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e (G : topological group
e P — B : principal G-bundle

: The gauge group of P, denoted G(P), is
the group of automorphisms of P covering 15.

Example : P =B x G = G(P) = map(B, G)



e (G : topological group
e P — B : principal G-bundle

: The gauge group of P, denoted G(P), is
the group of automorphisms of P covering 15.

Example : P =B x G = G(P) = map(B, G)
e by € B : basepoint
= by — B induces an epimorphism:

G(P) = G(Pl,,) =G

e Go(P) = Kerr : based gauge group of P



. Study splitting of the exact sequence
1 — Go(P) — G(P) 505G -1 ()

in the category of A,-spaces.



. Study splitting of the exact sequence
1 — Go(P) — G(P) 505G -1 ()

in the category of A,-spaces.

Plan :
1 Formulate splitting of group extensions in the
category of A,-spaces (A, -splitting).
2 See what A,,-splitting of (#) means to P.

3 Give criteria for A,-splitting of (#).



: An A, -splitting of an exact sequence of
topological groups
1-H—-GLK—1 (&)
is an A,-space structure on H x K such that:
1 It restricts to the group structure on H x 1,1 x K.

> Thereis an A,-map 0 : H x K — (G satisfying the
homotopy commutative diagram:

l—H—HXxK—K—1

|




Proposition : There is an A,,-splitting for (&) if and
only if there is a section for 7 which is an A,,-map
(A,-section).



Fibrewise topological monoid

Definition : Fix a space B.
e A fibrewise space over B is a map X — B.

e A fibrewise map is a commutative triangle:

X\—B/>Y

Example : B = B is a fibrewise space over B by 15.
Example : Xp = X X B is a fibrewise space over B by
the second projection.

=] F = = £ DA



e XY : fibrewise space over B

= The fibrewise product X x Y is the pullback of
X —- B<«Y.
= We have a fibrewise diagonal A : X — X x5 X.



e XY : fibrewise space over B

= The fibrewise product X x Y is the pullback of
X —-B+«Y.
= We have a fibrewise diagonal A : X — X x5 X.

. Fibrewise maps f,g: X — Y are fibrewise
homotopic if there is a fibrewise map h; : X xglp — Y
such that hg = f, h1 = g.

= We have a notion of fibrewise homotopy equivalence.



. A fibrewise space X = B is a fibrewise
topological monoid if it is equipped with fibrewise maps
e X XpX — X and € : B — X satisfying:

o po(puxpl)=po(lxppu)

e po(lxpeomoAp=1=po(eomxpl)oAp
X is a fibrewise topological group if, in addition, it is
equipped with a fibrewise map ¢ : X — X satisfying:

e po(lxpt)oAp=com=po(txpl)oAp

= The set of sections I'(X) is a topological monoid
(group).



Example : The adjoint bundle adP is a fibrewise
topological group over B by:

o p:adP xgadP — adP, ([p,gl, [p, h]) — [p, gh]
e ¢:B—adP, b [r (D), 1]
e t:adP — adP, [p,g] — [p,g7]

(pe Pbe B,g,h €qG)

= I'(adP) is a topological group.



Example : The adjoint bundle adP is a fibrewise
topological group over B by:

o p:adP xgadP — adP, ([p,gl, [p, h]) — [p, gh]
e ¢:B—adP, b [r (D), 1]
e t:adP — adP, [p,g] — [p,g7]

(pe Pbe B,g,h €qG)
= I'(adP) is a topological group.

Proposition : G(P) = I'(adP) as topological groups.



Fibrewise A;-map

Definition : Let X, Y be fibrewise topological monoids
over B. A fibrewise map f: X — Y is a fibrewise
A, -map if there is a sequence of fibrewise maps
{h; : I;' xp X* — Y} | such that:
e hi=f
o flay) o N2 f@)fy)

* flzyz) f(xy) f(2)

f(@)f(yz) f(@)f(y)f(2)

and so on... —

z ©ac



Proposition :
1 A fibrewise map which is fibrewise homotopic to a
fibrewise A,-map is a fibrewise A,-map.
> The composite of fibrewise A,-maps is a fibrewise
A,-map.
3 If a fibrewise homotopy equivalence is a fibrewise
A,-map, then so is the fibrewise homotopy inverse.



Proposition :
1 A fibrewise map which is fibrewise homotopic to a
fibrewise A,-map is a fibrewise A,-map.
> The composite of fibrewise A,-maps is a fibrewise
A,-map.
3 If a fibrewise homotopy equivalence is a fibrewise
A,-map, then so is the fibrewise homotopy inverse.

. A fibrewise homotopy equivalence which is
a fibrewise A,-map is called a fibrewise A, -equivalence.

= Fibrewise A, -equivalences yield an equivalence
relation among fibrewise topological monoids.



Triviality of adjoint bundles

Theorem : There is an A,-splitting for (#) if and only
if adP is fibrewise A,-equivalent to B x G.

o F = = £ 9DaAC



Theorem : There is an A,-splitting for (#) if and only
if adP is fibrewise A,-equivalent to B x G.

Outline of the proof : (<) Easy.
(=) The case n =0 : ldentify G(P) with I'(adP).
= 7 : G(P) — G is the evaluation:

7:T'(adP) — G, s+ s(by)
Given a homotopy section 6 : G — I'(adP) for 7, define
0:Bx G — adP, (b,g) — 0(g)(b).

= é‘boxG = ﬁ(@) ~ 1G
= The Dold theorem completes the proof.



The case n > 0 :

e X : fibrewise topological monoid over B

1 Construct a fibrewise projective space P3X by the
fibrewise Dold-Lashof construction.

2 Characterize fibrewise A,-maps by P;.X following
Stasheff.

3 Construct a natural map p : P"I'(X) — ['(P3X).

2 Generalize the proof for n = 0 by using the map p.

[l



Evaluation and gauge groups

e xLy: based map between based spaces X, Y

e map(X,Y; f) : component of unbased X — Y
including f

e mapy(X,Y; f) = {g € map(X,Y; f) | g is based}
= We have the evaluation fibration:

mapy(X,Y; f) — map(X,Y; f) =Y



Theorem (D.H. Gottlieb '72, M.F. Atiyah-R. Bott '83):
For a classifying map a of P, we have a homotopy
commutative diagram:

BGy(P) BG(P)—2"— BG

] I

map, (B, BG; a) — map(B, BG; a) *— BG




: A space X is an H(k,[)-space if there is a
homotopy commutative diagram

PEQX I PZS& X

PFQX x PIOX

where 7,, : P"Q2X — X is the inclusion.



: A space X is an H(k,[)-space if there is a
homotopy commutative diagram

PFQX I PZS& X

PEQX x PIQOX
where 7,, : P"Q2X — X is the inclusion.
Remark : If we can patch together the structure map of

H(k,1)-spaces for k + | = n, we obtain an H(n)-space
of Félix and Tanré.



Proposition :
1 X is an H(1,1)-space if and only if QX is
homotopy commutative.
2 X is an H(oo, c0)-space if and only if it is an
H-space.
s An H(n)-space of Félix and Tanré is an
H(k,l)-space for k + [ = n.
2 X is an H(n, oco)-space if and only if X is Aguadé's
T),-space.
= The loop space of an H(k,[)-space is highly
homotopy commutative.



Theorem : If BG is an H(k,[)-space, then there is an
Aj-splitting for (#) with P = E'G.



Theorem : If BG is an H(k,[)-space, then there is an
Aj-splitting for (#) with P = E'G.
Proof : Let ;1 : P*G — map(P'G, BG; ;) be the
adjoint of the structure map P*G x P'G — BG.
= WO I~
= Wo (/J‘EG) ~ ?;1
= The adjoint of u|xq,
G — Qmap(P'G, BG; i) ~ G(E'G),

yields an A;-splitting for G(P) & G. O



Theorem : If BG is an H(k,[)-space, then there is an
Aj-splitting for (#) with P = E'G.

Proof : Let ;1 : P*G — map(P'G, BG; ;) be the
adjoint of the structure map P*G x P'G — BG.

= WO I~

= wo (ulgg) >~ i

= The adjoint of u|xq,

G — Qmap(P'G, BG; i) ~ G(E'G),
yields an A;-splitting for G(P) & G. O

Corollary : If catB <[ and BG is an H(k,[)-space,
then there is an A,,-splitting for ().



Characterizing H (1, n)-spaces

e ad : G — Aut(G) : adjoint action
= There is an induced map:

ad : G — mapy(BG, BG; 1), g — [Bad(g) : BG — BG]

=] F = = £ DA



Characterizing H(1, n)-spaces

e ad : G — Aut(G) : adjoint action
= There is an induced map:

ad : G — mapy(BG, BG; 1), g — [Bad(g) : BG — BG]

Theorem : The map ¢ in the fibre sequence

G 5 mapy(X, BG; f) — map(X, BG; [) & BG

is given by 5 = (ad)

Corollary : BG is an H(1,n)-space < i’ (ad) is based
null-homotopic.



e Y : countable connected simplicial complex

= We can regard Y as a topological group.
= The above theorem gives a description of ¢ in:

QY % mapy(X,Y; f) — map(X,Y; f) Y

= When X = X7, § is expressed by a Samelson product
e~ a Whitehead product (G.W. Whitehead '46 and G.E.
Lang Jr. '73).



C'(k,1)-space

o Ny, : resultohedron ((k+1—1)%™ convex polytope)
Example : Nk70 = N(),k = X, Nk71 = Nl,k = Ak

o F = = £ 9DaAC



Definition : A topological monoid X is an C'(k,[)-space
if there is a sequence of maps

{Qrs: Nyps x X™° — X}o<r<ko<s<i such that
Qn,() - Qo,n
* °

Ty,
o LU QLI Yyx
TYz
[ ]
TR2Y ZTY
and so on...



Proposition :
1 A topological monoid is a C'(1, 1)-space if and only
if it is homotopy commutative.
2 If a topological monoid is a C(1,n — 1)-space, it is
a C),-space in the sense of Williams.



Proposition :
1 A topological monoid is a C'(1, 1)-space if and only
if it is homotopy commutative.
2 If a topological monoid is a C(1,n — 1)-space, it is
a C),-space in the sense of Williams.

Theorem (cf. Y. Hemmi and Y. Kawamoto '08) : A
connected topological monoid X is a C'(k, [)-space if and
only if BX is an H(k,[)-space.

Corollary : If catB <[ and G is a C(k,[)-space, there
is an Ajg-splitting for ().



