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Combinatorics

SIMPLICIAL COMPLEXES

V ={v1,...,um} = [m] set of vertices

K :={o1,...,0s| 0; CV} (@ € K) — abstract simplicial complex
closed under formation of subsets

o € K—simplex dimo =|o|—1 dim(K) = maX,cx{dimo}

Algebra

STANLEY-REISNER FACE RING

k — commutative ring with unit (interested in Z, Q, or finite field);
deg(v;) = 2 - topological grading
k[V] = k[v1,...,vn] graded polynomial algebra on V' over k
Foro = {i1,...,i} C [m], set

v =, ...v; —square free monomial
The Stanley-Reisner algebra (or face ring) of K is

k[K] :=k[v1,...,om]/IK

where Ix = (v? | o ¢ K) -Stanley-Reisner ideal of K.

Definition. Let K1, K> be simplicial complexes on [m1] and [m>],
and ¢: K1 — K> a simplicial map.

Define ¢*: k[v1,...,vm,] — k[w1,...,wm,] by
¢ (vy) = Z w;.
w;€Pp~1(v;)
Then ¢* induces a homomorphism ¢*: k[K>] — k[K}1].



RESOLUTIONS AND TOR-ALGEBRA

Let M be a finitely generated k[v1, ..., v,,]-module. The free reso-
lution of M over k[v1,...,v,] is an exact sequence

s RV Yy p1 4 RO M 0

where R~ are finitely generated free k[v1, ..., v,»]-modules.

Consider it as a bigraded differential k[v1, ..., vn]-module [R,d],
where R=@ R %, R % = (R d: R — RtLJ

If [M, 0] is the bigraded module M ~%* = 0 for i > 0, M%* = M*
with the trivial differential, then [R,d] — [M, 0] is a bigraded
quasi-isomorphism.

Let N be another module, applying the functor ®yg,, ., 1N to [R,d],
we get a homomorphism of differential modules

[R ®k[vl,...,vm] Na d] — [M ®k[vl,...,vm] Na d]
(M7 N) — H_Z([R ®k[v1,...,vm] N, d])

Ker[d: R'®xuy,...om) N — R Quoy ...omN]
d( R Qxfoq,..omN)

—1
Tork[vl,...,vm]

Since all R~% and N are graded modules
TOripu,,...0,) (M, N) = @ Tor? (M, N)
%]
is a bigraded k-module.



Letting M = k[K] and N = k, and recalling |v;| = 2,
TOryq,...,) (K[K] k) = @ Tor, »* (K[K], k).

Definition. The bigraded Betti numbers of k[ K] are
B~ ¥ (K[K]) = dim Tor, 2% (k[K],k) 0<i,j<m

k[vi,...,0p

B K[K]) =dim, Tor ! (k[K] k) =) B ¥ (k[K]).

J

Example. Let K be the boundary of a square. Then k[K] = Xl

T (v1v3,v504) "

R° has 1 generator of degree 0

RO %, k[K] is the quotient projection and Ker d = (viv3, v2v4)
R~ is the free module on 2 generators of degree 4, denoted by

V13, U24.

R-1 —%, RO is given by w13 — vivs, vaa — vova, and therefore
Kerd = (1)21)41)13 — U1U3U24)
R~2 is the free module on 1 generator of degree 8, denoted by a
R2 - R-1is given by a — wouav1z — vivsvea and thus it is
injective.
We obtain a resolution of k[ K]

0 —R?— R!— R’ — K[K]
and 89°(k[K]) = 1, B~ H*(k[K]) = 2, B~>°(k[K]) = 1.



HOCHSTER THEOREM

For w C [m], the full subcomplex K, = {c € K | 0 C w} of K.

Theorem. (Hochster)

BTAIKIK]D) = > dimg H (KL k)

wC[m] |w|=j
assuming H=1(0) = k.

KOSZUL RESOLUTION

is the free differential bigraded algebra

R=A(u1,...,um) Qukl[vi,...,vm]

where bidegu; = (—1,2), bidegv; = (0,2), du; = v;, dv; =0
considered as a free resolution of k over k[v1, ..., vn].

Proposition. There is an isomorphism of bigraded modules
Tork[vl ..... vm](k[KLk) = H(A(Ula' . ,Um] ®k[K]>d)

which endows Tory,, ., 1(K[K], k) with a bigraded algebra struc-
ture in a canonical way.

Definition. The bigraded algebra Toryg,,
Tor-algebra of a simplicial complex K.

».](k[K], k) is called the

.....

Lemma. A simplicial map ¢ . K1 — K> induces a homomorphism
V) (k[Kl] ) k)

.........

of Tor-algebras.



TOPOLOGY

MOMENT-ANGLE COMPLEX Z g

Torus T™ C (D?)™ = {(21,...,2m) € C™ 1 |z| <1, Vi}
For o C [m], define
Bsi={(z21,...,2m) € (D)™ ||zs] =1 i ¢ o}

Notice

By &2 (D?)lel x 7m=lol
Given a simplicial complex K on [m], define the moment—angle complex Z
by

Zi = | J B, (D)™
ceK
T™ acts on (D?)™ coordinatewise, thus B, is invariant under the

actionof T ~~» T™ actson Zg
(D)™/T™ 2 ™ = {(y1,...,ym) ER" | 0<y; <1 i=1,...,m}
thus
Bs/T" =Co :={(y1,.-.,ym) €EI™ |yi=1 1i¢ o} |o|-dimface of I
Lemma.

Zr/T™ 2 ConeK' K'- barycentric subdivision of K.

Proposition. If K is a triangulation of an (n — 1)-sphere, then Z g
is a closed (m 4+ n)-manifold.



Example. Let K = 0A™ 1, then Z = o((D?)™) = §2m-1
If m = 2, and K = {vl, ’02}, then
2 =283 = D?x Stus! x D? ¢ D? x D2
Using the isotropy subgroups T'(x) of points in the orbit space ConeK’

(t1,z) ~ (t2,9) ff

— m "N/~
Zig =T™ x |ConeK'|/ 5=y t1ts € T(2).

(Thus Z i coincides with the Davis-Januszkiewicz T"-manifold when
K = P*, P-simple polytope.)

DAVIS—JANUSZKIEWICZ SPACE D Jg

— homotopy quotient of Zx by the T -action.

Davis—Januszkiewicz DJxg = ET™ Xpw Zx = ET™ X g/ ~
where (e, z) ~ (et™1,tz).

Thus there is a fibration
Zx — DJg — BT™.

Theorem. The Davis-Januszkiewicz space is a topological realisa-
tion of the Stanley—Reisner ring k[ K], that is,

H*(DJg; k) =k[K] (fork=Zork=17/2).



Buchstaber—Panov through a simple colimit of nice blocks

Assume k = Z. Denote CP> = BS!, thus BT" = (CP>®)™,

For w C [m], define

BTY = {(wl,...,xm) EBTm|x@-:>|<ifi¢w}.

For K on [m], the Davis-Januszkiewicz space of K is given by

DJy = U BT° C BT™.
oceK

The inclusion of the cellular complexes i: |J, ., BT — BT™
induces the quotient epimorphism

i Llvr, .. om] — ZIK] = Z]vi, ... om] Ik
in cohomology.



COORDINATE SUBSPACE ARRANGEMENT

is a finite set CA = {L1,..., L.} C C™ of coordinate subspaces,
that is,

L, = {(zl,...,zn) cC™: Zi, = ... Zzlk:O}
where w = {i1,...,it} C [m] and its complement U(CA) is de-
fined as

U(CA) ;= C™\ O L;.

1=1

There are one-to-one correspondences

simp. complex coord. subspace arrang. complement
& =3

K {Lo|w ¢ K} U(K) = C™\ |, Lo

If L C K is a subcomplex, then U(L) C U(K).
Proposition. There is a'T™ equivariant deformation retraction

U(K) — 2k
Proof. U(K) = UyegUs, Us = {(21,...,2m) € C™ | z; #0fori & o}

Thus U, & C° x (C\{0})m~le| =, B, = (D2)7 x Tmlo =
Example. i) K = 0A™ !, Zyx = 5?71, U(K)=C\{0}

i) K = {v1,...,vm}, U(K)=Cm\ U1§i<j§m{zi — % = O}
— complement of the codim 2 coordinate subspaces.



COHOMOLOGY OF Zx

Studying the Eilenberg-Moore ss of the fibration Zx — DJx — BT™,
we get

H*(Z’Kv Q) = Tor@[vl,,vm](Q[K]a @)

For integral calculation, we will exploit a cellular decomposition of
Zr and a special cellular approximation of the diagonal map

JANK Z,K — ZK X ZK.
Recall: Cellular chains do not admit a functional associative multi-

plication as a proper cellular diagonal approximation does not exist
in general.

Consider the moment—angle complex as a functor

7 K — simpl complexes . Z i — toric spaces
' simplicial maps equivariant maps

The cellular approximation of the diagonal is functorial with respect
to maps of moment—angle complexes which are induced by simpli-
cial maps.

10



CELLULAR DECOMPOSITION OF Zjx

D? consists of one 0-dim cell 1, one 1-dim cell T, and one 2-dim
cell D.

There is the following correspondence
cellin (D?)™ <= re{D,T,1}™

Notation: For o,w C [m] such that c Nw = (), the word (o, w)
has the letter D on the positions indexed by o, T" on the positions
indexed by w.

Lemma. Zx is a cellular subcomplex of (D?)™.
7(o,w) C (D?)™ belongs to Z iffo € K. O]

The cellular cochain complex C*(Z k), which has an additive basis
consisting of the cochains 7(o,w)*, has natural bigrading defined
by

bideg 7(o,w)* = (—|w|, 2|o| + 2|w]).
Note: C*(2k) = ;n:lc*’Qj(ZK)
The cohomology of Zx thereby acquires an additional grading.

Define the bigraded Betti numbers by
b (2x) = rank H29(2), ' (2i) = > b7 (k)
2j—1=k

Theorem. There is an isomorphism, functorial in K, of bigraded
algebras

H*,*(Z’Kv Z) = TorZ[vl,...,vm](Z[K]; Z) = H[/\(ula SR 7um) X Z[KL d]

11



Example. 1) Let K = 0A™ 1.
Then Z[K] = Z[v1, ..., vm]/(v1 ... vm).

The fundamental class of Zx = S?™~1 is represented by the bide-
gree (—1,2m) cocycle uiva ... vm € A(ui, ..., um) Q Z.

2) Let K = {v1,...,um}.
Then Z[K] = Z[Ul, R ,vm]/(ij, | 1 7+— ])
The subspace of cocycles is generated by

Vi, Ui, ..., fork > 2and i, # i forp #q

m—l).

and has dimension m ("~

The subspace of coboundaries is generated by the elements of the
form d(u, ... u;) andis (7)-dimensional.

Thus

dim H°(Zx) = 1,

dim H(Zg) = H2(Zx) = 0,

dim H*1(Zg) = (k— 1) (7)) for2 < k < m.
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A MULTIPLICATIVE VERSION OF HOCHSTER’S THEOREM

The bigraded structure in the cellular cochains of Zx can be further
refined to

C*(2r) = P C"*(2k)
wC[m]
where C*2*(Zy) is the subcomplex generated by the cochains
T(o,w\o)*witho Cw, o € K.

Thus C*(Zk) now becomes Z ¢ Z™-graded module and the bi-
graded cohomology groups decompose accordingly as

H—i,2j(ZK) — @ H—i,Qw(ZK)

w C [m]
w| =

Theorem. (Baskakov) There are isomorphisms

HP(Ky) — HPPR129(2)

which are functorial with respect to simplicial maps and induce a
ring iIsomorphism

o P H(KL) — H'(2x).
p=>—1
w C [m]

Corollary. Thereisaniso H "21(Zx) = P w C [m] HIi==1(K,).
wl =7

Corollary. Tori[i;m (LK) Z) = Dy ) H=1(K,)
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