem 1, if L%(c x 7,s) has a pole
at so, Re(sg) > 1, then E(f,,-) has a pole at so, and by Proposition 2, we get what we
want. In case k = 1, the global integrals turn out to be entire, and then it is easy to check

that L°(o x 7, s) is entire as well.
0

Let us start now with an irreducible, automorphic, cuspidal representation 7 of GLy,(A),
such that L(7, A% s) has a pole at s = 1. As we have seen in Theorem 1, this is a necessary
condition for (a cuspidal) 7 to lie in the image of the weak lift from SOsg,1(A). If 7 is a
weak lift of a generic o, then by (1.2) L(p,, frs) has a pole at s = 1 (for suitable choice of
data), and hence (see (1.1)) there is a non-trivial L?>pairing between (the space of) ¢ and

_ ! . , .
7o(7) = Span{Res, o B (fre | ) (1.4

Now we note that o, (7) can be defined as in (1.4) for any cuspidal 7, such that L(7, A%, s)
has a pole at s = 1. 0,(7) is a space of automorphic functions on SOsg,41(A). The descent
map 7 +— 0y(7) is the main vehicle, which will lead us to the description of the functorial

lift from SOy, 1 to GLs,. One of the main theorems is

Theorem 4. Let 7 be an irreducible, automorphic, cuspidal representation of GLy,(A).
Assume that L(t,A?, s) has a pole at s = 1. Then o,(7) is a nonzero, irreducible, automor-
phic, cuspidal, generic representatons of SOs,1(A), which weakly lifts to 7. Every other

such representation has a non-trivial L*-pairing with oy(7).
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Guidelines to the proof

1) oy(7) is cuspidal: put, for short e.(h) = Res,—1E(f-s,h). We have to show that all
constant terms of e, along unipotent radicals (of parabolic subgroups) in SOg, 1, vanish.
Consider then the constant term of e, along the unipotent radical of the standard parabolic
subgroup of SOy, .1, which preserves a p-dimensional isotropic subspace, 1 < p < n. This
constant term (evaluated at h = I) equals [G.R.S.1, Chapter 2]

(anpad)il)/\
> e / it (5:8)dz (1.5)

Lp(A)
where Z, is the standard maximal unipotent subgroup of GL,, Zp is a certain unipotent

subgroup inside the Levi part of P,, [ is a certain Weyl element of SOy,, and 7 =
Y

-1
Ion—p) ) eSN""”w ) is the Fourier coefficient of e, along
fy’Y
z Y e
Nn—p = {U = [2(n—p)+2 y/ € So4n ’ z € Zn—i—p—l}a
Z*
with respect to the character
n+p—2

Xl(pn_p) P T Z 2ii41) 0 Yntp—tin—pt1 = Ynip—1mpra)-
i=1

(n—p

As for the case p = 0, Xy ) is fixed by SOs(,—p)+1, appropriately embedded in SOy,, and

we may consider

(n—p)

oy (7)) = Span{e(N”"”wfl)

T

SOQ(nfp)+l(A)

The cuspidality of o, (7) is implied by
Uq(bk)(T) =0 , YO<Ek<n (1.6)

This is proved using just one place. First, note that the residues e, are square integrable.
Next, take an irreducible summand 7 of the space of the residues e,. At a place v, where
7, is unramified, 7, is the spherical constituent of Indi?f(’}g)”)ﬂJ det -|*/2. One shows, using
Bruhat theory, that the corresponding Jacquet modules vanish

JNk(Fu),XEka) (m,) =0, V 0<k<n. (1.7)
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This depends only on the fact that (unramified) 7, is self-dual and w,, = 1.

2) oy(7) is nontrivial: this depends only on the fact that 7 is (globally) generic. We can
relate the ¢)-Whittaker coefficient of o,,(7) to that of 7.

3) Write o,(7) = @0; — a direct sum of irreducible (cuspidal) representations. Each sum-
mand o; weakly lifts to 7. This follows from the fact that at a place v, where 7, (as in (1.7))
and 7, are unramified, ‘]Nn(Fu),wa (m,), which surjects on o;,, shares its unramified con-
stituent with that of Ind%(?;:;l(ﬂ)m,u ® -+ ® U, where B is the Borel subgroup of SOy, 1,
and 7, is the unramified constituent of i3, X -+ X pi,, X M;,ly X o X ,ul_ll, on GLo,(F)) (piv
are unramified characters of F).

4) Decompose o(7) into a direct sum @o; of irreducible cuspidal representations. Each sum-
mand o; has a non-trivial L*-pairing with o,,(7), and so by definition ((1.4)), L(ps,, frs) Z0
(see (1.1)). By Remark (2), after the proof of Theorem 1, o; must be generic for all .

Note that since o; is generic, it has a weak lift 7/ on GLy,(A) [C.K.PS.S.]. By the strong
multiplicity one and multiplicity one properties for GLsg,, we must have 7" = 7. In particular,
7, is the local lift of o;, at infinite places as well.

5) oy(7) is multiplicity free: if o; and o; acting in subspaces V;,,V,, are isomorphic sum-
mands, choose an isomorphism (of representations) 1" : V,, — V;,, such that T'(¢) — ¢ has
a zero 1)-Whittaker coefficient for all cusp forms ¢ € V,,. This follows from the unique-
ness up to scalars of a Whittaker functional. The argument of (4) applied to o] acting in
{T(¢) — ¢ | ¢ € V,,} shows that o; must be globally generic. This is a contradiction, unless
T =id.

6) oy(7) is irreducible: it follows from Cor. 4 in Sec. 6 of [C.K.PS.S.] that for any two

summands o;, 0;, and any place v, we have an equality of local gamma factors:

V(O—iﬂ/ X1, 37%/) = P)/(Uj,l/ X1, val/)7

for any irreducible representation n of GLy(F,), k = 1,2, ... By the local converse theorem
(for generic representation of SOs,41(F,) of [Ji.So.1], we conclude that o;, = 0;,, for all
finite places v. For archimedean v, we already know that o;, = o0;, (both representations
have the same Langlands parameter as 7, for v archimedean). We conclude that o; = o, and
by (5) 0; = 0}, and so 0y(7) has only one irreducible summand (appearing with multiplicity

one) i.e oy(7) is irreducible. O



1.3 Description of the image in general, and endoscopy

In general, an irreducible, automorphic, cuspidal, generic representation o of SOg,.1(A)
weakly lifts to an irreducible automorphic representation 7 of GLs, (A), which is a constituent

of an induced representation of the form
dpldet-[*t X -+ x §j]det | X Ty X - X Ty X gj|det-|‘zﬂ' X - X 0p] det |77,

where Re(z1) < -+ < Re(z;) < 0, and each of the representations d;, 7 is irreducible,
automorphic, unitary, cuspidal, or an automorphic character of the idele group, so that

their central characters are trivial on A} . and also 7; = 7;, for i = 1,....¢. We have (for

appropriate S)
J 1
L%(0 % 0y, 8) = HLS(& X 01,5+ 2)L3(8; x 61,8 — z) HLS(TZ- X 01, 5).
i=1 i=1
This product has a pole at s = 1 — z;. (It comes from L%(§; x 8\1,8 + 2z1). Note that
Re(1l — 2z1), Re(1 — 21 £ z;) > 1, so that the other factors in the product do not cancel this
pole.) From Theorem 3, we conclude, in particular, that d; is not a character of the idele

group, z; = 0 and 6; = 3\1, but then L%(c x 6;,5) has a double pole at s = 1, which is
LS(GX51,S)
L5(81,A2,25)
on SOg,. (A), induced from ¢; and the Siegel parabolic subgroup. This Eisenstein series can

impossible. (The global integral which represents involves the Eisenstein series

have at most simple poles for Re(s) > 1.) We conclude that “there are no §;-s”, and
TET X Ty X+ X Ty,

where 7; are irreducible, self-dual, automorphic, cuspidal, such that (again by Theorem 3)
L%(7;, A%, s) has a pole at s = 1, and also 7; # 7;, for 1 <i # j < (. (We just need to repeat
the last argument.) Note that for any irreducible, automorphic, unitary representations
T1,...,70 (on GLg, (A), ... ,GLg, (A) respectively) the representation 7y X - - - x 7 is irreducible.

This proves

Theorem 5. Let o be an irreducible, automorphic, cuspidal, generic representation of
SOg,+1(A). Then o weakly lifts to a representation (on GLy, (A)) of the form 7 = 71 X - - - X 7y,
where 11, ...,7, are pairwise different irreducible, automorphic, cuspidal representations of
GLay, (A), ... ,GLap,(A), ny + - - - +ny = n, respectively, such that L°(t;, A% s) has a pole at
s=1,forl1<i<V/.

Conversely, let 7 be an irreducible representation of GLa,(A) of the form just described in

Theorem 5. We can apply the same procedure as in Sec. 1.2 (case ¢ = 1) and construct
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oy(7) — an irreducible, automorphic, cuspidal, generic representation of SOg,1(A), which
lifts weakly to 7. For this we consider the Eisenstein series on SOy, (A) corresponding to
a K-finite, holomorphic section f; s in Indz%"m) mldet 172 ® . @ 1| det |1/, where
s = (s1,...,5¢) and @ is the standard parabolic subgroup of SOy,, whose Levi part is
isomorphic to GLg,, X - - - X GLg,,. Denote this Eisenstein series by E(f,,, h). Asin [G.R.S.4,

Theorem 2.1, we can prove that the function
(s1=1)(s2—1) -+~ (se = 1)E(frs:h)
is holomorphic at s = (1,1,...,1) and is not identically zero, as the section varies. Consider

ReséilE(fT,ga h) = IIH%(Sl - 1) e (84 - 1)E(f77§7 h),

where 1 = (1,...,1). These residues generate a square integrable automorphic representation
of SOy, (A). Consider, as in (1.4)

os(7) = Span{Res,_ E¥"' - .

»(7) pan{Ress—; (frs )SOQHH(A)}
Theorem 6. Let 7 = 7 X 5 X -+ X 7, be the irreducible representation of Glag,(A),
induced from 71 ® - - - ® Ty, where 11, . . . , 7y are pairwise inequivalent irreducible, automorphic,

cuspidal representations on GLg,, (A), ... ,GLa,, (A) respectively, ny +- - -+mny = n, such that
for each 1 < i < ¢, L%(r;, A% s) has a pole at s = 1. Then 0,(7) is a nonzero, irreducible,
automorphic, cuspidal, generic representation of SOg,,1(A), which weakly lifts to 7. Any

other such representation has a non-trivial L*-pairing with o,(7).

Proof. The nontriviality of o,(7) is shown exactly as in case £ = 1. As we mentioned in
the proof of Theorem 4, only the fact that 7 is generic is important here. The cuspidality
of oy(7) is shown as in case £ = 1, only we need also to use induction on ¢. Let ¢ be an

irreducible summand of o, (7). Then

¢U(9>RGS§ZLE¢(JCT,§7 g)dg ié 07
SO2n+1(F)\SO2n41(4A)

as the data ¢, and f.; vary. In particular

L(go frs) = / o) E (frerg)dg 20 .

SO2n+1(F)\SO2n+1(A)

10



As in (1.4), also in this case the integrals L(p,, f;s) represent

¢
H LS(O' X Ti, Si)
=1

Z )
H LS(Ti XTj,Si+8j) HLS(Ti,A2,2SZ'>

1<i<j<t i=1

for generic 0. Moreover, as in case ¢ = 1, if o is not (globally) generic, then the last two

integrals above are identically zero. The rest of the proof is now exactly as in Theorem 4.

In particular, the irreducibility of o, (7) follows from the local converse theorem in [Ji.So.].

OJ

As a corollary, we obtain that generic cuspidal representations of SOg,.1(A) satisfy the

strong multiplicity one property.

Theorem 7. Let 0y and o9 be two irreducible, automorphic, cuspidal, generic representa-

tions of SOg,,11(A). Assume that oy, = 09, for almost all places v. Then o, = 5.

Proof. Both o1 and oy weakly lift to the same representation 7 on GLsg,(A). 7 has the form
as in Theorem 6. By Theorem 6, o; and o, have non-trivial L*pairings with oy(7). In

particular oy = 0,(7) = 0. O

Example

Consider the group SO5(A) = PGSp,4(A). Every irreducible, automorphic, cuspidal, generic
representation of PGSp,(A) has a unique weak lift to GL4(A). The image of this lift consists
of all irreducible, automorphic, cuspidal representations 7 of GL4(A), such that L°(7, A2, s)
has a pole at s = 1, and of all representations of the form 7 X 7, where 74 and ™ are
different, irreducible, automorphic, cuspidal representations of GLy(A), each one having a

trivial central character.

Remark

In [Ji.So.1,2] a Langlands reciprocity law is established for generic representations of SOg,, 11 (F))
(v finite). Theorem 6.3 of [Ji.S0.2] says (in above notation) that if o weakly lifts to 7, then
at all places v, g, locally lifts to 7, in the sense that both ¢, and 7, correspond to the same

Langlands parameter (which is symplectic).

Finally, if o (as before) does not lift to a cuspidal representation of GLs,(A) then, as in

Theorems 5,6, it lifts to a representation 7 = 7 X - -+ X 74, as in Theorem 6. By Theorem 4,
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each 7; is the lift of 0; = oy (7;) on SOsgy,11(A). Thus o is the (generalized) endoscopic lift
of 01 ® -+ ®0op on SOgp,+1(A) X -+ X SOgp,4+1(A). This lift is compatible with the L-group
map

Sp2n1 ((C) X X Sp2ng (C) = SpZn((C)

Conversely, let o1,...,00 be irreducible, automorphic, cuspidal, generic representations of
SO9n,+1(A), ... ,SOg,,41(A) respectively. Consider the lifts 7; of 0; to GLay,, (A), 7 = 731 X

coo X Ty, © =1,... 0. Denote C; = {Tij}?zl. Clearly, if C;NCy =0 for all 1 < i #£ 4 </,
¢ A2

then 7= X 7, = X X 7;; lies in the image of the lift from SOs,,+1(A), and hence oy (7)

i=1 i=1 j=1
is an irreducible, automorphic, cuspidal, general representation of SOg,,1(A), which is the

lift of 07 ® - - - ® 0y. Summarizing

Theorem 8. Let o be an irreducible, automorphic, cuspidal, generic representation of
SO9,41(A). Assume that the lift of o to GLa, (A) is not cuspidal. Then there exist irreducible,
automorphic, cuspidal, generic representations oy, 0, . .. ,04 on SOgy, +1(A), SOg,,11(A), .. .,
SOap,+1(A) respectively, ny + - -+ + ny = n such that o is the lift of 0y ® --- ® o,. The set
{o1,09,...,0¢} is unique up to permutation and up to isomorphism.

Conversely, let oy, 09,...,00 be irreducible, automorphic, cuspidal, generic representations
of SOgy,,11(A), ... ,SOgp,+1(A) respectively, ny + -+ - + ny, = n. Consider the sets {C;}¢_, as
above. If C;NC; = 0 for all 1 < i # j < {, then there is a unique up to isomorphism,
irreducible, automorphic, cuspidal, general representation o of SOg,1(A), which is a lift of
01 ® -+ ® oy Otherwise, cuspidal data on SOg,.1(A) can be specified, so that o1 ® - -+ ® oy

lifts to a constituent of the corresponding induced representation.

Example

Let oq,...,0, be pairwise different irreducible, automorphic, cuspidal representations of
PGL2(A). Then, up to isomorphism, there is a unique irreducible, automorphic, cuspidal,

generic representation o of SOs,1(A), which is the lift of 09 ® - - - ® 0.

1.4 Base change

Let us compose our descent map 7 +— oy (7) (“backward lift”) with the base change lift for
GLa,. Let E/F be a cyclic extension of odd prime degree p. Let o be an irreducible, auto-
morphic, cuspidal, generic representation of SOg,11(A). Let 7 be the lift of ¢ on GLy,(A).

12



We would like to follow the diagram

o = oy(7') 7' = be(7)
SO2n+1(AE) GL%(AE)

A

base change

S02n+1 (AF) GL2n (AF>

Here 7/ = be(7) is the base change lift of 7 [A.C.]. The top arrow of the diagram exists
if we show that 7’ lies in the image of the lift (restricted to generic representations) from
SO2,+1(Ag). The image is described in Theorems 5,6. This is indeed the case. For this,
choose a nontrivial character n of AL /F*Ng,rpA}, and a generator € of Gal(E/F'). Starting
with a generic o on SOq,,41(Ar), we know that its lift 7 on GLs, (Ar) has the form 74 x - - - X7y
as in Theorem 5. Since be(7) = be(my) X - -+ X be(1y), we have to analyze each representation
be(;). There are two cases according to whether 7; is isomorphic or not isomorphic to 7; ® 7.
If 7; # 7, ® n, then be(r;) = 6; is cuspidal and e-invariant. We have

p—1

L5(0;,\?,s) = HLS(Ti,A2 ®n",s) .

It is a theorem of Shahidi [Sh2] that each factor in the last product is nonzero at s = 1, and
since L¥(7;, A%, s) has a pole at s = 1, we conclude that L%(6;, A%, 5) has a pole at s = 1. If
T; = 7; @ n, then p|2n;, and

be(ri) = 0; X 05 x - x 0
where 6; is cuspidal, such that 6; # 6. We have

p—1

[L5(73, A%, 8)] = [ L (mi, A @ ¥ s) = L (be(7), A%, 5)

= [] r°6 xo.s HLS (0, A2, s

0<j<k<t

13



We conclude that the last product has a pole of order p at s = 1. It is easy to see that 6; is
self-dual. (This follows from the self-duality of 7; and the fact that p is odd.) In particular,
, — p—1 ,
05 # 05", for 0 < j < k < p. We conclude that [] L5(65", A2 s) has a pole of order p at
=0

J
s =1, and hence L°(#?, A% s) has a pole at s = 1, for 0 < j < p — 1. Finally, it is easy to

see that in

p—1
be(r) = be(r) x -+ x be(m) = X o [ X[ X g | ]
TiETiON Ti=Ti QN J=0

all factors are different. This shows (by Theorem 6) that 7" = be(7) is in the image of the lift
from SOg,41(Ag). The representation 0’ = oy(7’') is an irreducible, automorphic, cuspidal

and generic, and it is a base change lift of 0. Summarizing

Theorem 9. Let E/F be a cyclic extension of odd prime degree. Then there is a base
change lift from irreducible, automorphic, cuspidal, generic representations of SOsy,11(AF)

to irreducible, automorphic, cuspidal, generic representations of SOy, 1(Ag).

Conclusion

The descent map (backward lift) 7 +— o0, (7) is a very powerful tool. This chapter demon-
strated the nice results obtained for SOy, 1 using the descent map. The ideas and methods
are general and apply to other quasi-split classical groups G. The definition of oy (7) (for
appropriate 7) is intimately related to global integrals (of Rankin-Selberg type, or of Shimura
type) representing the standard L-function for G x GL,. These integrals are available, and
we will survey them in the next chapter. These integrals suggest the construction of oy (7),
which arises as a natural object; it is constructed so that L%(c x 7, s) has a pole at s = 1.
The representation oy(7) is defined by taking certain Gelfand-Graev, or Fourier-Jacobi coef-
ficients of the residue at 1 of a certain Eisenstein series induced from 7. The study of o (7)
is now the study of these Gelfand-Graev, or Fourier-Jacobi coefficients of the residual Eisen-
stein series induced from 7. The three main problems concerning oy (7) are the following

(for appropriate 7, i.e. in the expected image of the lift from G to GLy, for appropriate N.)
(1) Show that oy(7) # 0.
(2) Show that oy(7) is cuspidal.

(3) Show that each summand of oy, (7) weakly lifts to 7.

14



In Chapters 4-6, we will indicate how to prove these properties through low rank examples.
In this way we construct examples of generic cuspidal representations ¢ on G, which weakly
lift to a given 7 in the expected image. Similarly, we get examples of (generalized) endoscopy
and base change . Once the existence of the weak lift from G to GLy is established (and
not much is missing for the proof by converse theorem to be completed) then our examples
above give the general case. At this point, the irreducibility of o, (7) is not available in all
cases. The fact that we got it for SOy, is due to the local study done in [G.R.S.2,4] and
[Ji.So.1].

2. L-functions for G x GLj, where (G is a quasi-split classical group
(generic representations)

In this chapter we survey the global integrals (of Rankin-Selberg type, or of Shimura type)
which represent the standard L-functions for generic representations on G' x GL;. Note
that these L-functions were obtained by Shahidi [Sh1] using the Langlands-Shahidi method.
However, the integrals we present here relate the fact that L%(o x 7,5) has a pole at s = 1,
and the fact that o has a nontrivial L?-pairing with the backward lift of 7.

We'll first present the notions of certain Gelfand-Graev models and Fourier-Jacobi models,

which enter in the definitions of the global integrals.

2.1 Gelfand-Graev models

Let F' be a field of characteristic different than 2. (Eventually we’ll be interested in a number
field F or in its completion in one of its places.) Let E be either F' or a quadratic extension
of F. Denote by x + T the nontrivial element of Gal(E/F) in case [E: F|=2. It E = F,
we agree that T = x on F. Let V be a finite dimensional vector space over E, equipped
with a non-degenerate bilinear form (, ), which is either symmetric, or anti-symmetric in case
E = F, and is Hermitian in case [E : F| = 2. Let H = H(V) be the connected component
of the isometry group of (V,(,)). We assume that H acts on V from the left.
Assume that

V=V"+W+V, (2.1)

where V= are isotropic subspaces of dimension ¢, which are in duality under (,) (i.e. (,)
restricted to V," x V,” is non-degenerate), and W = (V,* + V,7)*. Let P, be the parabolic
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subgroup of H, which preserves V,". Write its Levi decomposition
P, = M ¢ X Z/{g .

Let us write the elements of H in matrix form, following the decomposition (2.1). Then

(with evident notation)

g
M, = h g€ GL(V," ) ,he HW) (2.2)
g*
IV£+ y
U = u= Iy o | €eH;y. (2.3)
I, -

4
Fix nonzero vectors wy € W, v, € V, . Define for u € U, (written as in (2.3)) the following
rational character
Xwo,vo_ (u) = (U ’ w07va) :

We have

Stabyy, (X h €EH|h-wy=wy, ¢ vy =1y p- (2.4)

*

9

wo,vo_ ) -

Thus, if wy is anisotropic, then h-wy = wy means that h € H(wg NW), and if wy is isotropic,
then h - wy = wp means that h lies in the parabolic subgroup Py, of H(W), which fixes

the isotropic subspace F - wq (and also h - wg = wp). Put in this case (i.e. (wp,wp) = 0)
PI/lV,wo :{hEPW,wO ‘ h'UJ(]:U)O}.

The condition g*v, = v, in (2.4) means that g lies in the so called “mirabolic” subgroup of
GL(V,"). Let us insert more coordinates. Choose a basis {vy,...,0,} of V;* and a dual basis
{v_g,...;o1} of V7 (e, (vi,v—;) = &5, for 1 < 4,5 < ). We assume that vy = v_,. We
identify GL(V,*) with GL,(F) using these bases. Note that for g € GL,(E), ¢* = w/'g wy,

1
where wy, = L , and g*v_y = v_y, means that g € (ﬁ) Let Z, be the standard
1
maximal unipotent subgroup of GL,(E). Put
R z
= z= Iy ’ zZ € 7y ,
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)

I _ H(wy NW), (wy,wp) # 0
oo PI}V,w()? (wo, wo) =0

Ny = Zihy,
Rf,’wo = NZLW,’UJ()'

Fix a nontrivial character ¢ of . Put g = ¢ otrg/p. Let ¢y, be the following character
of Ng

Yiua(E 0) = 02,205 (X ()
=g <Zf:2u+1>¢E((U S Wo, Uy ).

Assume now that wy is anisotropic. (This precludes symplectic groups H.)
Let F be a local field, and let o be an irreducible (smooth) representation of H(wg N W).
We say that an irreducible (smooth) representation 7w of H has a Gelfand-Graev model with
respect to (Ryw,; 0,v) if

Homg, ,, (7, %¢uw, ® 0) # 0. (2.5)

(tr.w, may be viewed as a character of Ry,, by trivial extension.) It is a theorem of Rallis
(paper in preparation) that the last space is at most one dimensional, when F' is non-
archimedean. In such a case, let T" be a nontrivial element of the space in (2.5). The
Gelfand-Graev model of 7 with respect to (Ryuw,;0,1) is the space (of functions on H)
h — T(m(h)v)|v € V. This is the unique irreducible subspace of Ind% 1 Vb0 © o, which is
isomorphic to .
Now assume that F'is a global field, that v is a non-trivial character of F\A (A = Ar), and
that 7 is an automorphic representation of Hy, acting in a space of automorphic forms V.
Put, for ¢, € V;

g = [ e o). (2.6

No(F)\Ng(A)

Note that @f[’“’o (vh) = gpfé’wo (h), for v € H(wy NW)p. We call the Fourier coefficient (2.6)
the Gelfand-Graev coefficient of ¢, with respect 1y .
Let o be an automorphic representation of H(w® N W), (acting in a space of automorphic
forms V). We say that 7 has a global Gelfand-Graev coefficient with respect to (R u,; 0, ¢)

if (the following integral converges absolutely and)

b(@n, 0s) = / P (9) 00 (9)dg 7 0, (2.7)

H (g W) e\ H (w0
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as , varies in V; and ¢, varies in V. The corresponding Gelfand-Graev model of 7 is the
space of functions on Hy spanned by the functions h — b(p.(h), ¢, ), as ¢, varies in V; and
Y, Vvaries in V.

In practice, one of (7, ) will be cuspidal and the other will be “Eisensteinian”.

2.2 Fourier-Jacobi models

We continue with the previous notations. Assume that wy is isotropic and that (,) is not

symmetric (i.e. H is either symplectic or unitary). Write
W = Ewo + W' + Bw_y,

where w_q is isotropic, (wg,w_¢) = 1 and W' = (Ewy + Ew_o)t N W. Put vy = wo,
V_(¢41) = W—o, Vit = Span{vi, ... g, v}, Vg = Span{v_(e41), v—¢, - .. ,v—1} and identify,
as before, GL(V,%,) with GL¢41(E). Using these coordinates, an element of ¢, has the form

Iy vy *x % x
1 0 0 =
U = IW/ 0 = ,
1 9
I

and
Vewo (W) = VE(Ye) -

Note also that an element of Ly, has the form

I,
1

rx t
g 7 , ge HW').
1

I

The unipotent radical of Ly, is isomorphic to the Heisenberg group of W', Hy» = W' @ F.
Note that Ny\Nyy1 = Hyr. Fix an isomorphism j : Ny/\Nyy — Hyr. Let F' be a local
field. Let w, be the Weil representation of Hy x §f)(W’ ). If H is a symplectic group,
then H(W’) = Sp(W'). If H is a unitary group, then so is H(W'), and we embed H(W')
inside SB(W/ ) (W’ viewed over F'). This requires a choice of a character v of E*, such that
V| = WE/F - the non-trivial quadratic character of F*, associated to E. See [Ge.Ro.].
Denote in this case by wy, the restriction of wy to the image of H(W'). Put wy1 = wy in
case H is symplectic (thus denoting here v = 1).
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Let o be an irreducible representation of H (W), in case H is unitary, and of H(W')¢, e =0, 1,

in case H is symplectic, where

Ne _ Sp(W/), e=0
HW) _{SB<W’>, e=1

Then wy,,®0 is a representation of Hy» x H(W’) in case H is unitary, and of Hy x H(W')1~
in case H is symplectic. Let Ry, denote Ry, in case H is unitary, or e = 1, and Ng+1'§}3(wl )
in case € = 0. We view ¢y, as a character of Ry, by trivial extension.
Let 7 be an irreducible representation of H in case H is unitary and of H'~¢ = H(V)~¢ in
case H is symplectic. We say that 7 has a Fourier-Jacobi model with respect to (Ryu,; ¢, 7, 0)
if

Hompx (1,1 @ (wy, ® 7)) # 0, (2.8)
where we shorten the notation in this case: 1y = Yy ., B¢ = Riw,. Here is a short table

which summarizes the above cases.

m | H(V)—unitary | Sp(V) %(V)

—~

o | H(W')—unitary | Sp(W’) | Sp(W’)

Ry | Ry Ry Nei1 - Sp(W")

Note that Ry = Ny x (Hy x H(W’)) (using the isomorphism j : N\ Npy 1 — Hyr).
Assume now that F is a global field and that v is a non-trivial character of F\A. Let wy
be the Weil representation of é\f)(W' )a, and in case H is a unitary group, fix a character ~y

of E*\A%, such that 7’ = “g/r, and denote by wy , the restriction of wy to the image of
A*

H(W'"), determined by (fy, ). Denote, as before, wy 1 = wy, in the symplectic case. Denote,
for a Schwartz function ¢ in a Schrodinger model of wy, by Hiﬁ the corresponding theta
series.

Let 7 be an automorphic representation of Hy, in case H is a unitary group, or of H, ™, in
case H is symplectic.

Put, for ¢, € V,

ST = / ox (0B ()0, (o) )do (2.9)

Nop1(F)\Npg1(A)
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Recall that v, is extended trivially to Nyy; and j is the isomorphism N,\Nypy — Hypr.
(We keep denoting by j its composition with Ny — Ny\Ngi1.) Note that

e (rh) = @ (h) Ve HW')r.

7% s called a Fourier Jacobi coefficient of ¢, with respect to wy . (and ¢). Let o be
an automorphic representation of H(W'), in case H is a unitary group, and of H (W)
in case H is symplectic. We say that m has a global Fourier-Jacobi model with respect to

(Ry; 1,7y, 0) if (the following integral is absolutely convergent and)

L (g) 0, (g)dg Z 0, (2.10)
HW")p\H(W')a

as ¢, and ¢, vary in V. and V, respectively. (In both cases, local, or global, representations
of metaplectic covers are assumed to be genuine.) In practice, we will take one of (7, o) to
be cuspidal and the other to be “Eisensteinian”.

In the following remark, we relate the above models to degenerate Whittaker models, as
formulated in [M.W.]. It is meant just for comleteness sake, and may be skipped at a first

reading.

Remark

The equivariance properties with respect to N, or Ny,; of the models just introduced are
special cases of the general set-up of degenerate Whittaker models. To relate to the termi-
nology [M.W.], we have to choose a nilpotent element f in Lie (H), and a one parameter

subgroup ¢ of H, such that
Ad(p(t)) - f=t2-f, VteF* (2.11)
We realize
Lie (H) ={A € Endg(V) | (Avi,v2) + (v1, Avy) =0, Vouy,ve € V},

and write its elements in matrix form following (2.1). Consider again the rational character
X, o- Of Up. Clearly, there is a unique element fi(wy) € Hom(V,", W), such that

wo, v,

Xwo,vo_ €xp OW y/ =tr f1 (’wo) OW . OW y’
0¢ 0 fi(wo)" O Oy
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(= 2tr(f1(wp) o y)). (2.12)
Here, we think of y as an element of Hompg(W,V,") etc. Identifying Hom(V,", W) and
W x -« x W (€ times), using the basis {vy,...,v}, it is clear, by the choice v_y = v, that
f1(wp) is identified with an ¢-tuple of the form (0,...,0,wg). Let

Zy 0

fewo = | fi(wo) 0 0
0 fi(wo) %

€ Lie (H),

0
10
where z, = 1 1 (and fi(wo) = (0,...,0,w)). Note that
0
10
0 T
0 z9
2tr | z 0 : =21+ + 3. (2.13)
0 @y
0

From (2.12) and (2.13) we have, for S € Lie (NNy),
Yt (€X0S) = Yt (frg - 5))

Next, we have to explain what was our choice of a one parameter subgroup ¢ of H. Let
ap(t)

pe(t) = I
ag(t)*

where
7).

ap(t) = diag(t¥, 372 274, .

If wy is anisotropic, we choose p = @y, and if wy is isotropic, we choose

tCLz (t)

o(t) = Iy
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Note that (2.11) is satisfied. Now decompose
Lie (H) = & Lie (H);,

where

Lie (H); = {S € Lie (H) | Adp(t)-S =1t'S, Vte F*}.

Clearly, if wy is anisotropic, then

Lie (Ny) = @ Lie (H); = @D Lie (H); .

i>2 i>1

If wy is isotropic, then

and

(Note that N, - Center (Lyw.,) = j~*(Center (Hy~)), where j is the composition of Ny —
NN — Hwr).

2.3 The global integrals: overview

The general form of the global integrals is just an application of a global Gelfand-Graev
model, or a global Fourier-Jacobi model to an Eisenstein series on Hy, or on Hé_e, in case H
is symplectic, induced from a cuspidal representation on a maximal parabolic subgroup of H.
The global model is taken against a cuspidal representation o on H(wg NW )y, in case wy is
anisotropic, on H(W’),, in case H is unitary, or on H(W')4, in case H is symplectic. Thus,
in (2.7) and in (2.9), 7 is an Eisenstein series induced from a cuspidal representation 7®o, on
a parabolic subgroup, whose Levi part is isomorphic to GLy, x H(W},), where V = V" + W) +
V., as in (2.1). With normalized Eisenstein series, these integrals represent L%(o X T, s),
the partial standard L-function for H(wy N W) x GLg, (resp. H(W’) X Resg,pGLy, resp.
H(W’)¢ x GLy) provided o and oy are related through an appropriate global Gelfand-Graev
model (resp. Fourier-Jacobi model). For example, if W}, is a subspace of wy N W, in case
wy is anisotropic, or a subspace of W', in case wy is isotropic, then o should have a global
model with respect to a subgroup Ry ., C H(wg NW) (resp. H(W')), whose reductive part

is isomorphic to H(W}), on which we take oq. In this generality, the global integrals were
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studied in [G.PS.R.] for orthogonal groups H. Special cases were treated in [G.R.] (Fourier-
Jacobi model for 7 cuspidal on Us;) and in [N] (Gelfand-Graev model for 7 cuspidal on
SO;2 (actually on GSpy)).

We will be interested here in the case where the bilinear form has maximal Witt index (i.e.
[%dimEV]). Thus, if £ = F, H is split and if [E : F] = 2, H is the quasi-split unitary
group in dimgV variables. In this case, we will apply the above global models to 7 — an
Eisenstein series induced from the Siegel parabolic subgroup and a cuspidal representation 7
on Resg,pGL;. We will choose wy, (when anisotropic), such that H(wy N W) is quasi-split
or split. Again, with normalized Eisenstein series, the integrals (2.7) and (2.9) represent
L3(0 x 7,8). These cases were studied in [So1,2,3] (H — even orthogonal) and in [G.R.S.3]
(H symplectic or metaplectic). The case where H(wy N W) is of rank one less than k was
studied in [G.PS.] (H orthogonal). The remaining cases are treated similarly and will appear
in detail in future works. We will summarize them here. In these cases, except for H = Usy1,
these integrals are identically zero, unless o has a global Whittaker model (with respect to
an appropriate character). Finally, we also consider the cases where 7 is cuspidal on H
(resp. on H'~¢ when H is symplectic) and o is an Eisenstein series on H(wg N W), when
(wo, wq) # 0 (resp. on H(W')'~¢ when H is symplectic, or H(WW’), when H is unitary and
wy is isotropic). This Eisenstein series is induced from the Siegel parabolic subgroup and a
cuspidal representation 7 on Resg/pGL,, (n = [5dim(wg NW)], or dim(W’). Again, in these
cases, except when H(wg NW) or H(W') are U, 11, the integrals (2.7), (2.9) are identically
zero, unless 7 has a global Whittaker model (with respect to an appropriate character) and
then they represent L¥(7 x 7, s) once the Eisenstein series is normalized. These cases were
studied in [G] (H — split orthogonal) and in [G.R.S.] (H symplectic or metaplectic). The
cases where k = n were studied in [G.PS|,[T],[W]. The remaining cases (H unitary, k > n)
are treated similarly and will appear in detail in future works. We will summarize them
here.

From now on, we assume that (,) has Witt index [%dimEV]. We will denote r = dimgV/,

and H = H,. We realize V as the column space E” and represent (,) in terms of the matrix
1
1

where ¢ = +1; ¢ = —1 is reserved just for symplectic groups. H, is
€

realized as a matrix group. We denote by P, the Siegel parabolic subgroup of H,. Its Levi

part is isomorphic to Resg/rGLz].
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2.4 The global integrals: Gelfand-Graev models

It remains to specify wy. We do this in the following table. Write fwy = (0,'wy, 0), where 0

denotes a zero row vector in ¢ coordinates. Recall that for

z Yy @
V= IW y’ € Ng (Z € Zg),
Z*
/—1
Vewo (V) = Yp(2)Yp(ye - wy) = ¢E<Z Zii1 T Ye - wf)), (2.14)
=1

where y, denotes the last row of y. In the following table we indicate the choice of fwj. We

also write £ in terms of m + 1 = dimgW and r = dimgV'.

H=H, | dimgW =m+1 l R0 YE(ye - wp) H(wé-ﬂW)%’H,(,ff)
) SO9 2n + 2 k—n—-11]1(0,...,0,1,-1,0,...,0) | ¥(Ye,n+1 — Ye,n+2) SO2,11
) Uk 2n +2 k—n-—1 (01 0,1 -1,0,... 70) wE(yE,n-‘rl - yé,n-‘rQ) Uan+1
) SOQk+1 2n+1 k—n (07 s 707 17 07 «, 07 s 70) w(yf,n + ay@,n+2) Sogn
) SOzk+1 2n+1 k—n (O, ...,0,1,0,... ,0) ¢(yg7n+1) SOs,
) U2k+1 27’L+ 1 k—n (O) . '5051707"' 70) wE(yZ,n+1) U?n
(2.15)
Here, we also denote Gy = H,,, so that in all cases except (3), « = —1. In case

(3), Sng) = Héz), (v € F*), denotes the quasi-split orthogonal group with respect to the

<wn—1 -

symmetric form, whose matrix is

Wp—1

1 0
0 —2«

1

1

) . Note

Wp—1
that SOéZ) =~ S0y, if and only if 2« € (F*)?. (In this case we may replace Case (3) by Case
(3)’.) We denote by 1y the character (2.14). Let 7 be an irreducible, automorphic, cuspidal
representation of GLi(Ag) (k = [%} ). We consider now all cases except case (4). Denote

. H.(A s—1/2
pi —IndPT((A;))T\det-\E 2,

Let &, s be a holomorphic K-finite section for p;, s and denote by Ey, (&, 5, h) the corresponding
Eisenstein series on H,.(Af). Let o be an irreducible, automorphic, cuspidal representation
of HY (Ap) (o = —1 for all cases except (3)). Fix an F-isomorphism HY 5 H(wENW),
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and denote by i,,, its composition with the inclusion H(wg N W) — H,. Define, for a cusp

form ¢, in the space of o

Llo0.6rs) = / o (DB (6 i (9)) g, (2.16)

HES (F)\HY (Ar)

These integrals converge absolutely and are meromorphic in s. For Re(s) large enough, the
integral (2.16) equals an Eulerian integral which depends on the ¢-Whittaker coefficient of
¢, |For example, for H, = Uy (H#f) = Uzny1) and Re(s) > 0,

L(¢s,6rs) = / WY (9) (2.17)
Npp\U2nt1(AF)
Ig xr 0 Yy
- 1, 0 0] .
gisl ﬁk,n i I ! Zm,r(Q) wE (mé,nJrl)d(xa €)dg
n+l T

My (n+1)(AE)xXhe(AF) I,

where NNV is the standard maximal unipotent subgroup of Uy, 1,

W (g9) = / P (ug) vy (u)du

Np\Ng,

is the ¥-Whittaker function of ¢, <1Z)N(u) = gDE(Z:L ui7i+1>>; ff:(h) is the composition
of & ¢ with the y~!-Whittaker coefficient on 7, i.e.

ali= [ a5 L) n)ve

Z(EZ\Zk(AE)

0 Inn 0 0

00 0 el b, = {4 € MU(E) | TAw))+(Awy) = 0}].
I, O 0 0

0 0 Iy O

Br.n is the Weyl element

The integrals (2.16) are identically zero, unless the ¥-Whittaker coefficient of ¢, is nontrivial
as a function on H.” (Ar). Thus o has to be globally v-generic. (This is not the condition
one gets in case (4). This is why we exclude it now.) Assume then that o is ¥-generic. For

decomposable data, the Eulerian integral of (2.16) has the form

L3(o x T,5)

L(po,6rs) = R(S)m-

(2.18)
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Here S is a finite set of places of F', including the ones at infinity, outside which o, 7 and the
components of ¢,, &, s are unramified. R(s) is a finite product of “local integrals” (over 5),
where data can be chosen so that R(s) is holomorphic and nonzero at a neighborhood of a
given point sg. L°(7,4, z) is the partial L-function which enters in the normalizing factor of

Ey, (&5, h). Let us summarize this in the following table

L3(o x 7,s) for the group L3(r,8,25)

SOg,41 X GLg, k>n| L5t A2 2s)

Usn+1 X Resg/p(GLy), k>n | L%, Asai,2s)

SO x GL, k>n | L%(r,sym?, 2s)
(2.19)

Next, we may take a cusp form on H and an Eisenstein series on HY. We go back to table
(2.15) and assume now that case (2) is excluded, and also in case (3) we consider & = —1 (and
so we may replace (3) by (3)’). Let o be an irreducible, automorphic, cuspidal representation
of H.(A). Let 7 be an irreducible, automorphic, cuspidal representation of GL,(Ag), and
consider the Eisenstein series Ey,, (&5, 9) corresponding to a K-finite holomorphic section

& for pf;“. Define, for a cusp form ¢, in the space of o

Lloni6rs) = / P (i (9)) Bt (€rer 9)g. (2.20)

Hm(F)\HM(AF)

As before, for Re(s) large enough, the integral (2.20) equals an Eulerian integral which
depends on the 1-Whittaker coefficient of ¢,. [For example, for H, = Usy1 (H,, = Usp)
and Re(s) > 0

I, N -1
L(0s,&rs) = / / W;”g ((:c Ikn) .wn,klzn,2k+1(9)> 52),3 (9)dzdyg,

Nap\U2n(AF) Mk_nyxn(AE)
(2.21)

g
where, for ¢ € GLg(Ag), we denote g = 1 , Wpp = <I [”). N denotes
k k:fn

g
the standard maximal unipotent subgroup of Us,. The remaining notation is as in (2.17).]
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As before, L(p,,&: ) is identically zero, unless the ¢-Whittaker coefficient of ¢, is non-
trivial (as a function on H,(A)r)). Thus, assume that o is globally t-generic, and then for

decomposable data the Eulerian integral of (2.10) has the form

Lo x 1,8)

L5(7,0,2s) 222

‘C(@Ua gT,S) = R(S)

as in (2.18). L5(r,d,2s) is given by (2.19), switching roles of k and n. More precisely

L3(o x 7,s) for the group L3(1,6,2s)

SOqp41 X GL,, k>n| L% A% 2s)

Usi1 X Resg/r(GL,), k>n | L3(t, Asai,2s)

SOy, x GL,,, k>n | L%(r,sym?,2s)
(2.23)

2.5 The global integrals: Fourier-Jacobi models

We use the notation of Sec. 2.2, where wy was already chosen. We will denote by H (W')™ the
group H(W') in case H is a unitary group, and in case H is symplectic H(W')~ = H(W')¢,

e = 0,1. The cases we consider appear in the following table (r = dimgV)

H~=H" | dimgW =m + 2 14 HW"Y~H,, | HY

1) SPay 2n + 2 k—n—1 SPan é\ﬁm

2) é\f)% 2n +2 k—n—1 SPay, SPa,

3) ng 2n + 2 k—n-—1 Ugn UQn
(2.24)

Let 7 be an irreducible, automorphic, cuspidal representation of GLi(Ag). Denote by pfg’“
the representation of Ho,(Ar)™ induced from 7|det -|*~*/2 on the Siegel parabolic subgroup
in cases (1), (3). In case (2) we replace 7 by 7, - 7, where 7, is the Weil factor. Let &, ¢ be
a K-finite holomorphic section for p,,, and let Ex (§;, h) be the corresponding Eisenstein
series. Let o be an irreducible, automorphic, cuspidal representation of H3, (Ar). Fix an
F-embedding jon ok : Han — Hay, so that the image of jo,0r is H(W’). Define for a cusp

form ¢, in the space of o

‘C((pm ¢7 67',3) = / @0(9)E}p[i~,%¢ <€‘r,s: j2n,2k (9>) dg (225)

HQn(F)\HQn(AF)
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As before, this integral equals an Eulerian integral, for Re(s) > 0, and it depends on
the ¢-Whittaker coefficient of ¢,. [For example, for H3, = Uy, (HS, = Us,), we get, for
Re(s) > 0,

Lo, 0,&rs) = (2.26)
Ik—n x 0 Yy
_ (] 1 In 0 0
- / W<Pa (g) / 57,5 (ak’m I o
Nap\U2n(AF) Mg—nyxn(Ap)Xhg—n(AF) " I
k—n

i9n,2k(9)) W1 A1 (Th—n, 0; I (Yp—n,1) ) P(€n)d (2, y)dg.

Here we assume that E = F[\/p], and WY (g) is the Whittaker coefficient of ¢, (at g) with

respect to the non-degenerate character of Np\ Ny, given by

1
0 715]71 0 0
un n
u— Yp(uie + Uz + - F Upo1p + —2 . gy = 0 0 0 I,
0 0 —ypl, O
We regard E?" as a symplectic space over F' with respect to the form (vy, ve) = —2Im(vy, v9).

This defines wy-1 -1, realized in S(A%). Finally, ¢ € S(A%) and €, = (0,...,0,1). The rest
of the notation is as in (2.17).] Thus, assume that o is globally 1-generic. For decomposable
data the Eulerian integral of (2.25) has the form

L(5, ¢, &rs) = R(s)L% (0,7, 5) (2.27)
where L°(0, T, s) is given by the following table

Eisenstein series
oon Hy T on E(&s,-) on Hy, Lo, 7, 5)

Li (oxT,8)
LS (T,S—"-%)Ls (1,A2,2s)

1) %Qn GLk Sp2k

2) San GLk §132k LS (oxT,s)

LS (1,sym?2,2s)

SloxTy~ s

3) Uan Resg/rGLy Usk LLS((T,XA;ZLi,2;))
(2.27) (k> n)

In case (1) there is no canonical way to attach an L-function to o x 7. At places v where
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o is unramified (and 1 normalized) we write the unramified characters corresponding to o,
in the form -y, - 1, where 1, is an unramified character of F);. We write the parameter of
0, as a conjugacy class in Sp,, (C) (constructed from the p,(p,)*"). Another choice vy, av
would yield a different conjugacy class. This explains the dependence on 1 in Li(a X T, S).
The function R(s) in (2.26) can be chosen to have the same properties as in (2.18), (2.22).

Finally, as in the previous case (Gelfand-Graev models) we may reverse the roles of H”
and H3,. We go back to table (2.24) and consider now an irreducible, automorphic, cusp-
idal representation o of H(Ar) and an irreducible, automorphic, cuspidal representation
7 of GL,(Ag). Consider the Eisenstein series Epyy (&-5,9) on Hj, (Ap) corresponding to a

holomorphic K-finite section &, 5 for pg 2. Define for a cusp form ¢, in the space of o,

L(po, ¢, &rs) = / 05 (Jonr (9)) Bz, (Er.s 9)dy. (2.28)
H2m(F)\H2n(AF)

Again, for Re(s) large, the integral (2.28) equals an Eulerian integral which depends on the
-Whittaker function of ¢,. [For example, for H = Uy, (H3;, = Us,) and o on Uy (Ap),
and 7 on GL,(AF), we get for Re(s) >0

‘C(ngv(bafT,S) = (229)

A

I

- / / WY B ions (9) | w121 (9)0(pn)E7 (g)dudg

Nap\U2n(Ap) Mg_nyxn(AB) T g

9

Here W;”g is as in (2.16). For g € Resp/prGLj, we denote g = € Us,,. For

In . The rest of the notation

T € M—n)xn, Tx—n denotes the last row of z; wy, =
kan
is as before.]

Assume that o is globally -generic. Then for decomposable data

L(po, ¢,&rs) = R(s)L5 (0,7, 5). (2.30)

L3(o,1,s) is given by the last column of table (2.27) (where we switch the roles of F(&, , )
and o.

In (2.25), (2.28) the case k = n is missing. Here, for a 1-generic cuspidal representation o
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on H3, (Ar) and a cuspidal representation 7 on GL, (Ag), we consider

Lend &)= [ eal0)bs, (0B ()i (2.31)

Hon (F)\Han(AF)

where, as before, for Hy, = Us,, H3, = Us,, and for Hy, = Sp,,, if o is on Hj, then the
Eisenstein series is on Hy, ¢, e = 0, 1. For Re(s) > 0, we obtain as in the previous cases (for

decomposable data)
L(Pos &, &r5) = R(s)L5(0,7, 5),

as in the last two cases.

3. On the weak lift from a quasi-split classical group to GLy.

We construct examples of cuspidal generic representations on a given quasi-split classical
group G, which weakly lift to automorphic representations on GLy (appropriate N) in the
expected image of this lift. The methods are those of Chapter 1, constructing a descent
map (backward lift), as suggested by the global integrals reviewed in Chapter 2. We use the
notation of Chapter 2.

3.1 The cuspidal part of the image of the weak lift from G to GLy

Let G be a group of the form H(wy N W) or H(W’)~, as in table (2.15) (without case (4)),
or table (2.24). (For the moment dimgV is not so important.) Let N be the degree of
the standard representation of “GY. The Langlands conjectures predict the existence of a
functorial lift from irreducible, automorphic, cuspidal representations of G, to irreducible
automorphic representations of GLy(Ag). Let ¢ = ®o, be such a representation, and
assume that o has a weak lift to an irreducible automorphic representation 7 of GLy(Ag),
where the notion of a weak lift is similar to the one explained in Sec. 1.1. It is clear that

T, =27, and w,,

= 1, for almost all v, where 7 = 7, and 7, is the composition of 7,
Fy

with the automorphism = +— T of E, over F,. (If E = F, then T = z, and 77 = 7,.) We

conclude that w,

= 1. Let us assume that 7 is cuspidal. Then by the strong multiplicity
A*

one and multiplici’gy one properties for GLy, we conclude that 7" = 7, and we also have
that L°(0 x 7,5) = L°(7 x T, s) has a simple pole at s = 1, for an appropriate finite set of
places S. (In case G is metaplectic, we have to fix ¢, a nontrivial character of F\Ar and
consider L (0 X 7, s) instead.) Assume further that o is globally 1-generic. Then we can use

the global integrals of Sections 2.4, 2.5 to represent the partial L-function of o twisted by 7,
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and consider its pole at s = 1. Let H be the group in the first column of (2.15) or (2.24),
which has a Siegel parabolic subgroup whose Levi part is isomorphic to GLy. Now consider
the integrals (2.16) or (2.25) which represent the above L-function. Note that if G is not a
unitary group, then 7 = 7, and we take the Eisenstein series on H,, corresponding to ng
If G =Usy,t1, T =7 and we take pi{s. If G = U,, we take p5®%s. For decomposable data
the integrals above are of the forms (2.18) or (2.27) respectively, and we can choose R(s) to
be holomorphic and nonzero at s = 1. Looking at the quotients (2.18) in table (2.19) and
in table (2.27), we see that the denominators are holomorphic and nonzero at s = 1. Since
L%(0 x7,s) (vesp. Li (o x7,s)if G is metaplectic) has a pole at s = 1, we conclude that the
global integral L(p,, & s) in (2.18), L(p,, ¢,&rs) in (2.27), cases (1), (2), and L(¢pg, ¢, Ergry.s)
in (2.27), case 3 has a pole at s = 1. This pole then comes from the Eisenstein series which
appears in L£(¢g,...). Therefore, we expect that the (partial) L-function L(7, 3,s) which
appears in the normalizing factor of this Eisenstein series to have a pole at s = 1. The

following table summarizes the various cases, for N = Ny,. (In table (3.1), Ny = k in cases

(1), (2), (4), (5), and Ny = k+ 1 in cases (3), (6).)

G | Resg/r GLy, | H = Hey L3(7, Bu, 5)
1) SOgu41 GLy, SOq L3(7,A%,25 — 1)
2)  SOg, GL, SOok41 L3(7,sym?,25 — 1)
3)  Usnir | Resg/pGLiya Uspyo L3(7, Asai, 2s — 1)
4)  Spy, GLy Spay | LS(,s — 1)L5(r, A% 25 — 1)
5 Us, Resp,rGLy Uss, L3(7' ® v, Asai, 2s — 1)
6)  Sps, GLjy1 §132,€+2 L3(7,sym? 2s — 1)

(3.1)

We now proceed exactly as in case (1), which was proved in Theorem 1. The constant term
of the Eisenstein series mentioned before, evaluated at I, is the sum of the section evaluated
at I and the corresponding intertwining operator, applied to the section, and evaluated at
I. The first summand is holomorphic, and hence the pole at s = 1 occurs for the second

summand, which for decomposable data, equals as in (1.3) to a finite product, over a finite
set of places S of local intertwining operators times a quotient of of the form %,
)

. ... LS(rs—1)L5(r,A2,2s—1
except in case (4) of table (3.1) (8 = Bu,,, ), where it is Lg(T,sj)%)Lé(T,AQ,Qs))‘

is easy to see that the denominator of the last quotient is holomorphic and nonzero at s = 1.

In all cases, it

31



By [K, Lemma 2.4], the local intertwining operators above are holomorphic and nonzero for
Re(s) > 1. (Note that the standard module conjecture needed in loc. cit. is needed here
just for (Resp/pGLa,(F,) or (Resg/pGLa,i1)(F,), and hence is valid.) We conclude that

L3(7,3,5) has a pole at s = 1. Summarizing

Theorem 10 Let o be an irreducible, automorphic, cuspidal representation of Gy,.. As-
sume that o is globally 1-generic, and that o has a weak lift to an irreducible, automorphic,

cuspidal representation T of GLy,, (Ag), as in table (3.1). Then 7" = 7, w;| =1, and the
Ap

partial L-function L° (T, BHe n:5) has a pole at s = 1.

We conclude in exactly the same way, using the global integrals of Sec. 2.4, 2.5, the analogs

of Proposition 2 and Theorem 3.

Theorem 11 Let o be an irreducible, automorphic, cuspidal representation of Gy, . As-
sume that o is globally 1-generic. Let 7 be an irreducible, automorphic, cuspidal represen-
tation of GLi(Ag), k > 2, such that w, . = 1. Then L®(o x T, s) (resp. Li(a xT1,8) if G
is metaplectic) is holomorphic for Re(s) > 1 and if it has a pole at so, such that Re(sg) = 1,
then sy = 1 and L°(7, By, s) ((table 3.1)) has a pole at s = 1. The same assertions hold
true, if T is an automorphic unitary character of the idele group, which is trivial on (Ap)X,
except in cases (1), (4). In case (1), we know that L°(o x ,s) is entire, and in case (4), the
L function (with respect to 1, where o is globally 1-generic) may have a pole for Re(s) > 1,

and then it must be at s = %, and T must be trivial.

We remark that the last case of Theorem 11 occurs when o is a theta lift with respect

to ¢ from a generic cuspidal representation of SOy, _1(A). Start now with an irreducible,

automorphic, cuspidal representation 7 of GLy(Ag), (N = Ns,) such that w, = 1 and

F

L3(7,8,5)(8 = Bug.,,) has a pole at s = 1 (notation of table (3.3)). By Theorem 10, these
are necessary conditions that (cuspidal) 7 needs to satisfy in order to be in the image of
the weak lift from generic cuspidal representations on G,,.. (The second condition implies
7" =7.) If 7 is a weak lift of o (generic, cuspidal) on G,,., then by (2.18), (2.27), L(¢s,&r5)
has a pole at s = 1 in cases (1)-(3) of Table (3.1), L(p,¢,& ) has a pole at s = 1 in
cases (4),(6), and L(p, ¢,&req,5) has a pole at s = 1 in case (5) (as data vary). Thus, the
Gelfand-Graev coefficient (resp. the Fourier-Jacobi coefficient) of the residue at s = 1 of the

Eisenstein series which appear in the global integrals has a non-trivial L?(Gr\G,, )-pairing

32



against o. This leads us to define

(

Span{ResszlEZ;’l’l(éT,s, ) }, G = SO09,41
Ap
Span{ResszlEz;l(fT/,s, ) }, G = SO0g,, Uspi1

oy(T) = < Gar

Span{ReSszlE;ﬁ;ilmd)(é‘F'@J%S’ ) } ’ G = §I;2n7 U2n

Ap

}7 G:Sp2n

—1
Span{ResS:lEZ"’“s (&rsr0)

\ Ap

(3.2)

Our main theorem is

Theorem 12 Let 7 be an irreducible, automorphic, cuspidal representation of GLy(Ag),
such that w,| =1 and L°(t,3,5s) has a pole at s = 1. (We use the notation of table 3.1,
A*

with N = N2n7FB = ﬁHng). Assume that n > 2, in case G = SO,,,. Then

1) oy(1) #0
2) The representation oy (7) of Gy, is cuspidal.

3) Let o be an irreducible summand of o(7). Then o is globally ¢-generic, and o, lifts

to 7, for almost all finite places v. (If G = §f)2n, o, lifts to 7, with respect to ).

4) Every irreducible, automorphic, cuspidal, 1-generic representation o of G,,., which

lifts weakly to 7 has a nontrivial L?-pairing with o,(7).

5) oy(7) is a multiplicity free representation.

Remark

The guidelines to the proof are similar to those of Theorem 4, except that the proof of
(1) in cases G = SOs,, Sp,, is not direct. In these cases, we show, once we fix 1, that
there is a € F*, such that 0, ,(7) # 0, where 0, ,(7) is defined as in (3.2) only that the

coefficient (Gelfand-Graev, or Fourier-Jacobi) of the residual Eisenstein series induced from

-1
n,o)

7 is taken with respect 1) in case G = SOy,, and in case G = Sp,,,, we take in (2.9) a

residual Eisenstein series, induced from 7, on TS?];A‘”(A), instead of ¢, and 6’3),&, instead of
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0%
table (2.15)), for which the following Whittaker coefficient is nontrivial

(v = 1). In the first case we obtain a cuspidal representation oy ,(7) of Héz) (A) (see

z x oy
L 7|7 Y(ziz+ 203+ + Zn2n1 + Tno12)- (3.3)
Z*

Wn—1

Here z € Z,,_1(A), and we write the elements of Héz), with respect to
—2a

Wn—1
Let o be an irreducible summand of oy ,(7), which is globally generic with respect to the

character (3.3). Consider 6, (o), the theta lift to Sp,, (A) with respect to ¢. As in [GRSH],
0,(c) is nontrivial, cuspidal and t-generic. For such a summand 7 of 6y (c), &;,(7) — the
theta lift to SO, (A) is again nontrivial, cuspidal and -generic, and for such a summand
o' of 0,,(m), o’ lifts weakly to 7 ® Xaa on GLa,(A), where x24(t) = (2c,t) (Hilbert symbol).
Let x4, be the character of SOy, (A) obtained by composing the spinor norm and x2,. Then
o' ® xb, lifts weakly to 7, and hence oy (7) is nontrivial. In the second case (G = Spy,),
0y.a(T) is a (nontrivial) automorphic cuspidal representation of Sp,,(A), which is globally
y*-generic. Let o be such an irreducible summand of o, ,(7). Examining the unramified
parameters of o, we show that

L3(T X Xa, 8)

L5(Xa, 8)

If o # 1, this implies that L°(o, s) has a pole at s = 1. By [GRS5], we conclude that o is
a theta lift (with respect to an appropriate character) of a generic cuspidal representation 7
on SOy, (A). We have

L%(0,s) = L5(1, 5).

L5(r,s) = L5(x X Yoy 8)L°(1, 8),

and hence L°(7,s) has a pole at s = 1. This is impossible, and so x, = 1, i.e. o,(7) is

nontrivial.

3.2 The image (in general) of the weak lift from G to GLy

Let o be an irreducible, automorphic, cuspidal generic representation of G,. Assume that

o has a weak lift to GLy, and that it lifts to an irreducible, automorphic representation 7,

34




which as in Sec. 1.3, is a constituent of
Spfdet [t x - x g det |7 x 7y X - X 7y x G| det |7 x - x 67| det | (3.4)

where Re(z1) < --- < Re(z;) <0, the representations 0;, 7, are irreducible, automorphic and
unitary, with central characters which are trivial on (Ap)%, and 7, = 7, for 1 < ¢ < 4. If 0;
(resp. 7) is on GL,.(A), r > 1, we assume it is cuspidal.

Consider L(o x 61,5). As in Sec. 1.3, we see that LS (o x 4y, s) has a pole at s =1 — 2. (If
(G is metaplectic, consider Lg(a X 3\1, s)). By Theorem 11, except in case G is metaplectic,
and d; = 1, we have z; = 0 and Ls(gl,ﬁch,, s) has a pole at s = 1. Here d; is on GL,.(Ag),
and " = r in all cases of Table (3.1), except cases (3) and (6), where " = r — 1. Note that
since LS(Sl, B+ s) has a pole at s = 1, we must have J; = d;. (For example, in case of a

unitary group, and n = 3\1,
L°(n®n,s) = L°(n, Asai, s)L°(n ® v, Asai, s), (3.5)

and since one of the factors on the r.h.s. of (3.5) has a pole at s = 1, L%(n ® 7/, s) has a
pole at s = 1, which implies that 7' = 7, i.e. n* = 7). We conclude that L%(c x o, s) has a
double pole at s = 1. This is impossible, and we conclude that (3.4) has the form

T1 X+ X Ty,

and repeating the last argument, we conclude that L(7;, ﬁHG,wS> has a pole at s = 1, for
i =1,...,0, and also that 7, # 75, for 1 < ¢ # j < {. Here 7; is on GL,,(Ag). Finally,
in case (G is metaplectic, we see from Theorem 11, that it is possible to have é; = 1, and
21 = —%, and as we remarked before, in this case o is a (1)) theta lift from a cuspidal generic
representation of SOs,,_1(A), so that by Section 1.5, the lift of o to GLs,(A) has the form
|72 X 71 X -+ - X 74 x ||2, where 7; are as before, each one with its exterior square L-function

having a pole at s = 1. This proves

Theorem 13 Let o be an irreducible, automorphic, cuspidal, generic representation of
Ga,. Assume that o lifts weakly to an irreducible automorphic representation T of GLy,, (Ag)
as in Table (3.1). Then except in case (4), T has the form 1 X - - - X 1y, where for 1 <i < {, 7,
is an irreducible, automorphic, unitary representation of GL,. (Ag), cuspidal in case r; > 1,
such that 7/ = 7, wT‘A* =1 and LS(Ti,ﬁHGW;,s) has a pole at s = 1. Moreover, T; # Tj,
for all 1 < i # j < (. In case (4), either T has the form above, or it has the form
|72 x 7, x --- x 7y X ||2, where the product of the 7; is in the image of the lift from generic

cuspidal representations from SOq,_1(A) to G Lo, _o(A).
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We consider the converse to Theorem 13, except the last case mentioned there. Let 71, ...,7
be ¢ different irreducible, automorphic, unitary representations of GL,,(Ag),...,GL,,(Ag)
respectively, and 7; is cuspidal, if ; > 1, and such that r; +--- +7, = N = Ny, (as
in table (3.1), 77 = 7, and LS(Ti,ﬂHG’T,‘,s) has a pole at s = 1, for i = 1,...,/. Let

T =17 X -+ X 75 Assume also that w, N 1. If 7 is a lift at almost all finite places of
an irreducible, automorphic, cuspidal, @D-gpeneric representation o on Gy, then by (2.18),
(2.27), L(ps,&5,.5) has a pole at s = 1 in cases (1)—(3) of Table (3.1), L(¢s, ¢, &5, ) has a
pole at s = 1 in cases (4),(6), and L(¢,, ¢, &1ey,s) has a pole at s = 1 in case (5), as data
vary, and ¢ = 1,...,0. Consider the Eisenstein series on H = H¢ 9, (Table (3.1)) induced
from 71 | [ Y2 x .-+ x 7 | [*"2 and the standard parabolic subgroup of H, whose Levi
part is isomorphic to Resg/prGL,, x --- X Resg/rGL,,. Denote it, for a K-finite holomorphic
section &5 by En(&:5,-) where S = (s1,...,5,). We can show that (s; — 1) - --- - (sp —
1)Er(&:5, -) is holomorphic and nontrivial at 5 = 1,...,1). Denote the value at (1,...,1) by
Resq,.. 1) Er(&r5,-), and now define 0y (7) on Gy, exactly as in (3.2). Our main theorem in

its most general form is

Theorem 14 Fix the group G. Let N = Ny, as in Table (3.1). Let T =1y X --- X 74 be the
irreducible representation of GLy (Ag) induced from 1 ®- - - @71y, where 11, . . ., 7, are pairwise
inequivalent, irreducible, automorphic, unitary representations of GL,,(Ag),...,GL,,(Ag)
respectively, 7; is cuspidal in case r; > 1, such that r1 +---+7r, = N, 177 = 7;, w,|A} = 1,
and L(t;, Bu,,,,,s) has a pole at s =1, fori=1,... (. Then

1) oy(r) # 0.
2) The representation o (1) of G, is cuspidal.

3) Let o be an irreducible summand of o, (7). Then o is globally -generic, and o, lifts

to T, for almost all finite places v. (If G = é\f)%, o, lifts to T, with respect to 1,).

4) Every irreducible, automorphic, cuspidal, 1-generic representation o of G,,, which

lifts to T at almost all finite places, has a nontrivial L*-pairing with (7).
5) oy(T) is a multiplicity free representation.

Assume, for symplicity that w,, |A}. = 1, for each 7 in the last theorem. Then for each 7,
we may apply Theorem 12 and consider the cuspidal ¢-generic representation o,(7;) on a
corresponding group G;(Ap). Let o; be an irreducible summand of o, (7;), i = 1,...,¢, and

let o be an irreducible summand of oy(7) (071, ...,04, 0 are all ¢-generic). Then o1 ®--- oy
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(on G1(Afp) x -+ x Gy(Ap)) lifts at almost all finite places to o. Both representations lift
at almost all places to 7 on GLx(Ag). These are examples of (generalized) endoscopy. The

following table summarizes the various cases. Here, as above, o; is an irreducible summand

of oy(T;)
MR - ®Tp pole condition 01®---®oy g
on for 7; on — on
GLry (Ag) X -+ x GLy, (Ag) G1(AF) x -+ x Ge(AF) G(AF)
GLa2n, (Ap) X -+ x GLap, (Ap) Ress—=1 L5 (15, A%,5) # 0 SO2ny +1(AF) X -+ X SO2n,+1(AF) | SO2(n;+-.-fn1)+1(AF)
GLan, (Ap) X -+ X GLay, (Ap)x Ress—1L5 (1;,sym?,s) # 0 SO2p, (AF) X - -+ X SO2p, (AF)x SP2(ny+--+may g1 +r) (AF)
XGLam,+1(AF) X -+ X GLamy, +1(AF) XSPom, (AF) X -+ X SPapn,, . (AF)
GLaop, (Ap) X -+ X GLap, (Ap)x Ress—1L5 (75, sym?,s) # 0 SO2p, (AF) X -+ X SO2p, (Ap)x SO2(nq+--4maptr) (AF)
XGLa2m,+1(AF) X -+ X GLam,,. (AF) XSpam, (AF) X - -+ X Spap,, (AF)
GLn, (Ag) X -+ X GLn, (Ag) Resg—1 L (7], Asai, s) # 0, Uni (Ap) X -+ X Un,(AF) Uny+-ny (AF)
if n; = 1( mod 2)
Ress—1 L (7] ® v, Asai, s) # 0,
if n; = 0( mod 2)
GLan, (Ap) X -+ X GLan, (AF) Reso—1L5(ri,5 — 3)L5(7i,A%,25 = 1) # 0 | Spy,,, (Ap) X -+ X Spy,,, (Ap) SPa(nyt-rrtmg) (AF)
(Table 3.6)
Example

The functorial lift Us — Resg/pGLg is completely known from the work of Rogawski [R]. The
cuspidal part of the image is the set of all irreducible, automorphic, cuspidal representations 7
of GL3(Ag), such that 7* = 7 and w, . In this case, this is equivalent to L°(7/, Asai, s)
having a pole at s = 1. In this case, using the multiplicity one property for cuspidal
representations on Us(Ap) [R] it follows that o, (7) is an irreducible, automorphic, cuspidal,
generic representation of Us(Ap), which lifts to 7. o,(7) is the generic member of the
L-packet on Us(Ap), parametrized by 7. The following representations occur in the non-
cuspidal part of the image of the lift above, restricted to generic representations.

1) p, x m, where 7 is an automorphic character of U;(Ap) and g, is the character of

A%, defined by p,(z) = n(xf) The representation 7 is on GLy(Ag), and it is irreducible,
automorphic, and cuspidal such that 7* = 7, w; =1 and L%(7’ ® v, Asai, s) has a pole
A*

at s = 1. The representation (s, x m) is an irreducible, automorphic, cuspidal, generic
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representation of Us(A), which lifts to ju, x .

2) [y, X [y X g, Where {1, 12,13} are three different automorphic characters of Uy (Ap).
The representation oy (f,, X fy, X fip,) is an irreducible, automorphic, cuspidal, generic
representation of Us(Ap), which lifts to i, X fiy, X 14,. See [GJR], [Ge.Ro.So0.1,2,3].

In the remaining part of this paper, we will illustrate the proof of Theorem 12 through (low

rank) examples.

4. Illustrations of Proofs in Low Rank Examples

4.1 An observation on unramified factors of residual Eisenstein se-
ries

Fix the group G. Let N = Ny, as in Table (3.1). Let 7 be an irreducible, automorphic,
cuspidal representation of GLy(Ag), such that 7 = 7, w, = 1, and L°(r, Bl s, 5) has a

pole at s = 1. Consider the residue at s = 1 of the Eisenstein series on Hg 2,(Ap) induced

s=1/2_ Denote this residual representation by E,. (In all cases, except case

from 7' @~ - | det |
(5) in Table (3.1), v = 1. Also 7 = 7 in all cases except cases (3), (5).) We abuse notation
and think of E, also as the space of automorphic forms spanned by the residues. So, for
example, when we refer to a constant term of F., we mean that we consider this constant
term applied to all automorphic forms in (the space of) E.. It is easy to check that F.
consists of square integrable automorphic forms. Indeed, E. is concentrated along the Siegel
parabolic subgroup (i.e. all constant terms, with respect to unipotent radicals of standard
parabolic subgroups, other than the Siegel parabolic subgroup, vanish on E.). The constant
term of E. along the Siegel radical has one exponent, which is negative. Now use Jacquet’s
criterion for square integrability [J]. Consider an unramified factor m, at a place v of (an

Y

irreducible summand of) E,. By our assumption on 7, we have 77 = 7, and w,,| = 1.
B

Since 7, is unramified, we see that 7, is the unramified constituent of a representation of

GLx(E,) induced from the Borel subgroup and an unramified character of the torus of the

form . .
t2n tn+1
. ty ty )
diag(tq, ... ,tons1) r—>,u1<_ ) ,un<_—> Jf N =2n+ 1. (4.1)
tont1 Lnt2

Recall that if E = F, t =t, fort € E. If [E: F] = 2 and v is a place which splits in F,

then £, = F, ® F,, (a,b) = (b,a) and the characters p; are given by pairs of characters of
Fy. Let @ be the standard parabolic subgroup of H = Hg 2, whose Levi part is isomorphic
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to (Resg/rGL2)" in cases (1),(2),(4),(5) of Table (3.1), or to (Resp/pGL2)" x Hy where
Hy = Us in case (3) and Hy = SLy in case (6). (In case (6) we should really take the inverse
image in 354n+2, at each place v: (/}i/z(F,,)" x SLy(F,)). Denote by m,, .. the unramified
77777 un Of H(F,) induced from Q(F,) and the character
(1 - det) ® « -+ @ (y, - det). (In cases (3) and (6) of Table (3.1), it is trivial on Hy(F,). In
case (6) we also have to multiply by 7). Denote p5(t) = p;(f). Denote by w the simple

constituent of the representation p,,

Weyl reflection in Oy,, which flips the two middle coordinates in the diagonal subgroup.

Proposition 15. Using the notation above, let T,, be the unramified representation of

GLy(E,), corresponding to the unramified character (4.1). Then m, = T il s €XCEDD

Proof. Denote by pr/ s, the representation of H(F,) induced from the Siegel parabolic
subgroup and 7/ ® 7,| |2, (We have to modify by 7, in case (6).) Consider first cases
(1),(4),(5) in Table (3.1). In case (1), assume for simplicity that n is even. Here p./g,, is
induced from the following character of the Borel subgroup

1 o

. 7 i tn
diag(tr, . . tomsTgr s o )Hug%(z )ytlt%yl/?-...-u;%(g—)|tntn+1\1/2 (4.2)
2n n+1

This character is conjugate, under a suitable Weyl element of H, to the character
1/2

1/2

b . (4.3)

t2n

tn

dia’g(th s 7t2n7%2_n17 st 751_1) = Mllfyl/(tltmb)

Teelt N;L'yu(tntn—kl) ¢
n+1

and this character is conjugate, under a suitable Weyl element of GLy, to the character

. 1 -1 ty|1/2 ton—1|1/?
dlag(tl, e ,tgn, t2n’ . 7t1 ) — [j,/l’yy(tltg)‘t—l’ Lt ,U;L’Yn(th—thn) % . (44)
2 2n
Thus 7, is the unramified constituent of the representation U induced from the

character of the Borel subgroup defined by (4.4). Clearly 7., .-, maps onto pyq, ., -

Since the last representation is still unramified, we conclude that 7, is the unramified con-

Y

stituent of puio, .+, (If nis odd in case (1), we get that m, = 7Tl°j,1%7“_7%%,

as above.) In case (2) the proof is the same, only that in (4.2)—(4.4), the left hand side
is diag(ty, ... ,tan, 1,151, ... ,t7") and in the right hand side there is no change except that

where w is

W = i, v, = 1. In case (4) the proof is the same, only that in (4.2)—(4.4) the Lh.s. is
diag(ty, - - toni1, ansry - -of ). The rhus. of (4.2)-(4.4) remains the same. In case (6), the
Lh.s of (4.2)—(4.4) is diag(t1, - - - tant1, topsrs - - -»t1 1), and in the r.h.s. we have to multiply

by Yy (t1 - ... - tans1) (and take p) = p1;,7, = 1).
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4.2 Nonvanishing of 0,(7): Case G = Us, H = U, 7 — on GL3(Ag)

Let 7 be a irreducible, automorphic, cuspidal representation of GL3(Ag), such that 7" = 7,
wrl,, = 1, and L(7, Asai, s) has a pole at s = 1. (Actually, the last condition is equivalent
to the first two conditions). The proof that o,(7) # 0 consists of two steps. First, we
introduce (in (4.8)) a unipotent group V' of Ug, and a certain character vy of Vp\Va,., and
prove that the Fourier coefficient along V', with respect to ¢y, is nontrivial on (the space
of) E. (Proposition 16). To do so, we prove that this nontriviality is equivalent to the
nontriviality of another Fourier coefficient on E,. This last Fourier coefficient is along a
unipotent subgroup U, and with respect to a character ¢y of Up\Uy,. The group U is
almost the maximal unipotent subgroup of Us. It "misses” just one root subgroup, namely
the simple root which lies in the Siegel radical. The character 1y is the restriction to Uy,
of the standard nondegenerate character determined by . Thus, the nontriviality of the
(U, y) coefficient on E. follows from the fact that 7 is (globally) generic. In the second
step we show that the nontriviality of the (V1) coefficient on E, is equivalent to the
nonvanishing of o, (7). We develop for these proofs (and for the sequel) a tool that we call,
for lack of a better name, ”exchanging roots”. In practice, it enables us to conclude that an
automorphic representation, realized in a given space of automorphic forms, has a nontrivial
(Vi,1v,) Fourier coefficient, if and only if it has a nontrivial (V,1)y,) Fourier coeffiecient,
where the unipotent groups Vi, V5 are generated by root subgroups, and the passage from V;
to V5 is by "deleting” a certain root subgroup, and "replacing it, in exchange”, with another
certain root subgroup (outside V7). The characters 1y, are equal on the subgroup generated
by the roots common to V; and V5, and extend trivially to "the rest of” V;.

Let H = U, and let P be the Siegel parabolic subgroup. Let p, s = Inng;AF)T] det -|*~1/2,
and consider for a holomorphic, K-finite section &, of p. s, the corresponding Eisenstein
series E(&;, h) on Ug(Ar). We know that E(&, 5, h) has a simple pole at s = 1, as data vary.
Recall that the space of o(7) is spanned by the ¢7 ] — Fourier coefficients of Res,—1 E(&.s, )

along N;. Let us repeat the definitions in this case

1 v =z
Ny ={u= L o€ Us}. (4.5)
1
For u € Ny(Ap) as in (4.5),
V11(u) = vYe(y2 — ys). (4.6)
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The stabilizer of v, ; inside U, is

1

0 0
1
1 1
L={ h € Uslh = }.

-1 -1

1
0 0

We fix an F-isomorphism ¢ : U3 — L. The representation o (7) of Us(Ar) acts in the space

of automorphic functions spanned by
g [ ResaBa i) udu (4.7)
N1(F)\N1(AF)

In this section we show that (4.7) is not identically zero. Consider the following subgroup of
Us

IQ a b
Vefo=| . ot (4.8)
Iy

and the following character of Vp\Vj,.

¢V(U) = 1/)E(Cl11 - CL22) .

Let us denote by E. the residual representation of Us(Ap) acting in Span{Res;—1 E (&, 5-)}-

Proposition 16. The Fourier coefficient of E. with respect ¢ along Vp\Vy,. is nontrivial,
ie.
/ Ress—1 B (&4, v)0y (v)do £ 0 .

VE\Vap
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Proof. Let

Write v in (4.8) in the form

Then

wow T = (4.10)

(zeroes elsewhere). Let V/ = wVw™!. Then by (4.10), the elements of V' have the form

v = € Us, (411)

where z is upper unipotent, z,y are upper nilpotent (such that xe3 = T12, Y23 = —¥15). The
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conjugation (4.10) takes the character ¢y to the character ¢y of Vi\Vy , defined by
Yy (V') = pp(212 + 223)

(v' is of the form (4.11)). Since Ress—1 E(&, 5, w - v) = Resy;o1 E(&,5,v) and

Res, 1 B (&, whw ™) = B, (w™) (ResszlE(gm, -)) (h)
what we have to prove is equivalent to

/ Resg—1 E(&r.5,0") by (V) dv' 2 0. (4.12)
Vi\Vip

We will now “exchange roots” in V' in (4.12), in the sense that (4.12) is equivalent to

/ Res,—1 E(&r.q, )05 (1)dr £ 0, (4.13)

Dr\Dap,

where

160 -
D={r= LO0 =7 ey, (4.14)
x« 1 —0 «
1 —a
1

wD<T') = Z/JE(CE + 5)
Note that D is obtained from V' by exchanging ¢ and —¢ with the zeroes in coordinates
(1,4),(3,6) in (4.10). This is done as follows. Let

z

GRGSE/FGLg s m(Z):{ €U6|Z€Z}

Xo={ 0 _1 le+e=0}, X ={z € Resp/pMsxs|wzz +' (wzz) = 0}
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(X) = re X}, UX)={l{(x) = € X}
]3 T [3
Denote
0 ¢c O 0 0 e
—12 - —13
0 0
t
Xll — {E O }
—t

—13

C = m(Z2)(X,)Y

Then it is easy to check that C' is a group, (it is a subgroup of V') and that the following

properties are satisfied.

(i) Let o = Yy o Then Y > and X' normalize C' and (their adele points) preserve
Ve
(i) (X1, V) cC
(iii) The characters Yo (zyz~'y™") on Xz \ X! (resp. on 7};2\711;) as y (resp. z) varies

in 7;2 (resp. Xp') are all characters of X3\ X! (resp. ??\7};).

V' X1 — py

DY
Xn/ \Y12
=cy"”

CXH =D (415)
C
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Let us check (iii) for example. We have

I I3 =z I3 I; —x _ I3 —xy ryx (4.16)
y Is Is) \—y I3 Iy —yxy I3 +yx +yryx
0 ¢ O t
Now, for y = 0 —z| *= 0 , yry = 0, and hence (4.16) equals (note that
0 t
1 —ct 0O
Uy) € v ((z) e XH) : , where z = 1 o | Hence ¢c applied to the Lh.s.
Z*
1

of (4.16) equals ' (ct), which represents a general character of ¢ (resp. ¢), as ¢ (resp. t)
varies.

Let us explain now the equivalence of (4.12) and (4.13). Put e¢(h) = Ress—1E(&5,h). We

have
/ (V) (v / / e(ey)vc' (c)dedy

AN AT Cr\Cap

/ Z)\eE / / ee(cl t 0 Y)U5 (M) (c)dtdedy

7}2\?1& E\AEg Cp\Cap 7

T / Z)\EE / c(ry)vg i (r)drdy.

1
CX11—12 —12
YE\Y Ap DF\DAF

Here, for r = ¢/ 0 € CXM = D, doa(r) = vp(\)vc(c). Let yo € Yy Then

t
ee(ry) = ec(yory) = ec(yoryy 'yoy). Recall that yo normalizes Dy,., and it preserves Dp.
Also, for r = ¢ -z, x € Xi1, ¢ € Cup, yy'ayo = [yo ' 2] € Ca X1L, and yy'eyo € C, with
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Ye(e) = Yoy teyo). Thus, for each yo € 7}2, we have

/ ce(yory)don(r)dr =
DF\DAF Chirfyeg?;iya;ﬂe

/ ee(ryoy) ey (Yo 'ryo)dr =

Dr\Dap,

/ / ee(cryoy)Ven (o zl) e (e)deda.

X}wl\Xé} Cr\Cap

We could take even a variable y, € 7};2, A € FE, and get the same results. Take y, =
0 —Xx 0 t
1 0 |- Thenforz =¢ 0 , we have seen in (4.16) that v ([yy ', 2]z) =

t
Ye(=At)Ye(At) = 1. Put ¢¥p(xc) = e(c). We get that the Lh.s. of (4.12) equals

/ ZZ/AE?? / ee(ryay)p' (r)drdy

TRVE, DeiDsp

=[] sy

?}é Dp\Dap,

Thus, we have shown that

[t = [ [ et eiaay (4.17)

VI;\VAF 712 DF\DAF

We claim that the r.h.s. of (4.17) is not identically zero, if and only if [ ec(r)yp' (r)dr £
Dr\Dap,
0, which is (4.13). Indeed, assume that the r.h.s. of (4.17) is identically zero. Apply

t

the convolution operator [ ¢(¢t)E. (¢ 0 Ydt, for ¢ € S(Ag). We get (denoting
Ag
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/ ¢($)€§(T[y, x]xy)lpf)l (r)drdydz =

1oyl
Xip Vi Dp\Dap

/ / / o(x)ee(rly, zlzy) vy (r)drdydae

X11 12 Dp\Da
Ap

/ o(2)op(ly. ) dz / ec(ry) ¥ (r)drdy

Dr\Dap.

I / ec(ry) ¥ (r)drdy |

12 xl1

YAF Ap
o~

—12

YA

Dr\Dap.

In the one before last inequality, we changed variable 7 — r[y, z] '2z~!. Recall that ¢p L=
X

1. In the last integral, qg(y) =

Ap
| ¢(x)¢p(ly, z])dz. This is a Fourier transform of ¢, since
X1

x +— Yp([y,z]) is a general character of x, as y varies. Thus, (for all &)

</b\(y) / ee(ry)vp! (r)drdy = 0,

Dp\Dy

for all ¢ € S(X;}). This is equivalent to (4.13). In the passage from (4.12) to (4.13) we
“exchanged” Y~ and X'1. (see (4.15)).

We have to prove (4.13). Let

0

Then X 22 normalizes D and preserves 1p. Put D = D-X?2, and extend ¢p to D, by making
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it trivial on X?2. Denote this extension by 5. Let

0 0 O
0 —t 0

Then one can check that X2' normalizes D and preserves 1 5. Let Dt = 5-Xf, and extend
Y5 to a character ¢p+ of D, by making it trivial on X3'. In order to prove (4.13), it is

enough to prove

/ Ress_1 E (&, )05} (r)dr # 0 (4.18)
DD,
Let
0 0 0
X2 ={ly o o ‘Z:—t}
0 —t 0

We can “exchange” in (4.18) v by X?2!. More precisely, this is done as follows. Let
Ct =m(Z)¢(X)X2'. This is a subgroup of D*. Put Yo+ = @/)D+’ L Then
c

i Y"”

and X?2! normalize C* and preserve ¢+ .
(i) (X2, V"] c Cct

(iii) The characters ¥+ (zyz~'y~") on X2\ X2, (resp. on ??\7&) as y (resp. ) varies

in 7;3 (resp. X2) are all characters of X2\ X?} ~ (resp. 7?\7}1&).

DX =py”
x2! / \Y”’
Dt =Y U=Ctx
A\
O-l-



Extend v¢+ to a character 1y of U by making it trivial on X2, As before, (4.18) is equivalent
to
/ Res,—1 E(&q, )05 (r)dr £ 0. (4.19)
Up\Uap

Note that r € Uy, has the form

- 1 0 =« * EUg(AF)
1 —b x
1 -—-a
1

and
wU(T) = ¢E(CL + b) .

U is a subgroup of the standard maximal unipotent subgroup N of Ug. Extend vy to to
¥y on Ny, by making it trivial on the Siegel radical S. Clearly (4.19) will follow from the
nonvanishing of the Fourier coefficient of Ress—1 E(&; 5, ) with respect to ¢y along Np\Ny,..
This last Fourier coefficient is just the constant term of Ress—; F(&; s, ) along S, followed
by the Whittaker coefficient for the Levi part of the Siegel parabolic subgroup. Writing
the constant term of Res,—1E(&;,,-) in terms of the intertwining operator, we see that
the last Fourier coefficient is just a Whittaker coefficient applied to 7 with respect to the
standard nondegenerate character defined by g, which is, of course, not identically zero.

This completes the proof of Proposition 16. U

We now conclude that o, (7) # 0. For this, let
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Then, by Proposition 16,
/ Res,—1 E(&r.0, 7 t0y) Yyt (v)dv 2 0. (4.20)
VE\Vap

Note that for v € V}, of the form

10 a b *x =«
1 ¢ d * =«
v = 10 —d - : (4.21)
1 —¢ —a
1 0
1
1 0 a b * *
1 c—a d-0 * *
gy = 1 0 —d+b —b
1 —c+a —a
1 0
1

Change variables in (4.20), c— ¢+ a, d — d + b. Let {bv be the character, which takes v in
Vi, of the form (4.21) to ¢(a — b — d). Thus

/ Ress—1 E (& s, v)H (v)dv 2 0. (4.22)

VE\Vap

Change variable in (4.22), ¢ — c+d (v of the form (4.21)). Consider the following subgroups.

Ih = vy
J = L oo | €V]r= o« b
d d
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1
1 ¢
K= L
1 —¢
1
\ 1)
( )
1 ¢
1
L: 12
1 —t
\ 1)

Put ¢, :@Z . Then
J
(i) The subgroups K, L normalize J and preserve ;.
(i) [K,L]cJ

(iii) The characters v (xyz~'y~!) describe general characters of z in Kp\Ky, (resp. y €

Lp\Ly, ) as y varies in L (resp. as x varies in Kp).

Note that V = J - K. Denote U’ = JL, and extend v ; to a character of U’, by making it
trivial on L. Now “exchange” K and L in (4.22). We get that

/ Ress—1 E (&5, 7) 05/ (r)dr £ 0. (4.23)

U\,

o1



Note that r € Uy has the form

1 ¢t a b * %
1 d d x x
1 0 —d —b
’]":
1 d -a
1 —t
1

and

Yo (r) = (e —b) - pp(d) .
This means that the Lh.s. of (4.23) is the integration (4.7), which defines o, (7), followed by
the Whittaker coefficient with respect to g along i(N), where N is the standard maximal
unipotent subgroup of G = U;. In particular o,(7) # 0, and we also showed that the

1 p-Whittaker coefficient of o, (7), as a representation of Us(Ap) is nontrivial.

4.3 The tower property: Case H = Spg, 7— on GL4(Ap), G = §f>4

Let 7 be an irreducible, automorphic, cuspidal representation of GL4(Af), such that L¥(7, A2, s)
has a pole at s = 1, and L(7, ) # 0. (This implies in particular that 7 = 7 and w, = 1). Let
H = Spg, and let P be the Siegel parabolic subgroup of H. Let p,, = Indgfiﬂ det -|*~1/2,
and consider the corresponding Eisenstein series E(&; s, h) on Spg(Ar), for a holomorphic, K-
finite section &, 5. E(&; s, h) has a simple pole at s = 1, as data vary. Recall that the space of
oy (7) is spanned by the Fourier-Jacobi coefficients of type (1,1, ¢) of Ress—1 E (&5, ) along
N5. We repeat the definitions in this case

1 z * *x x
1 v t =
No=<Kv= I o * € Spg ¢ - (4.24)
1 —=x
\ 1 Vs
For v € Nao(Ap) as in (4.24),
P1(v) = P(x)



The group N, surjects onto the Heisenberg group H in five variables by

jv) = (y;t),

for v € Ny, as in (4.24). Let wy—1 be the Weil representation of Sp,(Ap) x Ha,., acting on
S(AZ), corresponding to the character ¢»~!. Denote, for ¢ € S(A%), the corresponding theta
series by Hz,l(-). The representation o, (7) of Sp,(Ap) acts in the space of automorphic

functions spanned by

o[ Res B vi0)6d L GO @) (4.25)
No(F)\N2(Ap)

Here g is the projection of g in %4(AF) onto Sp,(Ar), and we extend j to an embedding of

I,
Sp4(AF) “Ha, inside SPS(AF) by ](9) =

I
In order to prove that oy(7) is cuspidal, we have to show that the constant terms along
unipotent radicals (of parabolic subgroups of Sp,) vanish on ¢,(7). The tower property
that we reveal when we compute these constant terms is that they are expressed in terms
of “deeper descents” 01(;:)(7) (k < n = 2), which in our case means k = 0,1. Here 0'500) (1) is
simply the “space” of 1)-Whittaker coefficients on the group “Spy(Ar)” which by definition
is {1}, of the residue representation E, (acting on Span{Res;—1E(&;,-)}). Since the -
Whittaker coefficient of E(&, s, ) is holomorphic at s = 1, the last space is zero dimensional,
ie. 01(/)0) (1) = 0. The space afpl)(r) is the space of automorphic functions on Sp,(Ag) =

SL, (Ag) spanned by

= / Resoot B(€raug'(9))007, (7 (w)5 (w)du
N3(F)\N3(AF)

Here ¢ € S(Ap), and 9;",1(-) is the theta series corresponding to the Weil representation

/

wy, 1 Of SLy(Ap) x H'(Ap), where H’ is the Heisenberg group in three variables. The group
N3 is

z T Yy 1 % %
N3 =4q U= T ' S SpB A Z3 = 1 % (426)
z* 1
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For u € N3, as in (4.26), o(u) = (212 + 223), and j'(u) = (231, %32;y31) (the surjection
I3
N3 — H’). Finally, for g € SLa(Ar), j'(9) =

I3

There are two standard unipotent radicals of maximal parabolic subgroups of Sp,:

1 = vy
I
R - ]2 .:U/ & Sp4 , S - c Sp4
I
1

Proposition 17.

a) The constant term of elements of 0,,(7) along R is a sum of certain integrals of elements
of 0'1(;) (7).

b) The constant term of elements of o, (7) along S is a sum of certain integrals of elements
of 015)0) (7).

We conclude that if 01(;)(7) = 0, then the elements of o, (7) are cuspidal, in the sense that
their constant terms along unipotent radical are all zero. Note, as we explained before that
01(/)0) (1) is zero. In general, we may consider ai(f)(r) for k < 2n. This is a representation of
§1;2,€(A r). The constant terms of the elements of aq(f)(r) along unipotent radicals turn out to
be sums of elements of ij )(7’), for 7 < k. The tower principle says that there is a first index

ko, such that afpkO)(T) # 0, and then Uz(fo)(T) is cuspidal. We actually prove that ky = n.

Proof of Proposition 17(a)

Put, for short e,(h) = Ress—1 E(&r.5, h). We consider

Cend)= [ [ et G @ @)

Rp\Ray, Na2(F)\N2(Af)

o4



I
Since R splits in §f>4, we identify R as a subgroup of %4. Let v = I
I
1
Denote the right ~-translate of e, by ~ - e,. We have
c(er, ¢) = v - er(yvi(r)y 05 (G (0)r ) (v)dodr. (4.27)
Rp\Ryp N2(F)\N2(Ar)
Consider the group vNyj(R)y~!. We have
YN2j(R)y ™' =T-L-Z X,
where
( ) ( 3
1 0 0 % 0 1
Ir, * x x z
1 =%
01
IQ z*
W \ 1 J
( )
1 1 0 % 0 =
x Iy I, 0 0 0
L= [2 S SpS s X = 12 0 x S Spg
]2 ]2 0
* 1 ) L 1

The integral (4.27) becomes

/ / / / yoe(t-l-z- 55)9271((07%4,7535,7538;?536)(53170;0,0;0);@))

Xr\Xap Zr\Zpp Lr\Lap Tr\Tag

Ap ™ (293)dtdldzd. (4.28)
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Here 5 is an isomorphism of X with R. It is the inverse to the conjugation by v composed
with 7. The theta series in (4.28) equals

D r D o @i (10,0,0,0:0)(0, Eas, s, L £30) (€1, 0,0,0:0)(2)) 5(0, 72)

(4.29)

The inner sum in (4.29), as a function (¢4, t35, t3s, t36), is left T invariant, for fixed 7y, €3, .

In (4.28), we may interchange the Tr\T), integration and the summation over n; € F.

1
0 1
Uil 1
Now change variable t + ('t , where £, = I
1
1
-m 0 1

€ LF In

(4.28), ve (t- £ - z - x) becomes ve,(t - (€, () - z-x), and in (4.29), the inner sum becomes
anEF u)wfl ((O, t34, t357 tgg; t36>(771 + 631, 0, O, 0, 0)}(1’)@5(0, 772) Now COH&pSG

into

J

L}?\LAF

Note that

f Zm eF

Le\La,,
1
* 1
, where L' = { I € Spg}. We get
1
* 1
[ ] ] et e (4.30)

Xp\Xap Zr\Zap Lp\Lap Tr\Tap

.ZneF Wy—1 ((0, t34, t35, tgg; t36)(£31, 0, O, 0, 0)}(I))¢(0, n)dtd@dZdI

wy-1(5'(2))2(0,m) = ©(0,7) -

We can conjugate = “back to the left” in (4.30) to get

/ / / ver(u- € Z)ZneF wy-1((0, usa, uzs, uss; uze)ls1, 0,0, 0; 0)

Zr\Zap Lip\La, Ur\Uap

o6



$(0,n) " (203)dudldz, (4.31)
where U = T- X. Now take ¢ = ¢ ®¢9, ¢; € S(Ar). Denote by wj, -1 the Weil representation
of SLy(Ap) - H'(Ap). Then

w1 ((0, uzq, uss, uss; use) (£31,0,0,0;0)) (0, 1) = ¢1(£31)w{p—1((u34,U35;U36))¢2(77) .
For such ¢, (4.31) equals
/ o1 (y / / / ve, (ul'zl, 6¢2 ((usa, uss; use) )™ (zo03)dudl*dzdy .
Ap Zp\Zn, L \L1 Ur\Uap

Denote
P1 % (ver)( / 1(y) - (ver)(hly)dy
Then

Ceninoo= [ [ [ Gurten@t i) ) dudtds (432

ZP\Zap LY\LL, Ur\Usp

Here i(u) = (us4, uss; uss). As we did in the previous section, we can exchange in (4.32) the

1 0 =
10
1
subgroups L' and V = { I € Spg}. Denote Z' = VZ and let 1z
1 0 =x
10
1

denote the character of Z, , which is trivial on Vj, and takes z in Z,, to 1(z3). As in
(4.17), we get that

cler, d1 ® o) = / / / ¢ * (767)(U2/€1) 02, (i(u w)), (2 )dud2'det.  (4.33)

L}, Zp\Z}, Ur\Usg

Consider the function on F\Ap

- / / b+ (o) (w282, (i) () dud? (4.34)

Zp\Z, Ur\Ung
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where

Ty = 14

1

-t 1

Write the Fourier expansion of (4.34) (evaluated at zero)

2 er / 61 % (ver) (MO (5 )y (w)du, (4.35)
N3 (F)\Ns(Ar)
A
where A = T . See the paragraph before the statement of Proposition 17 for
A1

notation. Note that in (4.35) we did not include the constant coefficient, since it will contain
as an inner integration the constant term of ¢; x (ye,) along the radical of the standard
parabolic subgroup of Spg, which preserves a line. This constant term is clearly zero. Note

that the summand in (4.35), corresponding to A, is an element of afpl)(T) evaluated at A. We

proved
cler @ o) =3 / / b1 * (1) A0, (' () () dudl® . (4.36)
L}, Na(F)\Na(Ar)
This completes the proof of Proposition 17a. U

4.4 Vanishing of Jff)(T), for k <n: Case H = SOg, 7 — on GL4(Ap)

Let 7 be an irreducible, automorphic, cuspidal representation of GL4(Af), such that L¥(7, A2, s)
has a pole at s = 1. Let H = SOg, and let P be the Siegel parabolic subgroup of H.
Let p;s = Indgﬁ; 7| det -|S’%, and consider, as before, the corresponding Eisenstein series
E(&rs,h). It has a simple pole at s = 1, as data vary. Recall that the representation o, (7)
of SO5(Ar) acts in the space spanned by the functions

= / Resyoy B(Gry, uilg))0r (u)d, (4.37)
N1 (F)\N1(AF)

o8



where

1 v =%
N1 = u = 16 U/ € SOS (438)
1
1 —1(u) = P(vs — vy) (for v € Ny, as in (4.38)). The isomorphism i sends SO; onto
p
0 0
0 0
1
h € SOglh L . As explained in Section 1.2 and in the previous
—1 —1
1
0 0
\ 0 0/ )
1 z =
section, the constant term on o, (7) with respect to the radical (in SO5) R = I, «|€ SO5
1

is expressed in terms of 01(;)(7'), and the constant term on o, (7) with respect to the Siegel
radical (in SOj) is expressed in terms of ag)) (7), which is just the Whittaker coefficient on
(Ress=1E (&5, 7)), and is known to be trivial. See the guidelines to the proof of Theorem 4.
We will show

Proposition 18. For 7 as above, H = SOg, we have

O'l(z)l)(T) =0.

Proof. The proof is using just the fact that at one unramified place v, 7, is self-dual, and has
a trivial central character. Fix such a place v. By Proposition 15, the unramified constituent

1/2 is the unramified constituent of a representation of the form

7, of pr1 = Indgf”ﬂ,| det -|
Pur s = Indgf: "y o det @pug o det. Here piq, p1o are unramified characters of F, such that 7,
is the unramified constituent of the representation of GL4(F)) induced from the standard

Borel subgroup and its character defined by
tl (D)

diag(t, . .. .tu) = i (—)uz (—) .

t4 t3

29



@ is the standard parabolic subgroup of H, whose Levi part is isomorphic to GL(2) x
GL(2). If 01(;)(7') is nontrivial, then the Jacquet module with respect to (Nao(F,), (¢y)2,-1),

INo(F,),(6)2.—1 (Ppruz) 15 nontrivial. Thus, the proposition will be proved if we show that

JNQ(FV)7(¢V)2,71(pM1,H2) =0. (439)

We use Bruhat theory. Let (2 be the standard parabolic subgroup of H, whose Levi part
is isomorphic to GLy x SO4. We first analyze Jy,(r,), (¥v)2,-1 (ResQQ(FV)(Indgj(”Fy)n ® 7T)>,
where 17 = p; odet and 7 is an irreducible representation (later to be specified as Indugodet).
We apply Bruhat theory to study Resg,(r,) (Indgj (F)1® 71). This restriction has a filtration
of Q2(F,) — modules, with subquotients parametrized by Q2\H/Q>. The quotient o\ H is
isomorphic to the variety Y3 of two dimensional isotropic subspaces of the (column) space
F3 (equipped with the quadratic form preserved by H). Let {e1,...,e4,e_4,...,6_1} be the
standard basis of F®. Let X = Span{ej,e;} be the standard two dimensional isotropic
subspace. The isomorphism Qy\H = Y5 is given by Qh +— h™' - X, The orbits of Q, in
Y, are parametrized by r = dim(X N X®), and s = dim(X N (X®)4), X € Y;. Note that
0 <r <s<2. A representative is

Xr,s = Span{GM <6y €3y €245 E—(r 1)y - - ae—(2+r—s)} .

Choose (a Weyl element, for example) w, ; € H, such that w, 1x 2) = X, s. The correspond-
ing subquotients for Resg,(r,) (Indgj(”Fu)n ® 7r> are

_ cQ2(Fy) 3 Wr, —-1/2
I'rs =1Ind wzéQz(Fu)wr,stz(Fu)(n ®m-0g,) 07

(The factor §~'/2 appears in order to make the induction normalized.) Consider, for example,
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the case r = 1, s = 2. Here, we have

a1 Q12 T11 T2 T13 T4 Y1 Y12
0 /
a99 To2 T23 T24 Y21 Y11
!/
by bz big by xh, Ty

_ 11 ¢ Thy T
wi3Q2(F,)wip N Qa(F,) = { Tz T s M e e Y= Ly

/ /
Co1 Cop byy Thy Ty

Ay Q1o
ary
(4.40)
The representation £ = (n®@ 7 - 5322)“’1’2 takes elements of the form (4.40) to
C11 0 LIZ'/23 C12
\a11611\5/2u1(a11611)7r Ta2 Q22 Y21 T23 . (4.41>

0 0 ay O

/
Co1 0 Loog C22

Let us prove that Jy,(g,),)._, (I'2) = 0. Fit I'1 5 into an exact sequence 0 — Sy —

'y — S1 — 0, where Sy is the subspace of functions in I'y 5 supported inside €2, which

a * %
consists of all matrices b s | I Qa2(F),), such that a lies in the open Bruhat cell of
a*

GLy(F,). The support of these functions (in I'; 5) is compact modulo Lio(F,). S is the space
of smooth functions on the complement of € inside Q2 (F), ), where left Ly o(F, ) — translations
act by (4.41), and the support is compact modulo L; o(F,). Thus, we have to show that
INo(F),(60)a 1 (Si) =034 =1,2. Let f € S;. We show that

/(w»;}_lm)f(mz(t) o | wan=o (4.42)
P
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for all k € SO4(Op,),t € F,; za(t) = I . The support of the in-

L xo(t) 1 € No(P, M), for all k € SO4(OF,). Making a change of

]2 ]2
variable in n, we may assume that ¢t = 0 in (4.42). Consider now the subintegration in (4.42)

on z1(2), |z] < ¢¥, where x,(z) = I . Tt gives

I I
/ Pyt (2) fa(2) i n)dz = ( / Y, N (2)dz) f( 1 n)=0.

|z|<q}! |z|<q}!

[2 [2

Here we used that &1 2(71(2)) = id. This shows that Jy,x,), )., (T'12) = 0.
Let f € S;. We have to show that

()3, 21 (n).f(22(t) k 1 (b)n)dn = 0, (4.43)

Ny (P M)
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1

where w = . As before, we may assume that ¢t = b = 0. Now consider the subin-
1
1
1 u %
tegration on y(u) = I, o . The corresponding du-integration (with b = 0)
1
1

18

1 0 uk™t 0 x
1 0 0 0 w
/ ™ (ug — ug) f( I, 0 ki k n)du
ue(Py M)t 1 0 o
1
w
_ / N —ug)du- f(| n)=0.
ue(Py M) .
w

This proves that Jy,(#,),(,)._: (S2) = 0. Similar arguments imply that 7 cannot be 1 or 2.

Thus, r = 0. Similar arguments imply also that for » = 0, s cannot be 0 or 2. Put wy; = w.
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Then

a1y 0 0 0 0 T14 0 0

a1 azpx 0 Toy o3 T Y 0

/ /
bin bia b1z by 1y Yy

Wit Qawr N Q2 = { e bowm 0oy (4.44)
co1 Cog by xhy O
b! 0 0
ayy 0
a2_11 a1_11

The representation & = ((n® ) - 622/22)“’1 takes an element of the form (4.44) to

Qg2 T23 T2 Y

512 /b
m(iﬁw 2 m Pm |, (4.45)

a1 ,
Cl2 C11 Tog

bll

ail

Qg9

Here w =

1
As before, we consider appropriate analogs S7, S} of the spaces S, Sz, and it remains to show

that

a;

[ watr| g [waa-o (4.40)
No (P, M) .
@
for k € SO4(Opf,), and oy = I, a0 = 1 ; fisin S1, Sy (respectively). In case i =
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2, we consider the subintegration on z1(2), |z| < ¢M, and we get < Ik w;l(z)dz) :

l2|<ad!
Qi
f ( L n) = 0. In case i = 1, again consider y(u), and the subintegration
b
I
[ et || g [vwn |-
u PJM 4
Py ™) L
I
= / U (ug — us) f (y(uk‘l) L n) du. (4.47)
ue(Py M4

I
Now take in (4.47) the subintegration on u = (0, ug, uz, us)k, |u;| < ¢¥. We get

0 1 us uy %
Iy
/ Pt (u -k 1 >7r°’ L0 —u f( L n) du. (4.48)
|ui| <qM -1 1 —Us
I
0 1
0 *
We must have k L = | , otherwise the duy-integration results in zero. For such
-1 *
0 0
k, the vanishing of (4.48) follows from the fact that, by induction, 7 = Indz(g?g)”) fto © det
1 v =«
has zero Jacquet modules with respect to N, = 7 o | €504, and characters
1
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1 v *

L o™ ¥(av; — a tvy) (which in this case is easy to see, since these are Whittaker

1
characters). This completes the proof of Proposition 18. 0]

4.5 Unramified parameters of o,(7): Case H = SOg,G = SO; and 7
on GL4(Ap)

We keep the notation of Section 4.4. From the explanations at the beginning of Section 4.4,
it is clear that the next proposition determines the unramified parameters of (any summand

of) o, (7) at place v.

Proposition 19. We have an isomorphism of SO5(F, )-modules
INVFD) ()11 <Ind ) (k1 o det @pp 0 det)) = Indjy" "y @ gy

Here B is the standard Borel subgroup of SOs.

Proof. The method is the same as in Section 4.4. Again consider n = i o det on GLo(F),)

SO4 Fl,

and ™ = Ind poodet. Let ()1 be the standard parabolic subgroup of H which preserves

an (1sotrop1c) hne. We analyze Resq, (r,) (I dZQ( @ 71) using Bruhat theory. So consider
Q2\H/Q,. Identify, as in Sec.4.3, Q2\H = Y5. The orbits of ()7 in Y5 are determined by
f=dim(X NXW) and s = dim(X N (XM)H), X € Y;. Here X = Fe;. Note that
0<r<1<s<2.

If » = 1, then e; € X, and since X is isotropic, we get that X C (X(l))L7 and so s =
2. Thus, we may take as a representative X = X, The corresponding subquotient of

Resg, (k) <Ind )1 ® 7r>

T12 — IndCQl (Fv) \F )((77 ® ﬂ-) . 55/225—1/2 )

(@1NQ2
We have

4 A

a; * * % *

as * % *

Q1N Qs = < b x " e Hbe SOy ;, (449)

a;l *

\ ar’ )
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and (n® ) - 51/ takes an element of the form (4.49) to
Q2
|aras|? i1 (azas)7(b) -

Clearly, for f in the space of T 2, and M > 0,

1
[ wortwr(| 4 |n)am=o (4.50)
Ni(Po™) ]
1 1
for any k£ € SOg(F),). Indeed, f( I n> =f I , for any n € Ny(F),). This
1 1

shows that Jy, (r,),p,),_1 (T1,2) = 0. Thus, we may assume that » = 0. If s = 2, we may take

the representative X = Span{es, e3}. The corresponding representative in 2\ H/Q; can be

I3
taken to be wy = L (so that wy ' X?) = X).
1
I3
_ cQ1(Fv) 1/2\wy 5—1/2
Let Ty = Ind wQ_IQQ(Fy)U)QﬁQl(Fu)((n ® )¢, )20~ 1/%. We have
a 0z 2 e
b y v 2
- c €S0
W' Qaws N Qy = { oy o |EH|, 2 GLz}. (4.51)
b* 0
-

The representation & = ((n ® 7T)(5(12/22)w2 takes an element of the form (4.51) to

| det b2y (det b)m* 2 | (4.52)
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1
where w = 1 . Consider, for f in the space of Ty, M > 0, and k € SO4(O,),
1
1
1
/ Wu)f,l,l(n)f( e n) dn. (4.53)
Ny (P M
( ) 1
1 v
Consider the subintegration of (4.53) on n(v) = I o | where v = (0,0, us, . .. ,uq)k,
1

lu;| < ¢M. By (4.52), we get

0
1 us ug —usuy
1
/ ¥, (0,0, us, . . . yug)k L it L0 —u f( e n)du. (4.54)
Juil <" -1 1 —uy
1
1
0
0 *
*
We must have & o . , otherwise the d(us,ug)- integration results in zero. For
-1 *
0
0 0
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0 *
*
such k, k Lo @ , la] = 1. Thus (4.54) becomes (up to ¢2*)
-1 —a™!
0
0 0
1 us us —usuy
1
-1 -1 w 0 —Uy
¥, (aus — a  ug)m f( L n) d(ug,uy), (4.55)
[ui|<g)! 1 —us
1

1

which is zero for M large enough, exactly as in the end of Sec. 4.3. (This is a place to apply

induction. Recall that m = Ind%??g)”)uz o det.) Note that k,n,a may be taken in compact

sets, which depend on f only. Finally, let » = 0, s = 1. Here, a corresponding representative

I3
1
. 1
isw; = I . Let
1
1
I3
_ cQ1(Fv) Cs1/2\wy 5—1/2
Ty = Ind wll_ng(Fy)wlﬂQl(Fy)<(77 @) - 0g, )"d :
We have
a 00 =« 0
by =z o
wlele N Ql = { c y/ 0 € Hice 804} (456)
b=t 0
a1

The representation & = ((n® ) - 5619/22)“’1 takes an element of the form (4.56) to

9’5/2M<b>ﬁe(0), (4.57)

a a
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1
where 7¢(c) = m(ece™!), € = L . Using the same methods as before, we prove
1
1
~ T.. 1505 (F, .
JNl(FV)v(T/Ju)l,—l (Th) = IndQ/IE)é’V))/vbl QT )

where Q] is the standard parabolic subgroup of SOz, which preserves an isotropic line.

Finally, it is easy to see that 7€ = Indg,OS(F”) Lo, for m = Indzzzlg)” ) (o o det. Here B’

SOs(Fy)
is the standard Borel subgroup of SO3. This completes the proof of Proposition 19. O
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