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What is toric topology?

Toric Topology

(Eds. Harada, Karshon, Masuda, Panov)
Contemporary of Math. AMS 460, 2008

Content of this talk
Part I. Brief review of toric geometry

Part II. Cohomological rigidity problem



Part I. Brief review of toric geometry

Toric varieties and fans

Def. A toric variety is a normal algebraic variety of
dimc n with (C*)"-action having a dense orbit.

Exam. (1) (C*)" ~ V = C" standard representation
(21, 2n) — (9121, - -+, GnZn)

(2) (C)"~P(VeC)=CP"

(3) Projective bundles over a toric variety X
Plyi@®-- @y a@C) el xom

where 71, ..., are line bundles.

1 1 1
(4) B, B E By = {x} Bott tower

(Hirzebruch surface when n = 2)



Toric manifold = smooth compact toric variety

Local charts of a toric manifold are C" and transition
functions are Laurent monomials.

E.g n=2
(21,20)  — (23257, 21 '23) = (w1, wo)
(g121, oz2) —  (glg5 °wn, g7 ' ghws)

where (g1, g2) € (C*)%.



Fan of C2 Fan of C P2

Def. A fan A of dimpg n is a collection of rational poly-
hedral cones in Z" ® R = R" satistying

(1) each face of a cone in A is a also a cone in A;
(2) the intersection of two cones in A is a face of each.

We may think of A as a pair of

a simplicial complex K and edge vectors {v;}.




Fan of C2 Fan of C P2
Exam. For the fan of CP?

K ={0,{1}, {2}, {3}, {1,2},{2,3}, {3, 1}} and
U1 = (1,0), Vg = (O, 1), V3 = (—1,—1)

To be more precise , we should regard

7" = Hom(C*, (C*)")
(ar,...,an) = (g — (g™, ..., g™))



Fundamental theorem in toric geometry

. . . equivalent
category of toric varieties <= category of fans

X A(X)

The correspondence = is as follows when X is a
toric manifold.

X; (i=1,...,m) invariant divisors of X

(1) Kx ={I C{l,....,m} | NiesX; # 0}
a simplicial complex
(2) v; € Z" = Hom(C*, (C*)") fixes X;.

The fan A(X) is formed from Kx and {v;}.



Fundamental theorem implies
X Zpeg X = A(X) =2 AX)

o X =, X' means that
df: X — X’ (iso.) and dp € Aut((C*)") s.t.
fltx) = p(t)f(z) (e (C)", zeX)

o A(X) = A(X') means that
dg € GL(n; Z) s.t. g(A(X)) = A(X).



Fact. X = X' as varieties <= X =, X'.
This implies

Classification of toric manifolds as varieties
= (lassification of fans up to isomorphism

Exam. a€Z
H, = P(v*@® C) — CP! (Hirzebruch surface)
H, = H, as varieties <= |a| = |d/|.

(—1,&)
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Equivariant cohomology

T = (C*)".  We have a fibration
X — ET xp X - BT = (CP™)"
and
Hi(X):=H(ET xp X)
is not only a ring but also an algebra over H*(BT)
via .

Thm. X = X' as varieties <= H7(X) = H(X').

Sketch of Proof

(=) follows from Fact mentioned before.
(<=) We show we can reproduce A(X) from H7(X).
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To be more precise,

X; (i=1,...,m) : invariant divisors
X, &% e HAX)

Nx: <= 7, € Hi(X)

el 1€l

Lem. As a ring

HAX)=Z[m,...,T /HmﬂX_@

1€l 1€l

Lemma shows that H7(X) is the face ring of the
simplicial complex

Kx={JC{l,....om}|[ )X, #0}

jeJ
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Recall H3.(X) is an algebra over H*(BT) via m*
where X — ET x7 X — BT.

Lem. d; v; € HQ(BT) (Z =1,... ,m) S.1.

T (u) = Z(u, v)7;  for Vu € H*(BT)

i=1
Note
Hy(BT) = [BC*, BT| = Hom(C*,T) = Z"
[t turns out that

v; € Hom(C*, T) fixes X;, and
v;’s are the edge vectors of the fan A(X). O
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Description of H*(X).
From the fibration

X — ET x+ X — BT

we have
H>(BT) = HHX) — H(X) — 0

Thm (Danilov-Jurkiewicz).
HX)=Z[r,....,m|/ZT+TJ)
where I and J are ideals respectively generated by
(D) ILe;mi for I ¢ Kx (ie. NierX; =10).
(2) > (u,v;)Ti  foruw € H*(BT).
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Part II. Cohomological rigidity problem

We have seen that equivariant cohomology distin-
guishes toric manifolds as varieties.

Cohomological Rigidity Problem (CRP) for
Toric Manifolds. Let X, X’ be toric manifolds.
H*(X) = H*(X') as graded rings
—
X = X' diffeo (or homeo) 7

Note. Surgery Theory =
For a toric manifold X of dim¢ X > 3,

4 oo many diffeomorphism classes in closed smooth
manifolds ~ X, and they are distinguished by their
Pontrjagin classes (up to finite ambiguity)
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Exam. Recall H, = P(v* & C) 5 CP! (a € 7).
e H, = H, as varieties <= |a| = |d|.
e H,= H, diffeo <= a=d (mod 2)

— H*(Ha> = H*<Ha’)

CRP is affirmative for Hirzebruch surfaces H,’s.

Exam (with Choi and Suh).
CRP is affirmative for P(E @ C)’s where F is a sum

of line bundles over CP%

P(E®C) %3 cph
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Generalized Bott (or Dobrinskaya) tower of height n

C pin CPn-1 cpi3 cpi2 cph
X, — X, — - — X9 — X3 —>{*}

where X;.1 = P(Ep ® C) — X and Ej is a sum of
line bundles.

The tower 1s a Bott tower when d; = 1 for V:.

Thm (with Panov, with Choi and Suh).
Let X be a toric manifold. Then
H*(X) = H*[]\_, CP%) as graded rings
—
X = T[], CP% (diffeo)
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Exam (with Choi and Suh). CRP is affirmative for
Bott manifolds of dim¢ 3.

1
XgC—P>X2—>X1—>{>I<}

Sketch of Proof. Let X, X’ be Bott manifolds of dim¢ 3.
Then one can show any isomorphism

b HY(X) — HY(X')
preserves their Pontrjagin classes (and Stiefel-Whitney
classes as well). So the classification result on 6-manifolds
by Wall (spin case) and Jupp (non-spin case) implies
the the desired fact. [

This leads us to ask

Question. Let X, X’ be toric mfds. If ¢: H*(X) —
H*(X') is an isomorphism, then ¥ (p(X)) = p(X')?
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Real toric manifolds

Toric manifold X admits a “complex conjugation”
and its fixed point set X (R) is called a real toric man-

ifold.

Exam. (1) X = CP", X(R)
(2) X = CP' x CP!, X(R)

RP".
RP! x RPY(=T?).

(Similarity to the complex case)
e H*(X(R);Z/2) =2 H*(X,Z) Q 7)2.

(Non-similarity to the complex case)
o m(X) = {1}, but m(X(R)) # {1} and X(R)’s

provide many examples of aspherical manifolds.
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Cohomological Rigidity Problem (CRP) for
Real Toric Manifolds.

Let M, M’ be real toric manifolds.

H*(M:;7/2) = H*(M';Z/2) as graded rings
—

M = M’ diffeo (or homeo) ?
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Exam. Real Bott tower of height n

RPL RPL RPL RPL RPL
M, — M, 1 — -+ — My — M; — {x}

Here M1 = P(Ly ® R) — My, and Ly, is a real line
bundle. We call M,, a real Bott manifold.
Choices of Ly «— HY(My;Z/2) = (Z./2)".

An upper triangular (0, 1) matrix A = (A}) is associ-
ated to the real Bott tower, and

M, = R"/T(A) (= M(A))
where I'(A) is generated by s1, ..., s, and

si(tr, ..oy tn) = (ur, . U1, U=, (=D g, (= 1) ).

2
So

sHur, .. up) = (ug, .. w1, )

1 — (s],...,82) =Z" = T(A) — (Z)" — 1

’ n
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Thm (with Y. Kamishima).

H*(M(A);Z/2) = H*(M(B),Z/2) as graded rings
—

M(A) = M(B) (diffeo)

Idea of Proof. Remember
M(A)=R"/T(A) and I'(A) = m(M(A)).
We show
H*(M(A);Z/2) = H*(M(B); Z/2) = I'(A) = I'(B)
Since M (A) and M (B) are flat riemannian manifolds,
) e

[(A)=T(B
In fact, we can say more.

Thm. Any iso. H*(M(A);Z/2) — H*(M(B);Z/2)
1s induced by an affine diffeomorphism.

Bie

L M(A) > M(B) O
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Exam. D, = # of diffeomorphism classes of real
Bott manifolds of dim n.

Dy=2  D3s=4  D;=12, Ds=54
De =472, D, =8512, Dg = 328416,

)

One can also prove

Thm. Decomposition of a real Bott manifold into
a product of indecomposable real Bott manifolds is
unique (up to a permutation of factors).

In particular, if S* x M = S' x M’ where M, M’
are real Bott manifolds, then M = M’ (i.e. can-
cellation property holds).

Note. Not true for general riemannian flat manifolds

(Charlap, 1965)
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There are more affirmative solutions to CRP for real
toric manifolds, e.g. for some 3-dim ones (Li-Yu).

Counterexamples to CRP for real toric manifolds.

Let v be the Hopf line bundle over RP*~! and
M(q) := P(qy ® (b — ¢)R) — RP""
for 0 < g < b.

o H*(M(q)) = H'(M(")) = ¢ =g orb—q (mod 2!)

where h(a) =min{n € Z | 2" 2 a}.

® M(q) = M(¢)) <= ¢ =qorb—q (mod 2¢®)
where

k(o) =#{ne€Z|0<n<aandn=0,1,2,4 (mod 8)}.

Since h(a) < k(a) for a 2 10, this provides a coun-
terexample to CRP.

However, it is true that
M(q) = M(q') = M(q) = M(q).



