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Question
The object

Given aself map f: X — X, we consider

@ the set of fixed point of f:

Fix(f) = {x € X | f(x) = x};

@ the set of periodic point of f of least period n:

Pa(f) = {x € X | f"(x) = x,f¥(x) # x for 0 < k < n}.
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n-times symmetric product

The n-times symmetric product SP, X is the the quotient space

n
[I%/%
of the product space []" X under the natural action of
n-symmetric group X,.
Any self map f: X — X induces a self map
SPnf . SPnX — SPnX,
which is given by

SPaf([X1, X2, ..., %n]) = [f(X1),f(X2),...,f(Xn)]
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Some observations

Letf: X — X. Then itinduce a map SP4f: SP4X — SP4X
given by

SP4f([X1, X2, X3, Xa]) = [f(x1), f(X2), T (X3), F(Xa)]-

If [X1, X2, X3, X4] is a fixed point of SP4f, then we have
(f(Xl),f(Xz), f(X3), f(X4)) = O’(Xl, X2, X3, X4) foraoc € 4.

1) Ifo =(2,3,4,1), then f(x1) = Xg, f(X2) = X3, f(X3) = X4 and
f(x4) = X1. There are three possibilities:

(1.1) x; = X2 = X3 = X4 is a fixed point of f;

(1.2) X4 = X3 # X2 = X4, two same periodic orbits of period 2;
(1.3) x;'s are different, consisting of a periodic orbit of period 4.
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Some observations

(2) If o = (1,3,4,2), then f(x1) = X, f(x2) = X3, f(X3) = X4 and
f(x4) = X2. S0, X1 is a fixed point of f. There are two
possibilities:

(2.1) xo = X3 = X4 is a fixed point of f

(2.2) X2, X3, X4 is a periodic orbit of period 3.
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A conclusion

Any fixed point of SP,f consists of periodic point of f, the sum
of all periods is n.
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A conclusion

Any fixed point of SP,f consists of periodic point of f, the sum
of all periods is n.

By the Lefschetz fixed point theorem, we have

Proposition

If the Lefschtez number L(SP,f) is non-zero, then f itself has a
periodic point with period < n.
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Fixed point classes

Given aself map f: X — X, we have

Fix(f) = | p(Fix(f))

where ranges all the liftings of f.

Proposition

Let f and ' be two liftings of a self map f: X — X, then
(1) p(Fix(f")) = p(Fix(f)), if {* = 4fy~* for some v € D(X),
(2) p(Fix (")) N p(Fix(f)) = 0, if f/ # ~fy~1 for any v € D(X).

Thus, the fixed point set Fix(f) of a self map f is splited into a
disjoint union of some isolated subsets, where p(Fix(f)) is said
to be a fixed point class determined by f.
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Estimation for fixed points

Each fixed point class F has a well-defined index, denoted
ind(f,F). The sum of the indices of all fixed point classes of f is
just the Lefschetz number L(f).

Any homotopy between two maps gives rise a 1-1 index
preserving correspondence between this two maps.
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Estimation for fixed points

Each fixed point class F has a well-defined index, denoted
ind(f,F). The sum of the indices of all fixed point classes of f is
just the Lefschetz number L(f).

Any homotopy between two maps gives rise a 1-1 index
preserving correspondence between this two maps.

Proposition

Any map in the homotopy class of f has least N(f) fixed points,
where the Nielsen number N(f) is defined to be the number of
fixed point classes with non-zero indices.
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How to detect periodic points

If m|n, there is a correspondence
tmn: FPC(f™) — FPC(f")

from the set of fixed point classes of f™ to that of f", which is
given by - y - y
[fafo - ] = [(Faf2 - - Fn)™/™]

Proposition

If F is a fixed point class of f", which is not in the image of ¢m
for all m with m|n, then any periodic point in F has period n.

Such a class is said to be irreducible.
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product of fixed point classes

Let F1,F,, ..., Fg be fixed point classes of f™M M2 {Mk
where Z}‘Zl m; = n. Then

(Fl, Fz, ceey Fk) = {(Xl,f(Xl), S ,fml_l(Xl),

is a fixed point class of

n n n
(Hf)oa{m17m27--'7mk} : H X — H X,

where o(m, m,,...m.} 1S the elementin Xn:

(m1,1,2,...,m1—1,m1+m2,m1+1,m1+2,...,m1+m2—1,

k—1 k—1 k—1
...,...,ij +mk,2mj +1,ij+mk —1).
=1 =1 j=1
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Letp: X — X be the universal covering of X with covering
translation group D(X). We have a semi-product
XnD(f() X Y. Its group structure is given by

(a,0)(,0") = (ao(d),00"), a,a € X'D(X), 0,0’ € Zn.

We write D(X , n) for this group. It has a well-defined (left)
action on the product space X"X defined by:

Xl 104,0), K= 1XJ)H J 104%5-1());

where o € ¥, % € X, oy € D(X).
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Suppose that N is the smallest normal subgroup of D()~(, n)
containing all elements with action fixed points. Then there is a
commutative diagram consisting of quotient maps

X% — = XX /N ——— SP,x
l \\\/D(x,n) J/
><np ~ o Psp,,
EN
X' —= X"X /D(X,n) == SPpX

Furthermore

(1) the orbit space X'X /D(X, n) of its action is SPyX ;

(2) the orbit space ><n)~</N is the universal covering of SP,X;
(3) the fundamental group of SP,X is isomorphic to the
quotient group D(X,n)/N;
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Fixed point data and related functor

If we are given a communicative diagram

g

Y —Y
h lh
X —>X
then there is a well-defined correspondence

In fact, if x lies in a fixed point class G of g, then h(x) lies in the
fixed point class hgpc (G) of f.
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Consider commutative diagram

X't
X' —— XX
| b
SP,f

SPX —— SPpX

Definition

A fixed point class F of SP,f: SP,X — SP,X is said to be
composed by Fy,F;, ..., F¢ if F = dn epc(F1, Fo, . . ., Fk).

In this case, the set {F1,F», ..., F} is said to be a composition
of F, and each F; is said to be a member of F. We shall write
F =[F1,F2,...,F].

Zhao, Xuezhi Uniformed treatment to periodic points and fixed points



history

Basic property of composition

Proposition

The fixed point class [Fq, Fo, ..., Fx] is independent of the
choice of the order of these F;’s.

Recall that if F is a fixed point class of f*, fepc (F) is also a fixed
point class.

Proposition

For any ji,i = 1,2,...,k, we have

[f (F1), F2 0 (Fa), ... fi L (Fi)] = [Fu, Fa, ., Fid].
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Consider the natural filtration

(JIX0% = {(x %2, .o xn) € [ X - HXe, %z, -, xn} < K}

Clearly, SP,f keeps filtration.

X 2 SPX!t ——=SP X% —— - —— SPX" = SPX

X & SPyX1 —> SPX2 — - —= SPX" = SP,X

A fixed point class of SP,f|SP,X™ is said to be related to
SP, XX if it lies in the image of

jepc : FPC(SP,f|SPyXK) — FPC(SP,f|SP,X™).
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Formalize irreducibilities

Proposition

Let F be a fixed point class of SP,f. If there is a composition of
F such that two members are the same fixed point class of f*,
then F is related to SP,X" "3, i.e. contains a fixed point class of
SPf|SP X",

Let F be a fixed point class of SP,f: SP,X — SPyX. If F is not
related to SP,X"~1, then the members of a composition of F
are distinct, and each of them is an irreducible periodic point
class.
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History remark

Borsuk-Ulam (1931): define symmetric product, and observe

Dold-Thom theorem(1958): The homotopy of the infinite
symmetric product SRX) of a based connected CW complex is
isomorphic to the integral homology of X.
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History remark

Borsuk-Ulam (1931): define symmetric product, and observe

Dold-Thom theorem(1958): The homotopy of the infinite
symmetric product SRX) of a based connected CW complex is
isomorphic to the integral homology of X.

A simple example: SP,S* = Mobius band
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