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1 Introduction

In topology, one studies such objects, X, as topological spaces,topological mani-
folds,differentiable manifolds,and so on.

In the theory of transformation groups,one studies the homeomorphisms of such
objects,or generally subgroups of the full group,Homeo(X), of homeomorphisms.

The subgroups naturally act on X.

Let G be a group. If n : G — Homeo(X) is a homomorphism , then G act on
X. Now We are concerned with smooth actions of compact Lie groups on smooth
manifold. The following problems are fundamental and important in study of trans-
formation groups:
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e Given a closed manifold M, is there any non-trivial G—action on M ?

e For a fixed group G, try to give a classification of G—manifolds up to some equiv-
alence relation.

olet I' = {x ] glx) = x,x € M, g € G} be the fixed point set of G—action
on M. By dimF we mean the dimension of the highest dimensional non-empty

component of the fixed point set. What could we say about dimF?

e From the algebraic or geometric point of view, what is the relationship among the
G —manifold, the fixed point set F' and the orbit space M /G?

The objective of this talk is to show that bordism techniques can be applied to the

study of transformation groups on closed manifolds.

Other tools are available in the field of transformation groups on smooth mani-
folds,such as P.A.Smith Theory,Equivariant Cohomology,Equivariant K-Theory and
Equivariant Surgery. Of course these paths cross frequently.
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2 Notes on Bordism

A closed manifold is said to bound if and only if the manifold is the boundary
of some compact manifold. Two closed manifolds are called bordant if their disjoint
union bounds.We refer to this as the bordism relation. Bordism relation is an equiva-
lence relation on the diffeomorphism classes of closed n—manifolds. The equivalence
class(bordism class)to which M" belongs is denoted by [M"]. In bordism theory, key

points are:

e To specify some kind of objects(manifolds)
e To determine and calculate the bordism classes of given objects

e To establish bordism invariants
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Example 1: Unoriented bordism: M O,

Objects: All unoriented closed manifolds

Calculation: The collection of all classes of specified n—manifolds is denoted by
MO,. The plus is given on MO, by disjoint union,that is,[M{'| + [MJ}] = [M{ U
M3'].The product is put on MO, = > MO, by [M7] x [MJ'] = |[M{ x M3"|. MO,
is the polynomial ring over Z; on classes x; of dimension (i # 2° — 1)[Thom,1954].
Invariants:  Z, cohomology characteristic numbers give complete invari-
ants[ Thom,1954].All relations among these numbers are given by Wu formulae.
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Example 2: Oriented bordism: M SO,

Objects: All oriented closed manifolds

Calculation: The collection of all classes of specified n—manifolds is denoted by
M SO,,. The plus is given on M SO, by disjoint union,that is,| M{'| + [M3'] = [M] U
M3]. The product is put on M SO, = > MSO, by |[M{| x [M3'] = [M] x MJ"].
MSO, ® () is the rational polynomial ring on classes x4; of the complex projective
space[ Thom,1954]. M SO, has no odd torsion and M SO, /Torsion is the polynomial
ring over Z on 4¢ dimensional generators[Milnor,1958].

Invariants: Bordism is determined by Z and Z, cohomology, all relations among the
Z> numbers being given by the relations of Wu together with the vanishing of the first
Stiefel-Whitney class[Wall,1960] . All relations among the Z numbers are given by
the Riemann-Roch theorem [Stong,1966].
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Example 3: Unoriented singular bordism: MO, (X, A),where (X, A) is topological
pair

Objects: Unoriented singular manifolds (B"”, f) in (X, A) consisting of a compact
unoriented manifold and a map f : (B",0B") — (X, A). A unoriented singular
manifold is said to bound if and only if there is a compact unoriented manifold C" "
and a map F' : C"*! — X for which

(1) B" is contained in 9C™ ! as a regular submanifold

(2)F/B" = fand F(0C""' — B") € A

Two unoriented singular manifolds are called bordant if their disjoint union bounds.
Calculation: The collection of all classes is denoted by M O,,(X, A). The plus is given
by disjoint union.The M O,— module structure on MO, (X, A) = > MO,(X, A) by
|B", f][M™ = [B" x M™, g|]. For any CW-pair, M O, (X, A) is a free graded M O,—
module isomorphic to H, (X, A; Z3) @ MO,.

Invariants: Bordism is determined by 75 cohomology.

Remark:If A = (), X = BO(k),then (B", f) can be considered as a vector bundlen* — B".

There is an oriented analogue.
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3 Application of Bordism to G-actions

Let G be a compact Lie group.(G, M") is a smooth action of G' on a closed
unoriented n—manifold. We say (G, M") bounds if and only if there is an ac-
tion (G, B""!) on a compact unoriented (n + 1)— manifold B""! for which the
induced action (G,9B""!) is equivariantly diffeomorphic to (G, M™). We say
(G, M{) is bordant to (G, M) if their disjoint union(G, M{ U M3) bounds.
This is shown to be an equivalence relation. The resulting set of equivalence
classes is denoted by I,(G).By disjoint union this becomes an abelian group. We
set|G, M"|[G,V"™] = [G,M" x V"],s0l,(G) = > I,(G) is a graded commutative
algebra with identity over M O,,called the unoriented G—bordism algebra.

There is an oriented analogue of course.
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Now let G be finite and the action free. Under this ristriction we may proceed to
define a bordism group M O,,(G) and M O,— module M O,(G).

Theorem: For any finite group there is a natural isomophism of M O,— module
MO,(G) = MO,(BG)
which preserves dimension.
For G = Z5 ,a G— action is called an involution. A lot of results on bordism of

involutions could be found in [Conner, Differentiable Periodic Maps,1979].We list

some of theorems:

Theorem 1(Conner): Let (A,S") be the antipodal involution on the
n—sphere.Then [A, S"] is a M O,— module basis forM O,(Z5).
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Theorem 2(Conner): Let (T, M™) denote a smooth involution on a closed mani-
fold with n — I’ the normal bundle to the fixed point set. Then the non-equivariant
class [M"] = [RP(n @& R)|.

The structure of I,(Z5) is very complicated. It appears impossible to determine

I.(Z,) completely. Let us consider the problems posed in section 1.

e What about the existence of an non-trivial involution ?

Theorem 3(Stong): Let {(F"~",v")}(0 < r < n) be bundles over manifolds.
A necessary and sufficient condition that the collection be the fixed data of an
involution (T, M™) is that

1+y

for all 1 of degree less than n.
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e To determine the bordism class of involutions with a prescribed fixed point set .

Theorem 4(Stong): If (T', M™) is a non-trivial involution on a closed manifold
whose fixed point set is RP(2r),then n = 4r and [M™"] = [RP(2r)]*.

Theorem 5(Wang and Chen,2008): Every vector bundle £ over C P(j7) x H P(k) Introduction o. .

Notes on (co)Bordism
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Theorem 6(Wang and Chen,2008): There is no non-bounding involution fixing
CP(2m+1) x HP(k).
Corollary (Wang and Chen,2008): Every involution fixing C P(2m + 1) x HP(k)

bounds.

e Try to determine the bordism class of involutions on a prescribed manifold.

In 1999, Meng and Wang determined the bordism classes of involutions

on even dimensional homology projective space[Chinese Quarterly J. Math ,
14(2),1999.06,33-37].
e What could we say about dimF ?

Theorem 7(Boardman) : If (T, M™) is a smooth involution on a closed mani-
fold for which [T, M"| # 0 and F’ is the fixed point set,then dimF > 2n/5.
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e What is the relationship among the G—manifold, the fixed point set /' and the
orbit space M /G?

Theorem 8(Classical): If (1, M") is a smooth involution on a closed manifold
,;then x(M") = x(F)(mod2).

Theorem 9(Stong): Let (T, M™) be a smooth involution on a closed n-dimensional
manifold with the fixed point data (F,v) = | |(F"~",v"). If f(xy1,--- ,x,) IS a Sym-

-
metric polynomial over Z, in n variables of degree at most n, then

n f(l—i_yla'”71+y7“7217"°azn—7“) n—r
flmy, - zn)[M") = [P,

r

1101+ i)

1

where the expressions are evaluated by replacing the elementary symmetric functions
oi(x),0i(y), and o;(z) by the Stiefel-Whitney classes w;(M ), w;(v"), and w;(F’) re-
spectively and taking the value of the resulting cohomology class on the fundamental
homology class of M or F'.
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Set M, = > MO,,(BO(n —m)).Then M, = >_ M, has the structure of graded
m=0
commutative algebra over M O,.
Theorem 10(Conner): The sequence

0— [(Z3) = M, — MO,(Z5) — 0

is split exact , where j* : I,(Zy) — M, is a homomorphism of MO, algebra and
0: M, — MO,(Z,) is an M O,— module homomorphism .

This theorem shows

e The bordism class of (7', M) is determined by the bordism class of the bundle
(F,v), where v denote the normal bundle of F'in M.

e The real projective space bundle R P(v) bounds in the bordism of RP°, where the
map into R P> classifies the double cover of RP(v) by the sphere bundle S(v).
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For G = (Zy)*or(Z,)* p odd prime ,see [Conner, Differentiable Periodic
Maps,1979].

Zhao and Wang have discussed the problem of commuting involutions with fixed
point set RP(2m + 1) U RP(2n + 1). Let @ : (Z3)? x M — M be a smooth action
of the group (Z5)* = {11, T5|T? = 1, 1T, = T5T}} on a smooth closed manifold
M. Let T3 = T1T;. The fixed point data of ® is (Fg;e1,e9,€3), Where Fp = {x €
M|T;(x) = z,i = 1,2,3} is a closed manifold, ¢; is the normal bundle of Fg in
Fr. ={x € M|T;(x) = x},7=1,2,3. we have proved the following

Theorem 11(Zhao and Wang,2009): Let (®, M) be a smooth (Z,)*-action on a
closed and smooth manifold M whose fixed point setis F = RP(2m+1)URP(2n+
1), where RP(2m+ 1) and RP(2n + 1) are projective spaces with dimensions 2m + 1
and 2n + 1 respectively. Let

(RP(2m + 1); py, po, pu3) U (RP(2n + 1); vy, v, v3)

be the fixed point data of ®. If at least two ;s have dimension greater than 2m + 1,
and at least one v; has dimension greater than 2n + 1, where m > n, then (¢, M)
bounds equivariantly.
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This theorem is the generalized result about that of [Royster,1980]. The idea of
the proof is: In some cases we directly construct a closed manifold with a (Z3)*-
action whose fixed point set is RP(2m + 1) U RP(2n + 1).In the other cases we find
characteristic classes to calculate invariants, getting to contradiction,and so prove the
non-existence of such actions.

ok Uk #
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