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From [Glauberman, Global and local properties of finite groups,
1971]
Fix a finite group G, a prime p and a Sylow p-subgroup S.

(A) Global information: structure of G.

(B) Fusion: structure of S ∩ C, for every conjugacy class C in
G.

(C) Local information: structure of H, for all H which is a
normalizer in G of a subgroup of S.

(D) Local information: structure of a single subgroup H,
normalizer in G of a normal (or characteristic) subgroup
K of S.

(A) //
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• A Theorem of Frobenius states that for a finite group G
and a Sylow p–subgroup S of G, the following conditions
are equivalent

(a) G has a normal p-complement.
(b) P ≤ G non-trivial p–subgroup of G =⇒ NG(P ) has a

normal p–complement.
(c) P ≤ G non-trivial p–subgroup of G =⇒ NG(P )/CG(P ) is

a p–group.
(d) x, y ∈ S, conjugate in G =⇒ conjugate in S.

• H∗(G,Fp) is the subalgebra of stable elements of
H∗(S,Fp).

• If S is abelian, WG(S) = NG(S)/CG(S)
• H∗(G,Fp) ∼= H∗(S,Fp)WG(S)

• NG(S) −→ G is a p-local equivalence.



p–local finite
groups

Carles Broto Local structure of finite groups

• A Theorem of Frobenius states that for a finite group G
and a Sylow p–subgroup S of G, the following conditions
are equivalent

(a) G has a normal p-complement.
(b) P ≤ G non-trivial p–subgroup of G =⇒ NG(P ) has a

normal p–complement.
(c) P ≤ G non-trivial p–subgroup of G =⇒ NG(P )/CG(P ) is

a p–group.
(d) x, y ∈ S, conjugate in G =⇒ conjugate in S.

• H∗(G,Fp) is the subalgebra of stable elements of
H∗(S,Fp).

• If S is abelian, WG(S) = NG(S)/CG(S)
• H∗(G,Fp) ∼= H∗(S,Fp)WG(S)

• NG(S) −→ G is a p-local equivalence.



p–local finite
groups

Carles Broto Classifying spaces

To any group G we can attach a space BG and a universal
G-bundle over BG. BG is called the classifying space of G,
and it is unique up to homotopy. There are different ways to
construct BG:
• For compact Lie groups, pick a faithful complex

representation of G, ρ : G→ U(n), extend it to
G× U(m) → U(n+m) and form the homogeneous
manifold U(n+m)/G× U(m), Then,
BG ' limm U(n+m)/G× U(m)

• For a discrete group G, take a wedge of circles indexed by
a set of generators of the group, then attach 2-cells
corresponding to the relations, so that the fundamental
group of the complex is G, then attach higher cells to kill
all higher homotopy groups. The resulting complex is BG.

• Milgram’s bar construction gives a functorial construction
of BG, so that a homomorphism ϕ : G→ H induces a
continuous map Bϕ : BG→ BH
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Carles Broto Bousfield-Kan p-completion

(−)∧p stands for Bousfield–Kan p-completion functor from
Spaces to Spaces. This is a coaugmented functor

X
κX−−−−−→ X̂p

that isolates the p-local structure of the original space. Main
properties are:

• For a map f : X → Y ,

f∗ : H∗(Y,Fp)
∼=−−→ H∗(X,Fp) ⇐⇒ f̂p : X̂p

∼=−−→ Ŷp

• A space X is p-complete if X
'−−−→ X̂p

• X is p-good if κ∗X : H∗(X̂p; Fp)
∼=−−−→ H∗(X,Fp) i.e.

(X̂p)∧p = X̂p

Our spaces will be p-good, e.g. if π1X finite ⇒ X is p-good.
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• A space X is p-complete if X
'−−−→ X̂p

• X is p-good if κ∗X : H∗(X̂p; Fp)
∼=−−−→ H∗(X,Fp) i.e.

(X̂p)∧p = X̂p

Our spaces will be p-good, e.g. if π1X finite ⇒ X is p-good.



p–local finite
groups

Carles Broto Bousfield-Kan p-completion of
BG.

We are interested in the case X = BG, for a finite group G, in
particular BG is p-good and:

1 The mod p cohomology remains the same:
H∗((BG)∧p ; Fp) ∼= H∗(BG; Fp)

2 The homotopy type changes. For a given finite group G

BG ' K(G, 1) ,

{
π1(BG) ∼= G

πi(BG) = 0 , i 6= 0 .
1 If P is a finite p-group, then BP is p-complete.
2 In general:

• π1(BG∧
p ) ∼= G/Op(G), where OpG is the maximal

normal p-perfect subgroup of G.
• The universal cover is BOp(G)∧p , and usually carries a

rich higher homotopy structure, with non-trivial homotopy
groups in arbitrarily large dimensions.
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Let p be an odd prime. Form the semidirect product
Z/pr o Z/2.

1 We can compute:

H∗(B(Z/proZ/2); Fp) ∼= H∗(BZ/pr; Fp)Z/2 ∼= E[u3]⊗P [v4]

2 and then obtain a fibration sequence

. . .→ S3{pr} → S3 pr

−→ S3 → B(Z/pr o Z/2)∧p

3 from which we deduce

ΩB(Z/pr o Z/2)∧p ' S3{pr}

and therefore that B(Z/pr o Z/2)∧p supports the
p-primary part of the homotopy groups of S3.
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p remember from

G?

1 Mod p cohomology: H∗(BG∧
p ; Fp) ∼= H∗(G; Fp).

2 Dwyer-Zabrodsky, Lannes: [BP,BG∧
p ] ∼= Rep(P,G) and

Map(BP,BG∧
p )Bρ ' BCG(ρ(P ))∧p .

3 Mislin (1990): Given a homomorphism f : G −→ H
between finite groups, the following are equivalent:

1 Bf∧p : BG∧p → BH∧
p is a homotopy equivalence.

2 f∗ : Rep(Q,G) → Rep(Q,H) is a bijection for any
p-group Q.

3 f# : Fp(G) → Fp(H) is an equivalence of categories.

Martino-Priddy (1996) Conjecture: Same conclusion as in
Mislin’s theorem should be true without imposing in the
hypothesis the existence of a homomorphism between G
and H.

Oliver proved the Martino-Priddy conjecture in 2006.
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G

The fusion system FS(G), of a finite group G over a Sylow
p-subgroup S, consists of

• All subgroups of S.

• All homomorphisms P → Q, P,Q ≤ S, induced by
conjugation in G.

In other words,

(i) A category FS(G) with
• Objects: subgroups P ≤ S.
• Morphisms: HomG(P,Q) ∼= NG(P,Q)/CG(P ), for each

pair of subgroups P,Q ≤ S.

(ii) An underlying functor φG : FS(G) → Groups.
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finite group G

Definition
Let G be a finite group. A p-subgroup P ≤ G is called
p-centric if its center Z(P ) is a Sylow p-subgroup of its
centralizer CG(P ).

A p-subgroup P ≤ G is p-centric iff

CG(P ) ∼= Z(P )× C ′
G(P ) .
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finite group G

The centric linking system, Lc
S(G), of G over a Sylow

p-subgroup S consists of

(i) A category Lc
S(G) with

• Objects: subgroups P ≤ S, p-centric in G
• Morphisms: MorLc

S(G)(P,Q) = NG(P,Q)/C ′G(P )

(ii) A functor π : Lc
S(G) → Fc

S(G) which is the identity on
objects and the natural projection

πP,Q : NG(P,Q)/C ′
G(P ) → NG(P,Q)/CG(P )

on morphisms.

Lc
S(G) inherits an underlying functor ψG : Lc

S(G) → Groups
from Fc

S(G).
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[B-Levi-Oliver] The centric linking system determines BG∧
p :

• Determines the homotopy type: Given two finite groups G
and H, BG∧

p ' BH∧
p iff Lc

S(G) ' Lc
R(H).

Actually,
BG∧

p ' |Lc
S(G)|∧p .

• Determines the group of homotopy classes of self
equivalences of BG∧

p , as the self equivalences of the
centric linking system:

[BG∧
p , BG

∧
p ]Eq

∼= Auttyp(Lc
S(G))

where a self equivalence of Lc
S(G) is isotypical if it

preserves the underlying functor ψG : Lc
S(G) → Groups.
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1 Benson (1994): BDI(4)(q) a space constructed out of
BDI(4), which supports the 2-local structure found by
Solomon: The classifying space of a non-existing group?!!

2 Solomon (1974): There exists a well defined 2-local
structure over the Sylow 2-subgroup of Spin(7,q), which
contains a unique conjugacy class of involutions. But
there is no finite group with such structure.

3 Puig (1991): Axioms for fusion in finite groups and in
Brauer categories associated to blocks of group rings.
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Definition (B-Levi-Oliver)

A p-local finite group is a triple (S,F ,L) where

• S is a finite p-group (the Sylow).

• F is a saturated fusion system over S.

• L is a centric linking system associated to F .

An abstract fusion system over S consists of a set HomF (P,Q)
for every pair P,Q of subgroups of S such that

HomS(P,Q) ⊆ HomF (P,Q) ⊆ Inj(P,Q)

and form a category where every morphism decomposes as an
isomorphism followed by an inclusion.

It is saturated if it satisfies some extra axioms, due to Puig.
Axioms
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Given a fusion system F over a finite p–group S we say that

• P is F-conjugate to P ′ if there is an isomorphism
ϕ : P → P ′ in F .

• P ≤ S is F–centric if all P ′ F–conjugate to P satisfies
CS(P ′) = Z(P ′).

A centric linking system associated to F is a category whose
objects are all F-centric subgroups of S together with
distinguished homomorphisms

δP : P → AutL(P )

and a functor
π : L → Fc ,

which is bijective on objects and onto on morphisms, subject to
compatibility axioms for δ and π. Axioms
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Definition
The classifying space of a p-local finite group (S,F ,L) is |L|∧p .

Example

Let G be a finite group and S a Sylow p-subgroup of G, then:

(S,FS(G),Lc
S(G))

is a p-local finite group with classifying space
|Lc

S(G)|∧p ' BG∧
p .

Definition
We will say that a p-local finite group (S,F ,L) is exotic if it
cannot be obtained from a finite group, as in the above
example.
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The classifying space characterizes the p-local finite group:

• Two p–local finite groups with homotopy equivalent
classifying spaces are isomorphic:

(S,F ,L) ∼= (S′,F ′,L′) ⇐⇒ |L|∧p ' |L′|∧p

• There are homotopy theoretic constructions that allow us
to recover the complete algebraic structure of a p-local
finite group, out of its classifying space. Methods
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• Obstruction theory: For a fixed saturated fusion system F
over a finite p-group S:

- Existence of a centric linking system associated to F :
lim3

OcF
Z.

- Uniqueness: lim2

OcF
Z.

• Oliver: If F = FS(G), then the obstructions vanish.
(Proof is based on classification of finite simple groups.)

• Oliver: The Martino-Priddy conjecture holds true: The
fusion system determines the homotopy type of BG∧

p and
its homotopy self equivalences.

• The question of existnce and uniqueness of centric linking
systems remains open for abstract fusion systems
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Theorem (B-Castellana-Grodal-Levi-Oliver)

If (S,F ,L) is a p-local finite group, the classifying space |L|∧p
is p-complete and there is an exact sequence
Op
F (S) −→ S −→ π1(|L|∧p ).

Theorem (B-Levi-Oliver)

For any p-local finite group (S,F ,L), H∗(|L|∧p ; Fp) is a
noetherian ring, isomorphic to the subring of F-stable elements
of H∗(BS; Fp).

Theorem (B-Levi-Oliver)

If (S,F ,L) is a p-local finite group, then
[BQ, |L|∧p ] ∼= Rep(Q,L). For a given representation
[ρ] ∈ Rep(Q,L), Map(BQ, |L|∧p )Bρ ' |CL(ρQ)|∧p .
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exotic examples

1 There is only one family of known exotic 2–local finite
groups: Sol(q), q an odd prime power.

[Levi–Oliver] The structure studied by Solomon over the
Sylow 2–subgroup of Spin(7, q) is in fact a saturated
fusion system. Furthermore, it admits a unique associated
centric linking system, so defining a 2-local finite group:
Sol(q).

2 [Ruiz-Viruel] Classification of p–local finite groups defined
over the extraspecial groups of order p3 and exponent p,
(p odd prime). Such p-group oftenly appears as Sylow
p-subgroup of sporadic finite simple groups.

In the classification there are 3 exotic examples at the
prime 7, besides the systems of many sporadic groups.
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1 [Diaz-Ruiz-Viruel] Complete the classification of rank 2
p–local finite groups. New exotic examples appear at the
prime 3.

2 [B-Møller] Chevalley p–local finite groups (construction
similar to that of Benson). New families of exotic
examples at odd primes denoted BX(m, r, n)(q), X29(q),
and X34(q). BX(m, r, n)(q) are the first case of a family
that contains exotic p–local finite groups of arbitrarily
large rank.

3 [Ruiz] The exotic Chevalley p–local finite groups
X(m, r, n)(q) are obtained as subsystems of p′ index in
the fusion system of the general linear groups GLmn(Fq).
(Based on extension theory developed by
B-Castellana-Grodal-Levi-Oliver.)
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Let F be a fusion system over a p-group S.

1 A subgroup P ≤ S is fully centralized in F if
|CS(P )| ≥ |CS(P ′)| for all P ′ ≤ S which is F-conjugate
to P .

2 A subgroup P ≤ S is fully normalized in F if
|NS(P )| ≥ |NS(P ′)| for all P ′ ≤ S which is F-conjugate
to P .

3 F is a saturated fusion system if the following two
conditions hold:

(I) For all P ≤ S which is fully normalized in F , P is fully
centralized in F and AutS(P ) ∈ Sylp(AutF (P )).

(II) If P ≤ S and ϕ ∈ HomF (P, S) are such that ϕP is fully
centralized, and if we set

Nϕ = {g ∈ NS(P ) |ϕcgϕ−1 ∈ AutS(ϕP )},

then there is ϕ ∈ HomF (Nϕ, S) such that ϕ|P = ϕ.

Return
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Let F be a fusion system over the p-group S. A centric linking
system associated to F is a category L whose objects are the
F-centric subgroups of S, together with a functor

π : L −−−−−−→ F ,

and “distinguished” monomorphisms P
δP−−→ AutL(P ) for each

F-centric subgroup P ≤ S, which satisfy the following
conditions.
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(A) π is the identity on objects and surjective on morphisms.
More precisely, for each pair of objects P,Q ∈ L, Z(P )
acts freely on MorL(P,Q) by composition (upon
identifying Z(P ) with δP (Z(P )) ≤ AutL(P )), and π
induces a bijection

MorL(P,Q)/Z(P )
∼=−−−−−−→ HomF (P,Q).
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(B) For each F-centric subgroup P ≤ S and each g ∈ P , π
sends δP (g) ∈ AutL(P ) to cg ∈ AutF (P ).

(C) For each f ∈ MorL(P,Q) and each g ∈ P , the following
square commutes in L:

P

δP (g)

��

f // Q

δQ(π(f)(g))

��
P

f // Q

Return



p–local finite
groups

Carles Broto Fusion and linking systems
associated to a space

Fix a space X, a finite p-group S, and a map

f : BS → X

1 F(S,f)(X), Fusion system of X over (S, f):

MorF(S,f)(X)(P,Q) =
{
ϕ ∈ Hom(P,Q)

∣∣ f |BP ' f |BQ◦Bϕ
}
.

2 L(S,f)(X), Linking system of X over (S, f):

MorLp(X)(P,Q)=
{
(ϕ, [H])

∣∣ϕ ∈ Hom(P,Q), f |BP 'H f |BQ◦Bϕ
}
.

For X = BG∧
p , S a Sylow subgroup of G and f : BS → BG∧

p

induced by inclusion of the Sylow, we have

F(S,f)(BG
∧
p ) ∼= FS(G) , L(S,f)(BG

∧
p ) ∼= LS(G)
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classifying spaces

Theorem (B-Levi-Oliver)

X, p-complete, is the classifying space of a p-local finite group
iff there exists a finite p-group S and a map f : BS → X, such
that:

• The fusion system F(S,f)(X) is saturated,

• X ' |Lc
(S,f)(X)|∧p ,

• f |BP is a centric map for every P ≤ S which is
F(S,f)(X)-centric

In such case (S,F(S,f)(X),Lc
(S,f)(X)) is a p-local finite group

with classifying space X.

A map g : BP → X is centric if

g] : Map(BP,BP )id → Map(BP,X)f |BP

is a homotopy equivalence.
Return
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Theorem (Levi-Oliver)

Let F be a fusion system over a finite p–group S. Then, F is
saturated if and only if there is a set X of elements of order p
in S such that the following conditions hold:

1 Each x ∈ S of order p is F–conjugate to some element of
X.

2 If x and y are F–conjugate and y ∈ X, then there is some
morphism ψ ∈ HomF (CS(x), CS(y)) such that ψ(x) = y.

3 For each x ∈ X, CF (x) is a saturated fusion system over
CS(x).
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Theorem (B-Møller)

X p-complete, (S, f) finite p-subgroup of X. Assume that
Map(BZ/p,X)ct ' X and that for every x ∈ S of order p:

1 BCX(x) is the classifying space of a p-local finite group.

2 If (H, g) is the Sylow of BCX(x), then, there is
ρ : H → S such that the diagram

BH

g

��

Bρ // BS

f

��
BCX(x) // X

is commutative up to homotopy.

Then (S, f) is a Sylow p-subgroup of X and
(S,F(S,f)(X),Lc

(S,f)(X)) is a p-local finite group.

Return


