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1 Generalized homology theories

Generalized homology theories; Let £ be a nice
ring spectrum, then there is the generalized homol-

O theor E* —). For any space (Spectrum) X

Hopf algebroid; For the ring spectrum £
(By, B.E) = (BE(S"), EE))

1s a Hopft algebroid. 1.e. E, acts on I/, ' on both side
and there are structure maps
0 B,FEQp E,E — E.FE,
AEBE— E,FEQp EE.
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Examples;

Generalized homology . ..

e The mod p homology theory with respect to

Eilenberg-MacLane spectrum K 7 /p e
KZ/p.KZ/p=A
18 the dual of Steenrod algebra. —|
e BP, homology with respect to Brown-Peterson ;

spectrum 5 P. e
] ]
BP* :Z(p)[vl7v27“°], BP*BP :BP*[t1’t27...] Page 5 of 25 |
Go Back |

where Z(,) = {Z|p fn} and |v,| = |t,| = 2(p"—1). s |

Cl |
Quit |
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¢ E(n), theory with respect to Johnson-Wilson spec-
trum E(n)

E(”)* :Z(p) [Ula “ ,Un—1, Up, /07;1}
E(n)«E(n) =E(n). ®pp, BP.BP ®pp, E(n).

where BP, acts on E(n), by sending v; to 0 for
7.
e Morava K-theory
K(n) =Z/plvn, v,'] = E(n)s/I
SIS () = K(n), Qpp, BP*BP Qpp, K(n).
=K (n)[t1, 3, -1/ (val] — vhta)

e Lubin-Tate (or Morava) theory E,
(En)* N W(Fp”)“ulv N 7un—1”[uil]
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Localization; Let I be a spectrum (homology the-
ory).
e A spectrum X 1s F-acyclicif B A X =~ x.

e A spectrum X 1s E-local if every may from an F-
acyclic spectrum to 1t 1s null.

e A map X — Y 1s IJ-equivalence 1f
E(X) — E.(Y)

1S an 1Isomorphism.

79 Bousfield; There is a functor Lz from spectrum
to [-local spectrum and natural E-equivalence
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Problem; To understand Ly X especially Gonaraaromotsy

Adamd-Novikov . ..

The Hopf algebra S(n, k)
LE(n> X :LnX and LK(n> X . Mayschtrjsequence

Some computations

e The homotopy groups of L, T(k), where T'(k) is

the Ravenel spectrum characterized by ——
BP,T(k) = BP,Jt1,ta,- - , ta. e

. (e

There 1s sequence ]

BN .- > T(k)—> .- — BE P:ka%
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2 Adams-Novikov spectral sequence

gg llélgsinl:(s)i'; For any homology theory £ and any

speutrum X, one has the [/-based Adams resolution

X+1<—"‘

N N

E/\XO E/\X1 EANX, E/\X ENXsp

where Xo = X, X1 — Xy, — E N X, 1s a cofibra-
tion for each s.
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ANSS; The FE-based Adams resolution induces

Generalized homology . ..

a spectral sequence (Adams-Novikov spectral se- it

quence or ANSS) E——
(B°X, d.)

St . _ tomerae |

BEERE = (F A X;) = E;. (X)) s theXcobas e |

complex of F,(X) ]

BN Sicin S = Bty (E,, E(X)). el

e Adams differential d, : E5'X — ESTritT-1X, :
Full Screen

t
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Convergence; {£5'X, d,.} = m.Y if there is a fil-
tration of 7Y

ForY s Flpn,Y — ... - Fla YV S Fr.Y — ... > 1.Y
SllEithat XX = For, Y/ Favman

Example;
e K (n)—based ANSS; K(n)>'X = E5'X

(E5X, d.} = m,L,V(n—1)AX

if the FE(n)-localized Smith-Toda spectrum
L,V (n — 1) exists.

e F(n)—based ANSS; E(n)'X = E5'X
LT N e
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77, Miller, Ravenel and Wilson; (Chromatic spec-
tral sequence and Bockstein spectral sequence)

To compute the homotopy groups 7.L, X, one has
the following cofiber sequences

e Li X' — B0t

k—1 k k
i — L, X" — L

n

Start from the homotopy groups
G [V (k- 1)AX

we deduce the homotopy groups 7, L; X/. Next from
7. L. X", one can deduce that of L, X.
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Generalized homology . ..
Adamd-Novikov. ..

Start point; To compute the Es-term of K (n)-based e
ANS S May spectral sequence

Ext;’ém (K(n)., K(n).X) S —

and then to compute the homotopy groups _ Homeraoe_|

W*an<n NN 1) /\ X Title Page |

e To compute Eazt%én)([((n)*, K(n), TS ﬂi
— W*LHV(TL .. 1) VAN T(k RN 1) Page 13 of 25
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3 The Hopf algebra S(n, k)
Change of rings theorem; Set

S(n, k) = S(n)/(t:li < k) = K(n)ultr, teea, -1/ (ont — 15 t0)
and

S(n, k) = Z/p @ (n). 2(n, k) @k (n). Z/p = Z/pltr, thr1, -1/ — tn)

where K (n), acts on Z/p by sending v=! to 1. Then
by change of rings theorem we have

e K(0).T(k - 1)

:Eﬂftggkn’k)(z/pa Z/p> X K(”)*[UTH-D NN Un—|—/€—1]
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S(n,k);  S(n,k) = Z/plte, tet S AE S
The structure map

A:Sn, k) — S k)®Sn,k)

acts on ¢, as

Alt) =10t + Y LOE  +t®1 fors<n+k—1
k<i<s—k

At,) =1®1t; + Z ti®t€:i+t8®1_bs—n,n—l fors >n-+k
k<i<s—k

= . (D) t;npj ® tgp‘m”’j at odd
primes and b; ; = 7 ® ¢ at the prime 2
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May filtration; We define May filtration M in
S(n, k) as follows:

e For £ < s < n—+k — 1, set the May filtration of t?;j

Adamd-Novikov . ..

) -2 L s
e For n+ k < s, inductively set the May filtration of
tP as
Home Page |
M(tY) = max{2s — 1,pM(t,_,) + 1} EI
I O

o Let sp = max { [QPMPZ} n+k— 1}. Then the

t

2<p_1) Page 16 of 25 |

May filtration satisfies: G|
Generators ., il N i sg+1; _ Fursoren_ |
Filtration 2k—1, 2k+1, ---, 2so—1, pM(ts,—n+1) + 1, cese |

Qui |
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E*MS(n, k); Let I+ S(n, k) be the sub-module of
S(n, k) with May filtration < M. Set

E*’MS(n, BN F*’MS(n, k)/F*’M_lS(n, k)
One can see that
B S(n, k) = @ TR (1)

is a bigraded Hopf algebra, where T'| | denote the
truncated polynomial algebra of height p on the indi-
cated generators. The structure map

A EY(n, k) — E(n, k) @ B (n, k)
acts the the generators t?f as

A = e N )
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4 May spectral sequence
We use H**S(n,k) to denote Exty, . (Z/p,Z/p) | |mmumsa

The Hopf algebra S(n, k)

for short. A
Cobar complex; Let C*'S(n, k) = ®55(n, k) de- "
note the cobar construction of S(n, k). The differen-

tial d : C*'S(n, k) — C**1*S(n, k) is given on the e |

generators as ril Page |

dlog ® -+ ® o) jj
_Z 041® (A(az)—%@l—l@az)@@% —

1<i<s

Then Hs’t(c*’tS(n, k‘), d) = H*’*S(n, k) Full Scre

/[
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May spectral sequence; Let F***S(n, k) denote
the sub-complex of C**S(n, k) with May filtration

< M. Then we get a short exact sequence for each
M

() A F*’*’MAS(n, I-C) AN F*’*’MS(TL, k) N EE;’*’MS(na k) — 0

of cochain complexes.

e The short exact sequences give rise to a spectral
sequence (so called the May spectral sequence)

{EXS(n, k), dy}

that converges to H**S(n, k).
e The cochain complex

BN S, k) F LS (n, )

is isomorphic to the cobar complex of E**S(n, k)
asin (1)
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64 May (revised); There is the spectral sequence
{E35M S(n, k), dp ) — S

the E\-term E"" S(n, k) is isomorphic to deddbm()
Bk < 1,7 € Z/n| ® Pb; ;|ki =Sy RERia —
Here h; j corresponds to tf] and b; ; corresponds to oo oo |
> (p)/ptmp] ® t<-p_m>p]. One has ﬁ
e k) BTSN S(n R AN

and if v € E>**S(n, k) then :II
dr(z - y) = dr(2) -y + (=1)"2 - d(y). -

Close |
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Reduced F/;-term; Because of the May filtration,

one has
Theorem 1; The Es—term of the May spectral se-

quence is isomorphic to the cohomology of

Ey**S(n, k) = Blhjlk < i < 50,5 € Z/n] ® Plbijlk < s < s9—n,j € Z/nl.

where s :maaz{[%} , n+k— 1}.

Theorem 2; If% <n+k—1lie sop=n+k—1,

then the cohomology of S(n, k) is of dimensional n®.
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5 Some computations

77 Do Ravenel; Generalized homology . . .
e H**5(1) at all primes. e et s 6.5
PS H*,*S(2) at all primes. Some computations
e /**S(n,n) at an odd prime.

N . Home Page |
e H**S(n,n + 1) at the primes 2 ore |
where S(n) = S(n, 1). e

08 Shimomura and Tokashiki; H**S(n,n — 1) at SR
pI‘lmeS p > 3. Page 22 of 25
Go Back |

08 Ichigi and ~; H**S(n,n) at the prime 2. _rursoeen|

L
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08 XiaOYing Zhou and N; Generalized homology . ..

Adamd-Novikov . ..

® H*"5(3,2) at the prime 3. ke
e H%*5(4,2) at the primes p > 3up to s < 3.
In this case, sy = 5 and the reduced May F;-term
IS \ _ tHome e |
E17*S(4,2) = Elhgj, hs j, haj, hs jlj € Z/4]. |
H**S(4,2) is of dimensional 16 and has Poincare SRR
series ]

1 + 10z + 482 + 171x° + 4282*(7) + - - -
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Some problems;

e H**S(3, 2) at the prime 2.
In this case, s) = 6 and the reduced May F;-term
is

~

E;**S(n, k) = Elhaj, hsj, hoslj € Z/3] @ Plhay, hsjlj € Z/3].

e H**S(3) at the prime 3
In this case, s) = 4 and the reduced May FE;-term
1S

E;™"S(3) = Bl hag, hag, hagli € Z/3] @ Ploysli € Z/3)

But because that 2 1 3, H**S(3) is of dimensional
S
e H*"S(4, 2) at the primes p > 3

e H>'S(n) for large n and primes p
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