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space of finite groups ( finite Chevalley groups) and loop
groups of compact Lie group.

Preprint is available at arXiv.(arXiv:0810.1678)
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Let p, £ be distinct primes and let g be a power of p. We
denote by [F; the finite field with g-elements.

Let G be a connected compact Lie group.

There exists a reductive complex linear algebraic group G(C)
associated with G, called the complexification of G. One may
consider G(C) as C-rational points of a group scheme over C
obtained by the base-change of a reductive integral affine
group scheme Gz, so-called Chevalley group scheme, with the
complex analytic topology.

Replacing C by another field k, we have Chevalley group
G(k).
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Denote by Fp the algebraic closure of the finite field IF.

We may consider the finite Chevalley group G(Fg) as the
fixed point set G(F,)?" where

¢7: G(Fp) — G(Fp)

is the Frobenius map induced by the Frobenius
homomorphism ¢9 : F, — F, sending

x — x9.



On the cohomology and K-theory of the general

linear groups over a finite field,
Ann. of Math. (2) 96 (1972), 552-586,

Quillen computed the mod ¢ cohomology of a finite general
linear group GL,(Fy).

The finite general linear group GL,(FFg) is a finite Chevalley
group associated with the unitary group U(n).

We recall Quillen’s computation from the viewpoint of the the
following Theorem due to Friedlander (1982),
Friedlander-Mislin (1984).



Let BG” be the Bousfield-Kan Z/¢-completion of the
classifying space BG of the connected compact Lie group G.

We write H*(X), H*(X) for the mod ¢ cohomology, reduced
mod £ cohomology of a space X, respectively.

We denote by fib(a), mg : P, — X the homotopy fibre,
mapping track of a map a: A — X. That is,

Po={(a,A) € Ax X" a(a) = A1)},

mo((a, A)) = A(0) and fib(a) = my (%), where I = [0, 1] is the
unit interval, X' is the set of continuous maps from / to X,
is the base-point of X.
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Theorem (Friedlander-Mislin)
There exist maps
D : BG(F,) — BG"
and
¢?: BG" — BG"

satisfying the following three conditions:

(1) The induced homomorphism D* : H*(BG") — H*(BG(F})) is
an isomorphism.

(2) ¢90D = Do ¢9 where ¢9 : BG(F,) — BG(F,) is the
Frobenius map induced by the Frobenius homomorphism
99 :Fp — Fp.
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(3) There exists a map
fib(Dg) — fib(A)

that induces an isomorphism H*(fib(A)) — H*(fib(Dy)).

The above map is obtained from the following homotopy
commutative diagram by choosing a suitable homotopy:

BG(F,)

D{
1x¢9)oA
g T gon o g6

BG"

A




The first part of Quillen’s computation is the homotopy
theoretical interpretation of the problem.

LeX ={xe X' | A1) = f(\0)}.

We call this space the twisted loop space of f following the
terminology of Kishimoto's preprint.

We have the following fibre square:

LiX —5+ Pa
) o
(1xf)oA

X —— X x X,

Theorem(Mislin-Friedlander)(3) implies that H*(L¢X) is
isomorphic to H*(BG(Fg)) for X = BG", f = ¢9.



The second part of Quillen’s computation is the computation
using the Eilenberg-Moore spectral sequence.

Let us write A for H*(X). The Eilenberg-Moore spectral
sequence is given by

Toraga(A, A) = gr H* (LX)

If the induced homomorphism f* : A — A is the identity
homomorphism and if A is a polynomial algebra, then the
above Ex-term is a polynomial tensor exterior algebra

ARV

where V = Tora(Z/¢, 7).
Since as an algebra over Z//, it is generated by Tor0A®A(A,A)

and Tor;éA(A, A), the spectral sequences collapses at the
E>-level.



There exists a homotopy equivalence between the classifying
space of the loop group £G and the free loop space LBG,
where

£LX ={xe X' | A1) = 0)}.

For the free loop space LBG, we have the following fibre
square:

LX

Pa
o o

X —2 - X xX,

As in the case of finite Chevalley groups, there exists the
Eilenberg-Moore spectral sequence

TOI"A®A(A, A) = gr H*(,CBG)



Therefore, if H*(BG) is a polynomial algebra, and if ¢|q — 1,
H*(LBG) = H*(BG(Fy))

as a graded Z/¢-module.

Even if H*(BG) is not a polynomial algebra over Z/¢, if the
induced homomorphism ¢9* : A — A is the identity
homomorphism, E-terms of the above Eilenberg-Moore
spectral sequences are the same.



Conjecture (Tezuka)

Ifl|qg —1 (resp. 4|q — 1) when ¢ is odd (resp. even), there exists a
ring isomorphism between H*(BG(Fg)) and H*(LBG).



Conjecture (Tezuka)
Ifl|qg —1 (resp. 4|q — 1) when ¢ is odd (resp. even), there exists a
ring isomorphism between H*(BG(Fg)) and H*(LBG).

Theorem
There exists an integer b such that, for g = p® where a is an
arbitrary positive integer, there exists an isomorphism of graded
Z/¢-modules

H*(BG(Fq)) = H*(LBG).



If H*(BG) is not a polynomial algebra, it is not easy to
compute the mod ¢ cohomology of BG(FF,) and LBG. The
only computational results in the literature are the
computation of

» the mod 2 cohomology of BSpinq(F,) and £LBSpin(10) in
(Kleinerman,1982) and (Kuribayasi-Mimura-Nishimoto,2006)
for =2 and

» the mod 3 cohomology of LBPU(3) for £ =3 in
(Kuribayasi-Mimura-Nishimoto,2006).
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we usually try to construct a chain of maps
fo fi fn
X=Xop— X1 — Xo¢— ...— X — Xpq1 =Y

such that maps f,'s induce isomorphisms in mod /¢
cohomology.

For example, Theorem (Friedlander-Mislin) is proved by this
method.
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However, when we try to prove Theorem or Conjecture, we
can not construct such a chain of maps.

Consider the case G = S*.

Then, we have G(Fy) =Z/(q — 1), G(C) = C\{0}.

So, we have

H*(BG(Fq); Q) = Q,

H*(£BG; Q) = Qly] @ A(x).

If there exists a chain of maps such as above, then they also
induce isomorphisms of Bockstein spectral sequences. This

contradicts the above observation on the rational (and
integral) cohomology of BG(Fq4) and LBG.



For the given b,
{BZ/(q—1)"| qg=ab,a>1}

contains infinitely many homotopy types.



Let X be a space and let f : X — X be a self-map of X with a
non-empty fixed point set. Let o : A — X be a map such that

foa=aqa.

We choose a base-point * in A, X, so that both f, « are
base-point preserving.



Firstly, we define a map

gO:EfX XX,CfX—>£X,

where

LiX xXx LiX = {()\1,)\2) € LeX x LfX ‘ )\1(0) = )\2(0)}
The map o is defined by
1
A1(2t) for0<t<
P(A1, A2)(t) =

1 -2
A2(2 —2t) for 5 <t<1.

Since A1(1) = f(A1(0)), A2(1) = f(A2(0)) and A1(0) = A2(0), this
map is well-defined.



Next, we define a map from P, to L¢X, say ¥ : P, — L¢X, by

A(2t) for0<t<,
¥((a, \)(t) = 1 2
f(N2—2t)) for 5 <t<1l

Since A(1) = f(A(1)), this map is also well-defined.



Now, we consider the following diagram:
LeX 2 LeX xx LeX —2— X
1x9

LeX xx P,.
where
LeXxxPo ={(A1,(a,A2)) € LeXxPo | A1(0) = X2(0), a(a) = X2(1)},
p1 is the projection onto the first factor and mg o p1 = 7,
7o 0 ¢ = mo, Mo o (1 X ¥) = mp. Let us denote by E,(Y) the

Leray-Serre spectral sequence associated with a fibration
&Y — X,



Then we have the following diagram of spectral sequences:
E.(LfX) BN E (LfX xx L£X) DA E. (LX)
Ixgp*
E (L X xx Py).

By abuse of notation, we denote by v : fib(a) — QX the
restriction of 1 : P, — L¢X to fibres.



Lemma (3.2)
Suppose that X is simply connected, that H'(fib(c)) = 0 for i > k
and that there exists a sequence of maps

o it ik o

Ao - A - A - - Ak - A - X

such that the induced homomorphism

H*(fib(aj)) — H*(fib(aj_1)) is zero for j = 1,2, ..., k. Then the
projection on the first factor p1 : Y xXx P, — Y induces a
monomorphism py : E.(Y) — E.(Y xx P,) of Leray-Serre
spectral sequences for arbitrary fibration £ 1 Y — X.



Lemma (3.3)
Let ) ,
E s E L E)
be homomorphisms of spectral sequences. Suppose that
(1) Im pp = Im pj,
(2) p is a monomorphism for r > 2.

Then, there exists a unique homomorphism of spectral sequences
=/ /
{rr:E,/ — E/|r>2}

such that p, o 7, = p for r > 2. In particular, if pf is also a
monomorphism, then p!/ is a monomorphism and 7, is an
isomorphism for r > 2.



Proof of Theorem

>

Let k =dim G. Let V = H*(G) as a finite dimensional vector
space.

> Let gj = p& for j=0,..., k.
> Let g = p = g, (a > 1).
» Let X = BG", A= BG(Fg,), a = Dg,, f = ¢9,

Aj = BG(Fy;) and o = Dg; for j=0,1,... k.

In order to prove Theorem, we consider the Leray-Serre
spectral sequence E (LX), E,(L£X) and establish an
isomorphism of spectral sequences 7 : E, (LX) — E.(L¢X).

If we take e; to be (¢ x |GL(V)|)¥,
A (fib(a;)) — H*(fib(aj_1))

is zero for j=1,..., k.
By Lemma (3.2), we have a monomorphism

(1% ¥)* 0 pl  Ef(LeX) — EA(LeX xx Pa).



Proof of Theorem (continue)

Identifying the Ep-terms Ex(L¢X), E2(LX), E2(LfX xx Py)
of Leray-Serre spectral sequences with H*(X) @ H*(2X),
H*(X) @ H*(Q2X), H*(X) @ H*(2X) @ H*(fib(«)),
respectively,

we have

(I xy)(pxey))=x®yel and
(LX) (e (x@y) =) x@y ¢ (x(y").
where o*(y) = >y’ ® x(y”) and x : H*(2X) — H*(QX) is

the canonical anti-automorphism of connected Hopf algebra
over Z/¢.



Proof of Theorem (continue)

> If we take e to be |GL(V ® V)|, we obtain
Im(1x ) op] =Im(1x)" op

in the E>-term

Ex(LeX xx Py) = H*(X) @ H*(2X) ® H*(fib(«)).
Therefore, using Lemma (3.3), we obtain an isomorphism
between Leray-Serre spectral sequences E.(L¢X) and E.(LX).



Thank you.
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