LECTURES ON ELEMENTS OF TRANSFORMATION
GROUPS AND ORBIFOLDS

ZHI LU

ABSTRACT. The first three sections include basic notations, examples and basic
facts of transformation groups and orbifolds, such as topological groups, G-spaces
etc. Sections 4 and 5 are on “homogeneous spaces and orbit types” and “twisted
product and slice”, respectively, which are also fundamental. Section 6 is on
equivariant cohomology. This involves principal bundles, the Borel construction,
localization theorem, etc. Most of the above material written in lectures is mainly
based upon three standard textbooks by Glen E. Bredon [B], Wu-Yi Hsiang [H1]
and Dale Husemoller [H2]. In Section 7, we introduce the Davis-Januszkiewicz
theory [DJ], which establishes a direct link between equivariant topology and
polytopes of combinatorics.

These notes are based upon lectures given at the summer school on Orbifolds
and Transformation Groups, held at the CMS of Zhejiang University in Hangzhou,
China from June 26 to July 11, 2008.

1. TOPOLOGICAL GROUPS AND LIE GROUPS

1.1. Topological groups.

Definition 1.1. Let G be a Hausdorff space and also a group. If the topological
structure and the group structure on G satisfy the compatibility condition: the
maps G X G — G given by (g,h) — gh and G — G given by g — g~ ! are
continuous, then G is said to be a topological group.

Example 1.1. Let F = R or C. Then M (n,F) consisting of all n xn square matrices

forms an abelian group under addition. On the other hand, a metric d on M (n,TF)
can be defined as follows: for A = (a;;), B = (b;;) € M(n,F)

d(A, B) = max{|a;; — bi;|}
Z?]
so that M(n,F) becomes an open manifold with dimp M(n,F) = n? Obviously,

(A,B) — A+ B and A —— —A are continuous with respect to the topology on
M(n,F). Thus, M(n,F) is a topological group.

Example 1.2. The map
M(n,F) x M(n,F) — M(n,F)
by (A, B) — AB is continuous with respect to the topology of M(n,F). Further-
more, the following groups under multiplication
GL(n,F) ={A € M(n,F)|det A # 0} (general linear group)
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SL(n,F)={A € M(n,F)|det A =1} (special linear group)
O(n,F) = {A € M(n,F)|AA" = I,} (orthogonal group)
SO(n,F) = O(n,F)NSL(n,F)
U(n) = {A € GL(n,C)|AAT = I,,} (unitary group)
SU(n) =U(n)NSL(n,C)
are topological groups with the relative topology from M (n,F). Note that A —
A~1is continuous on GL(n,F).

1.2. Lie groups.

Definition 1.2. Let G be a topological group and let e be its identity. G is called
a Lie group if there is a chart (U,v) near e with ¢¥(e) = 0 € R" such that the
group operations are real analytic near e in the local coordinates of (U,1). More
precisely speaking, write ¥(g) = (¥1(9),...,%n(g)) for g € U. Then for all g, h
in some open neighborhood V' C U of e, each v;(gh) is a real analytic function
wi(P1(g)s ooy ¥n(g), 01 (R), ..., Yn(h)) on some neighborhood of 0 € R**, and for g
near in U, each 1;(g7!) is also a real analytic function v;(11(9g), ..., ¥n(g)) defined
near 0 € R".

Example 1.3. AlGL(n,F),SL(n,F),O(n,F),SO(n,F),U(n), SU(n) are Lie groups.
Proposition 1.1. A Lie group G is a smooth manifold.

Proof. Obviously, a chart (U, 1)) near e can give a chart near any point g € G since
U is homeomorphic to gU, so that one can obtain a smooth structure on G. U

Exercise 1. Show that dimGL(n,C) = 2n? = 2dimGL(n,R), dim SL(n,C) =
2(n*~1) = 2dim SL(n,R), dim O(n,C) = n(n—1) = 2dim O(n, R), dim SO(n,C) =
n(n —1) =2dim SO(n,R), dimU(n) = n?, and dim SU(n) = n? — 1.
Remark 1. It is known from [B, Chapter 0, Theorems 5.1 and 5.4] that
e A compact topological group is a Lie group if and only if it is isomorphic to
a closed subgroup of O(n) for some n.

e A connected abelian Lie group is isomorphic to 7% x R** for some n, k,
where T% = S x - .- x S' is the torus of rank k.
——

k

2. G-ACTIONS (OR TRANSFORMATION GROUPS) ON TOPOLOGICAL SPACES
Let GG be a topological group and let X be a Hausdorff topological space.

Definition 2.1. A G-action on X means a continuous map ¢ : G x X — X
satisfying

(1) ¢(g,¢(h,x)) = ¢(gh,x) for all g,h € G and = € X;

(2) ¢(e,x) = x for all z € X, where e is the identity of G.

A G-action ¢ on X is often denoted by G ~? X.
The topological space X with a given G-action is also called a G-space.
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Lemma 2.1. Let ¢ be a G-action on X. For each g € G, ¢(g,-) : X — X is a
homeomorphism of X to itself.

Proof. By (1) and (2) of Definition 2.1, one has that ¢(g,-)¢(h,:) = é(gh,-) and
o(e, ) =idx, so
¢(gv -)qb(g_l, ) = gb(e, ) =idx = ¢(g_17 ')¢(g7 )
O

Let H(X) denote the set of all homeomorphisms of X to itself. Then H(X) forms
a group under composition.

Theorem 2.1. Let G be a compact topological group. Then there is a one-to-one
correspondence between all G-actions on X and all continuous homomorphisms from

G to H(X).

Proof. By Lemma 2.1, each G-action ¢ on X defines a continuous homomorphism
¢ : G — H(X) by g — ¢(g,-). Conversely, each continuous homomorphism
¢ : G — H(X) determines a G-action ¢ on X by ¢(g,z) = ®(g)(x) for all
reX. 0

Given a G-action ¢ on X, let & : G — H(X) be the corresponding continuous
homomorphism of the action ¢.

ker & = {g € G|®(g)(x) = x for all x € X}
is called the kernel of the action ¢, also denoted by ker ¢.

If ker @ is trivial (i.e., ® is a monomorphism), then the action ¢ is called effective.
If ker @ is a discrete subgroup of GG, then the action ¢ is called almost effective.

Exercise 2. Show that ker ® is a normal subgroup of G and is closed in G.

The meaning of the following theorem is that generally one needs only to consider
effective actions.

Theorem 2.2 (cf. [B]). Let G ~? X and N = ker ¢. Then there is a canonical
action ¢/ ker ¢ of G/N on X that is effective.

Proof. Define ¢/ ker¢ : (G/N) x X — X by (gN,z) — ¢(g,x). To complete the
proof, it only needs to be shown that ¢/ ker ¢ is continuous. For any open subset
U C X, consider the following commutative diagram

Gx X2 ~x
Txid

XXJ« %ke:qﬁ
G/N x X

where 7 : G — G//N is the natural projection, since 7 is open, one has that

(¢/ker ¢)H(U) = (m x idx )¢~ (U)
is open in G/N x X. O
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Remark 2. The G-actions mentioned above are all left actions. A right action of G
on X is a continuous ¢ : X x G — X satisfying

(1) ¢(p(h,z),9) = ¢(x, hg) for all g,h € G and z € X

(2) ¢(x,e) = x for all x € X, where e is the identity of G.
A right action ¢ of G on X is denoted by X ¢ G. Obviously, there is a one-to-one
correspondence between left G-actions and right G-actions, so generally one only
needs to deal with left G-actions.

Remark 3. Given G ~? X, for convenience, one often replaces ¢(g, z) by gz or g(z).

Definition 2.2. Let X and Y be two G-spaces. A continuous map f: X — Y is
called a G-equivariant map (or G-map) if f(g(x)) = g(f(x)) for all z € X, g € G,
i.e., the following diagram commutes.

x-loy

g g

X*>Y

In particular, if f is also a homeomorphism, then f is said to be an G-equivariant
homeomorphism.

Remark 4. Suppose that f : X — Y is an G-equivariant homeomorphism. Then
the inverse f~! is also G-equivariant. In fact, for any y € Y, there is a 2 € X

such that f(x) = y. Furthermore, for any g € G, f~'(g(y)) = fg(f(z))) =
(f71N)(g(x) = g(x) = g(f 7' (¥).

Remark 5. There is also a notion of a weakly G-equivariant map, which is stated
as follows: a continuous map f : X — Y is called a weakly G-equivariant map if
f(g(x)) = o(g)(f(x)) for all z € X,¢g € G and an automorphism o of G, i.e., the
following diagram commutes.

f

X—Y

| |w

X — Y
Similarly, if f is also a homeomorphism, then f is said to be a weakly G-equivariant
homeomorphism
2.1. Orbit, fixed point set, isotropy subgroup.

Definition 2.3. Let G ~? X. Given a z € X, G(z) (or Gz) = {g(z)|g € G} is
called the orbit of z.

Lemma 2.2. Let G ~? X. For any two points x,y € X, one has that either
G(x) =G(y) or G(x)NG(y) = 0.

Proof. Suppose that G(z) N G(y) # 0. Then there exist g,h € G such that g(z) =
h(y). For any a € G, a(z) = ag~'h(y) € G(y) so G(z) C G(y). In a similar way,
one has that G(y) C G(z). Thus G(z) = G(y). O
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Remark 6. By Lemma 4.1, the action G ~? X gives an equivalence relation:
x gy = G(z) = G(y).
Let G ~% X. Set
X/G :={G(z)|r € X}.
Then there is a natural map 7 : X — X/G by  —— G(x). Furthermore, X/G
can be endowed with the quotient topology:
U C X/G is open if and only if 7~ (U) is open in X.
X /G with the quotient topology is called the orbit space of G ~¢ X.

Exercise 3. Let G ~? X. Show that 7 : X — X/G is an open map and X/G is
Hausdorft.

Definition 2.4. Let G ~? X. Then X% := {z € X|g(z) = z forall g € G} is
called the fized point set of G ~% X. It is a subspace of X.

More generally, let H < G be a subgroup of G. Then G ~% X naturally induces
H ~ X. It is the restriction of ¢ to H. Furthermore, X := {x € X|h(z) =
x for all h € H} is the fixed point set of H ~ X.

Definition 2.5. Let G ~? X. Given a z € X, G, = {g € G|g(z) = x} is called
the isotropy subgroup of G at x.

Obviously G, is a closed subgroup of G.

Lemma 2.3. Let G ~? X. For each x € X and each g € G, Gy = 9Go97" (i.e.,
Gy and G are conjugate).

Proof. In fact, G, ' (g9(z)) = 9G.(z) = g(x) so gG,g' C Gyu). Conversely,
g_ng(x)g C Gy1g() = Ga- 0

G ~ X is said to be free if GG, is trivial for each x € X. For example, the
antipodal map a : S™ — S™ gives a Zs-action on S™, which is free.

G ~ X is said to be semi-free if G, is either trivial or all of G for each = € X.
Exercise 4. Let G ~* X. Show that ker ¢ = [,y Ga.

Example 2.1. Let G = Zy = {1} and X = S' = {z = (29, 71) € R*|z3 + 2% = 1}.
Let Zy ~ St defined by (g, (79, z1)) — (920, z1). Then, X¢ = (S')%2 = {(0,£1)}.
Given a z € X, if z = (0,1) or (0,—1), then G(z) = {z} and G, = Zo, and if
x = (xo,x1) # (0,%1), then G(z) = {(£xo,z1)} and G, = {1}. Furthermore,
X/G = S'/Zy is an interval.

Example 2.2. Let G = S' = {g € C|lg|] = 1} and X = S* = {(z,y) € C x
R||z|> + y? = 1}. Let S' ~ S? defined by (g, (z,y)) — (g9z,y). Then, X¢ =
(52)5" = {(0,£1)}. For z € X, if x = (z,y) = (0,1) or (0,—1), then G(z) = {z}
and G, = S', and if  # (0,+1), then G(z) is homeomorphic to S* and G, = {1}.
Furthermore, X/G = S?/S' is an interval.

Exercise 5. Given a G ~ X with compact G, show that
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(a) The natural projection 7 : X — X/G is proper (i.e., for any compact subset
A of X/G, m1(A) is compact) and closed.

(b) X is compact if and only if X/G is compact

(c¢) X is locally compact if and only if X/G is locally compact.

Exercise 6. Let f: X — Y be a G-equivariant map between G-spaces. Then for
all v € X, Gy < Gy

2.2. G-representations. Let X = V be a vector space over a field F and let
GL(V,F) denote the group of all automorphisms of V. Then a homomorphism
A G — GL(V,F) gives an action of G on V as follows: ¢ : G xV — V
defined by (g,v) — A(g)(v). The homomorphism X (or G ~?¢ V) is called a G-
representation on V. If V' is finite-dimensional, then A : G — GL(V,F) is called a
finite-dimensional G-representation.

Example 2.3. The Z}-representation on R" defined by
(91, -y Gn), (X1, ooy ) — ((=1)%2q, ..., (1))

fixes only the origin of R", and its orbit space is the positive cone RZ, of R"™. Such
73 ~ R™is called the standard ZB-representation on R™. Similarly, 7" ~ C" defined
by

()., e%D), (21, .oy 20)) — (€72, ..., ePi2))

also fixes only the origin of C", and its orbit space is R%,. Such 7" ~ C" is called
the standard T"-representation on C".

A G-representation A is said to be orthogonal (resp. unitary) if it is a homomor-
phism from G to O(n) (resp. U(n)).

Two G-representations \,n : G — GL(V,F) are said to be equivalent if there
exists a 0 € GL(V,F) such that A\(g) = o~ 'n(g)o for all g € G.

Exercise 7. Let V' be an n-dimensional vector space over R. Then a G-representation
¢ : G — GL(V,R) is equivalent to an orthogonal G-representation if and only if
there exists a positive definite inner product < -,- > on V such that for all g € G
and u,v € V, < ¢(g)u, p(g)v >=< u,v >.

Let G be a compact group. It is well-known (cf. [B, Chapter 0, Theorem 3.1})
that there is a unique real-valued function / defined on C(G,R) (i.e., all real-valued
continuous functions) such that

(1) For f1, fo € C(G,R), I(f1 + f2) = 1(f1) + L(f2).

(2) For f € C(G,R), I(cf) = cI(f) where ¢ € R.

(3) For f € C(G R), if f(g) > 0 for all g € G, then I(f) > 0.

() 1(1) =

(5) For f € C’(G R) and h € G, define f; and f} by fr(g) = f(gh) and fi(g) =
F(h~tg). Then I(f7) = I(f) = I(f1) for all h € G.

Such real-valued function I defined on C(G,R) is called the Haar integral.
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Theorem 2.3 (cf. [B]). Let G be a compact group and V' an n-dimensional vector
space over R. Then each G-representation on V 1is equivalent to an orthogonal G-
representation on R™.

Proof. With no loss, assume that V' = R"™. Then GL(V,R) = GL(n,R). Let
¢ : G — GL(n,R) be a G-representation on R". By Exercise 7 it suffices to show
that there exists a positive definite inner product < -,- >: R” x R® — R such that
for all g € G and x,y € R™, < ¢(g)z, d(9)y >=< x,y >.

Using the Haar integral, define < -,- >: R” x R — R by
<,y >= I(fz,y)

where [z, € C(G,R) is defined by fo, (') = (6(¢')x) - (6(¢)y) and (¢(g')z)-(¢(g')y)
denotes the usual euclidean inner product. Obviously, < -,- > is bilinear and sym-

metric. For x # 0, since f,.(¢") = (¢(¢')x) - (¢(¢')x) > 0, one has that I(f,.) >0
so < -,- > is positive definite. Now, for any g € GG, one has that

< 9(9)7, 9(9)y >= 1((fuy)y) = I(fo) =< x,y > .
N

Remark 7. In Theorem 2.3, if V' is a complex n-dimensional vector space over C,
then each G-representation on V' is equivalent to a unitary G-representation on C"
(see [H1, Corollary 1.1.1]).

Let A\ : G — GL(V,F) and n : G — GL(W,F) be two G-representations. Then
A@n: G — GL(V & WF) defined by (A & n)(9)(v,w) = (A(g)(v),n(g)(w)) is
called the sum of the G-representations \,n.

A G-representation A : G — GL(V,F) is said to be reducible if there exists a
non-trivial proper subspace W of V such that the action of G on W is invariant
(i.e,, Mg)(W) =W for all g € G); otherwise, it is called irreducible.

A G-representation A : G — GL(V,TF) is said to be completely reducible if it is
equivalent to the direct sum Ay @ - - - @ Ay of irreducible G-representations.

Theorem 2.4 (cf. [B]). Let G be a compact group and let V' be a finite-dimensional
vector space over R. Then every real G-representation G — GL(V,R) is completely
reducible.

Proof. By Theorem 2.3, with no loss one may assume that V' = R” and the G-
representation on R™ is an orthogonal real representation A : G — O(n). Suppose
that U C R" is invariant under A\. For xz,y € R" and g € G, since

Mg)z)-y=z-(A9) y) =z- (Mg "))

one has that U+ = {r € R"|z -y = 0 for ally € U} is also invariant. So \ ~
(AMv) @ (A|y1), and the result then holds since A is finite-dimensional. O

Remark 8. Every finite-dimensional complex G-representation G — GL(V,C) is
completely reducible where G is a compact group (see [H1, Corollary 1.1.2]).
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Remark 9. Let A : G — GL(n + 1,R) be a G-representation. Then it is easy to
see that the fixed point set (R"*1) of this representation is a linear subspace of R".
Furthermore, for an orthogonal G-action on an n-sphere S™, its fixed point set is a
sphere S'.

The Schur Lemma below is useful and fundamental in the study of irreducible
representations.

Theorem 2.5 (Schur Lemma, cf. [H1]). Let Vi, V, be two vector spaces, and let A1, Ay
be two irreducible G-representations on Vi, Vs respectively, where G is a compact
group. Suppose that f : Vi — Vs is a linear map such that for any g € G,
foXl(g) = Xa(g)of. Then either f = 0 or f is invertible. In particular, if
Vi=Va=V (so A\ =Xy = \) is a vector space over C, then there is some ¢ € C
such that f = cly, where Iy is the identity.

Proof. Obviously, ker f and Im f are G-invariant subspaces of V; and V; respectively.
Since \; and A, are irreducible, ker f and Im f cannot be proper sub-representations.
If ker f = Vi, then f = 0. If ker f = 0, then Imf = V5. This implies that f is

invertible.

Since C is algebraically closed, f has an eigenvalue ¢ € C. The eigenspace V.
associated with ¢ is G-invariant, so there is a G-representation on V.. Since A is
irreducible, one must have V, = V. 0

As a direct consequence, one has

Corollary 2.1. Let G be a compact commutative group. Then each complex irre-
ducible G-representation is complex 1-dimensional.

Example 2.4. If G = T" = (S")", then each complex irreducible T"-representation
has the form k, : 7" x C — C defined by k4(g, 2) = ¢(g)z, where ¢ € Hom(T™", S*).
Similarly, if G = Z7, then each real irreducible ZJ-representation is 1-dimensional,
and can be defined as follows: A, : Z% x R — R by \,(g,2) = (—1)*@Wx, where
p € Hom(Z%, Zs).

The characters play the essential role in the study of irreducible representations

Definition 2.6. Let A\ : G — GL(V) be a G-representation on a vector space V'
over F =R or C, where G is a compact group. For each g € G, A(g) is a linear map.
Then the map

xXr:G—F

by g — traceA(g) is called the character of the G-representation \.

Remark 10. The algebraic properties of trace can directly induce the following results
(cf. [H1] and [S1]):
(1) Given a G-representation G ~* V on an n-dimensional vector space over F.
Then
e \\(1) =n.
o \a(h7'gh) = xa(g) for g, h € G.
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(2) Given two G-representations G ~* V; on vector spaces V;,i = 1,2 over F.
Then
® Xa@d = Xa + Xag, Where Xaen, 1 G — F s defined by xx,ex,(9) =
X (9) + X0 (9)-
® Xneh = XaXa, where xyen, 1 G — F is defined by xxex(9) =
X (g)X)\z(g>

For simplicity, now one assumes that FF = C and G is a finite group. For the
general case, we would like to refer to [H1] for more details.

Let C(G, C) denote the set of all functions from G to C, and let |G| denote the
order of G. Define the inner product on C(G, C) as follows: for n,n, € C(G,C),

1
|Gl

< MN1,MN2 >=

& 2 m()n(9)

geG

Together with this inner product, the characters can completely classify all irre-
ducible G-representations.

Theorem 2.6. (Classification Theorem, cf. [H1])

(1) If G AV s an irreducible G-representation, then < xx, Xa >= 1.
(2) If G ~* Vii = 1,2 are two non-equivalent irreducible G-representations,
then xx, and x», are orthogonal, i.e., < Xx,, X, >= 0.

Proof. (1) By Remark 7, A is equivalent to a unitary G-representation. Then, for
each g € G, A(g) = (N\ij(9)) € U(n) where dim¢ V' = n. Each \;; is a function from
G to C, so A = (\;;) can be regarded as a matrix function. The action G ~* V
naturally induces an action G ~® M(n,C) by
@(g,0) = MgoA(9) " = A(g)oA(g)

where 0 € M(n,C) and g € G. Given a 0 € M(n,C), set 0 = AoA = (Nij)oij) T,
where each entry o;; in 0 is a linear combination formed by Ay el =< At A >
It is easy to see that & is a fixed point of G ~*® M(n,C). This implies that for all
g € G, Mg)og = c)\(g). By Schur’s Lemma, there is a ¢, € C such that ¢ = ¢,1.
Obviously, trace(o) = trace(c) = c,n. Take o = E;; where the ij-th entry in E;; is 1
and other entries are all zero. Then one has that E; = %] = AEinT where 0;; = 1
if ¢ = j and 9;; = 0 if © # j. Furthermore, one has that for all 1 <14, j,k,1 <n,

90
< )\h’, )\kj >= Y lk.
n
Therefore
n n n
<X Xa >=< Z)\iiyz)\ii >= Z < gy Ay >= 1.
i=1 i=1 i=1
(2) In a similar way to (1), one may give the proof of Theorem 2.6(2). O

Exercise 8. Show that Theorem 2.6(2) holds.
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2.3. GG-vector bundles.

Definition 2.7. A G-vector bundle over a G-space X is a vector bundle £ =
(E, 7, X) such that

(1) E is a G-space;

(2) m: E — X is a G-map;

(3) For each g € G, the restriction to each fiber of g : F — F is a linear map.

Example 2.5. Let M be a smooth manifold, and let G ~ M smoothly. Then the
tangent bundle T'M is a G-vector bundle over M.

In fact, G ~ M can induce a G-action on T'M as follows: First, for each v € T'M,
there is a x € M such that v € T, M. Then, for each g € GG, the derivative at = of
g: M — Mis (Tg)y : TyM — Ty)M, which is linear. Furthermore, G ~ T'M is
defined by (g,v) — (T'g).(v) := g(v). Obviously, the natural projection TM —
M is a G-map. Thus, G ~ M gives T'M the structure of a smooth G-vector bundle
over M.

Given x € MY, since g(z) = x for any g € G, one has that

(Tg)s : TeM — TyyM = T, M

so T, M inherits an action from G ~ M, and then T, M is a G-space. Since T, M is
a vector space and g — (T'g), gives a homomorphism G — GL(T, M), T, M is a
G-representation, which is often called an isotropy G-representation.

Generally, at any point € M, one has that € M%. For g € G, one has that
g(x) =z, so g — (Tg), gives a homomorphism G, — GL(T,M). Thus, T, M is
a (F,-representation.

3. ORBIFOLDS

Simply speaking, an orbifold is locally modeled on quotients of open subsets of
R" by finite group actions.

Definition 3.1. An n-dimensional orbifold O is a Hausdorff space, called the un-
derlying space, with an open covering $ = {U;} (which is closed under finite inter-
section) such that

(1) Each open set Uj; is associated with an orbifold chart (V;, ¢;, U;, G;), where
G; is a finite group, V; C R™ is an open subset that is invariant under an
effective linear action of G; on R", and ¢; : V; — Uj is surjective and induces
a homeomorphism V;/G; — U,.

(2) The collection of all orbifold charts {(V;, ¢;, U;, G;)}, called the orbifold atlas,
satisfies the condition that for each inclusion U; — Uj, there exists an injec-
tive group homomorphism g;; : G; — G and there exists a G;-equivariant
embedding ;; of V; onto an open subset of V; such that ¢;p;; = ¢; and ¢;; is
unique up to composition with elements of G; (i.e., any other possible map
from V; to V; has the form gy;; for a unique g € G;).

Remark 11. The orbifold atlas determines the orbifold structure. As in the case of
manifolds, a differentiability condition can be imposed on the gluing maps ¢;; to
give a definition of a differentiable orbifold.
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Example 3.1. Let N be a compact manifold with boundary. Then its double
M = N Uy N admits a natural reflection (i.e., a Zy-action) such that the orbit space
is exactly V. Thus N has a natural orbifold structure.

Example 3.2. Let X be a closed surface. Then a new orbifold structures on ¥ can
be defined by removing finitely many disjoint closed discs from > and gluing back
copies of discs D?/T; where D? is the closed unit disc and T; is a finite cyclic group
of rotations of rank 1.

3.1. Manifolds with corners. All n-dimensional manifolds with corners form a
special kind of orbifolds, each of which locally looks like the open subsets of the orbit
(a positive cone R%) of the standard Zj-representation on R" (see, Example 2.3).

Definition 3.2 (cf. [D], [LY2]). An n-manifold with corners @ is a Hausdorff space
together with a maximal atlas of local charts onto open subsets of R, such that the
overlap maps are homeomorphisms preserving codimension, where the codimension
c(x) of a point = (21, ,x,) in R, is the number of z; that is 0.

Some examples of manifolds with corners are shown in the following figure.

(a)

(c) (d)

(£ (9)

tear-drop

Generally, a manifold () with corners may be either compact or non-compact. If )
is non-compact, then () is said to be an open manifold with corners. For example,
given a polygon P2, if we remove a closed 2-disk in its interior or cut out a vertex,
then the resulting space is an open 2-manifold with corners (see Figures (c) and (e)).

Let Q be a manifold with corners. The boundary 0Q of @ is defined as the
boundary of ) as a topological manifold. Obviously, the boundary of @) is empty if
and only if the codimension of each point in @) is always zero. Now suppose that @)
has non-empty boundary. An open pre-face of @ of codimension m is a connected
component of ¢ 1(m). A closed pre-face is the closure of an open pre-face. A closed
pre-face of codimension 1 is called a facet of Q). For any = € @, let ¥(x) be the set
of facets which contain .

A manifold @ with corners is said to be nice if either 0Q) is empty or 0@ is non-
empty but Card(¥X(z)) = 2 for any = with ¢(x) = 2. It is easy to see that if an
n-dimensional nice manifold ¢) with corners has empty boundary, then it is a closed
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or open topological manifold; otherwise, it has facets, and any [-dimensional closed
pre-face I is a component of the intersection of n — [ facets in @, and 0Q is the
union of all facets. Figure (f) is not nice.

Remark 12. An n-dimensional convex polytope P" is said to be simple if exactly
n facets (i.e., (n — 1)-dimensional faces) meet at each of its vertices. Each point
of a simple convex polytope P™ has a neighborhood which is affine isomorphic to
an open subset of the positive cone R%,, so P" is an n-dimensional manifold with
corners.

A subset K of an n-manifold () with corners is said to be an n-dimensional open
submanifold with corners of ) if the restriction to K of the atlas of () makes K
become an open n-manifold with corners in its own right. Obviously, the intersection
of Q@ — K and the closure K is also an (n — 1)-manifold with corners, which is called
the section of @ — K and is denoted by S(K).

Let Q be a nice manifold with corners, and let K be an open submanifold of )
with corners. If either S(K) is a nice manifold with corners or the boundary of
S(K) is empty, then K is said to be a nice open submanifold of () with corners (see
the following figure for examples).

nice nice not nice

A continuous map between two manifolds with corners f : Q1 — Q5 is called a
facial map if it preserves codimension of each point, i.e., ¢(f(z)) = ¢(x) for Vo € Q;.
In particular, if f is a homeomorphism, we call it a facial homeomorphism.

4. HOMOGENEOUS SPACES AND ORBIT TYPES
Let G be a topological group and let X be a Hausdorff topological space.

Definition 4.1. An action G ~ X is said to be transitive if G(z) = X for any
x € X. In this case, X is also called a homogeneous space for G.

Example 4.1. Let H < G be closed in G. Then G ~ G/H defined by (g,kH) —
gkH is transitive, so G/H is a homogeneous space for G.

Let G ~ X and © € X. Then there is a natural map 0, : G/G, — G(x)
defined by ¢G, —— g(x). Obviously 6, is continuous. Since G, is closed in G,
one has that G/G, admits a G-action G ~ G/G, defined by (g, kG,) — gkG,,
which is transitive. Also, G(z) admits a natural G-action induced by G ~ X.
Then 0, : G/G, — G(z) is a G-map since 0,(g(kG.)) = 0.(gkG.) = (gk)(x) =

Lemma 4.1 (cf. [B]). If G is compact, then 0, : G/G, — G(x) is a G-equivariant
homeomorphism.
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Proof. 1t suffices to show that 6, is a homeomorphism. Suppose that 0,(g1G,) =
g1(z) = ga(7) = 0,(92G,). Then g5 gi(z) = 7 50 g5 g1 € Gp. Thus g1G, = §2G,.
This means that 6, is injective. For any y € G(x), there exists a ¢ € G such that y =
g(x), so 0,(9G.) = g(x) =y, and 6, is surjective. Since G is a compact topological
group, G/G, is compact and G(x) is Hausdorff. Hence, 6, is a homeomorphism. O

Remark 13. When G is compact, by Lemma 4.1 each orbit G(z) of G ~ X is
homogeneous for G and can be regarded as a coset space G/G, of G.

Given a compact topological group G, let us consider the category Co_omits sSuch
that all objects consist of coset spaces G/H for closed subgroups H < G, and all
morphisms are G-equivariant maps among coset spaces. Ca_orbits 1S Often called the
category of G-orbits.

The following result characterizes the morphisms in Co_opits-

Proposition 4.1 (cf. [B]). Let G/H and G/K be two objects in Cq—orpits- Then
there exists an equivariant map G/H — G/K if and only if H is conjugate to a
subgroup of K.

Proof. If there exists an equivariant map f : G/H — G/K, then f(H) = g; 'K for
some gy € G, and further one has that f(gH) = gg; ' K for all g € G. Since hH = H
forall h € H, f(ghH) = f(gH) so ghgy 'K = gg; ' K. Furthermore, gohg, ' € K for
all h € H. Thus, H is conjugate to a subgroup of K.

Conversely, suppose that H is conjugate to a subgroup of K. Then there exists
an element gy € G such that goHgy,* < K. Define f : G/H — G/K by f(gH) =
99y K for all g € G. Obviously, f is well-defined and equivariant. O

Corollary 4.1 (cf. [B]). Let G/H and G/K be two objects in Cg—orpirs. Then G/H
and G/K are equivariantly homeomorphic if and only if H is conjugate to K.

Let 75 denote the set of equivariant homeomorphism classes of all objects in
Ca_omits- Then 7 gives all possible types of G-orbits. 75 admits a natural poset
structure, whose partial ordering relation > is defined as follows: for two classes
[G/H] and [G/K] in Tg,

|G/H] ~ |G/K] <= H is conjugate to a subgroup of K.
Obviously, the poset (7, <) has a minimum [G/G] and a maximum [G].

Given a G ~ X with G compact, let Z(X) = {[G,]|x € X} denote the set of
conjugacy classes of all isotropy subgroups of G ~ X. Then Z(X) corresponds to the
types of orbits O(X) = {[G(z)]|z € X} in X, which is a subset of 7. Of course,
O(X) is also a poset with respect to the partial ordering relation >. However,
generally [G/G] and [G] are not the minimum and the maximum of (O(X),>),
respectively.

Theorem 4.1 (Montgomery-Samelson-Yang, cf. [H1]). Let G ~ M be a smooth
action where G is a compact Lie group and M is a connected smooth manifold.
Then there ezists a unique mazimum in (O(X),>) (i.e., there is a point xo € M
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such that [G(x0)] is a unique mazximal orbit type, called the principal orbit type) such
that

(1) Mig,,) = {z € M|G, € |Gy} is open dense in M and M — Mg, ) has
dimension at most dim M — 1.

(2) The fived point set M=o intersects each orbit.

(3) Mig,,)/G is connected.

The proof of Theorem 4.1 will be postponed to the next section.

Remark 14. As pointed out in [H1|, Theorem 4.1 can further be generalized into the
following cases:

e Topological G-action on cohomology manifold over Z.
e Connected orbit types (i.e., orbit types corresponding to connected isotropy
subgroups) of topological G-actions on cohomology manifolds over Q.

5. TWISTED PRODUCT AND SLICE

5.1. Twisted product. Twisted product provides a fundamental way to the study
of transformation groups.

Definition 5.1. Given G ~ X. Let H < G be a closed subgroup of G and
A C X a subspace. Suppose H ~ A. Then G x A admits a H-action defined by
(h,(g,a)) — (gh~', ha). The orbit space denoted by G Xy A is called a twisted
product.

Remark 15. G x g A naturally admits a G-action defined by (¢, [(g,a)]) — [(¢'g, a)].
Then the projection G x A — G induces a G-map p : Gxy A — G /H by mapping
(g, a)] — gH.

Exercise 9. Show that p: G xy A — G/H is a fibration with fibre A.

Given G ~ X. Let H < GG be a closed subgroup of G. Suppose that f : X —
G/H is a G-equivariant map. Set A = f~'(eH). Then A is invariant under H-
action. Actually, for any a € A and any h € H, since f is G-equivariant, one has

that f(h(a)) = hf(a) = h(eH) = eH, so h(a) € A.

Proposition 5.1 (cf. [B]). ® : G xyg A — X defined by [(g,a)] — g(a) is a
G-equivariant homeomorphism.

Proof. First, from the following commutative diagram

GxA——X

| A

GXHA

it is easy to check that ® is well-defined and a G-equivariant map. Next, it suffices
to show that ® is a bijection. Take z € X and let f(x) = gH, one then has that
flg7!(z)) = eH so g"}(z) € A and = = g(g97'(z)) = ®([(g,97"(x))]). Thus, ® is
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surjective. To see that @ is also injective, suppose that ®([(g,a)]) = ®([(¢',a)]).
Then one has that g(a) = ¢'(a’) so

gH = g(f(a)) = f(g(a)) = f(g'(a)) = ¢'(f(a")) = g'H.
Furthermore, g7'¢’ € H so g(a) = ¢'(a’) = g(g7'¢')(a). Thus a = g '¢'(a) and
(g, a)] = [(g(g™ 9) L9719 ()] = [(g,a)]. B

5.2. Slice.

Definition 5.2. Given G ~ X, let x € S C X be such that G,(5) = 5. S is called
a slice at z if G X, S is G-embedded in X as an open invariant neighborhood of

G(z).

Proposition 5.2 (cf. [B]). Given G ~ X, let x € S C X be such that G,(S) = S.
If G is compact, then S is a slice at x if and only if G(S) is an open neighborhood
of G(z) and there is an equivariant retract v : G(S) — G(z) such that r='(z) = S.

Proof. The map f : G(S) — G/G, defined by g(s) — ¢G, is clearly equivariant.
Since G,(S) = S, one has that f~!(eG,) = S. Furthermore, by Proposition 5.1 one
has that G(S) = G x¢, S. If G is compact, by Lemma 4.1 G/G, and G(z) are
equivariantly homeomorphic. Also, the natural projection p: G xXg, S — G/G, ~
G(x) satisfies p~'(G,) = [e,S]. Furthermore, Proposition 5.1 follows from these
facts. O]

Exercise 10. If S is a slice at x, then for each g € G, g(9) is a slice at g(x).
Now let us consider the existence of a slice.

Lemma 5.1 (Mostow-Palais, cf. [M2] and [P]). Let G be a compact Lie group and
H < G is closed. Then there exists a G-representation on a finite-dimensional vector
space V' and a vector v € V' such that H is the isotropy subgroup G, at v.

Proof. We would like to refer to the original papers ([M2], [P]) for a detail proof. [

Lemma 5.2 (Gleason, cf. [H1]). Given an action G ~ X with G a compact Lie
group and a G-representation on a finite-dimensional vector space V. Suppose that
A C X is a compact G-invariant subspace and there is an equivariant map f : A —
V. Then f admits an equivariant extension f: X — V.

Proof. First, by Tietze’s extension theorem, one can extend f to a continuous f” :
X — V. Next, by using Haar integral, define f(z) = I(f”), where f” € C(G,V)
is defined by f”(g) = g~ f'(gx) for all g € G. O

Theorem 5.1 (cf. [H1]). Let G be a compact Lie group, and let G ~ X and z € X.
Then there always exists a slice S at x.

Proof. First, by Lemma 5.1 there exists a G ~ V where V is a finite-dimensional
vector space V' such that G(z) may be equivariant embedded into V' by the following
way

f:G) == G/G, —— G) — V.
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Next, by Lemma 5.2 f can be extended to an equivariant map f: X — V. Since

V is linear, there is a slice S’ at v. Furthermore, S = f~1(5’) is the desired slice at
x. 0J

In smooth category, one has the following result.

Theorem 5.2 (Differentiable Slice Theorem, cf. [B]). Suppose that G ~ M s a
smooth action where G' is a compact Lie group and M is a smooth manifold. Then

for each point x € M, G(x) has a G-invariant tubular neighborhood of the form
G Xq, Sz, where S, = T, M/T,G(x) and its image in M is the slice at x.

Now let us complete the proof of Theorem 4.1.

Proof of Theorem 4.1. Consider the map ® : M /G — O(M) defined by G(x) ——
[G(z)], where O(M) is endowed with discrete topology on it. Note that O(M)
has a poset structure. By Theorem 5.2, it is easy to see that G(z) € M/G is
locally maximal if and only if G, ~ S, is trivial. Thus, ® is locally constant in a
neighborhood of those locally maximal points in M/G.

Now suppose that G(z') is not locally maximal. Then there are the following two
possible cases:

(1) The case codimng’ > 2. In this case, S, — ng/ is still connected, so if
those orbits which have the same as orbit type as G(z’) are removed from

the neighborhood of G(z'), then (S, — ng') /G is also connected.

(2) The case codimSﬁ”' = 1. In this case, G, ~ S,/ is exactly a reflection with
respect to the hyperplane Sg*". Thus, S,/ /G, is a half plane with Sg””' as
boundary. Furthermore, (S, — ng/) /G is also connected.

Since M is connected, M /G is connected, too. We see from (1) and (2) that if all
those orbits which are not locally maximal are removed from M/G, the connect-
edness of M/G is still unchanged. This means that the subspace X formed by all

locally maximal points in M/G is still connected. However, ® is locally constant

in X, so ® is constant on X. Therefore, there exists a unique maximal orbit type
[G(z0)] such that X = Mg, /G is connected, open dense in M/G. Theorem 4.1
then follows from this. [J

6. EQUIVARIANT COHOMOLOGY

6.1. Principal G-bundle. Let G be a topological group.

Definition 6.1. A bundle £ = (X, m, B) is called a G-bundle if X admits an effective
right (or left) G-action such that the following diagram is commutative

Lok



LECTURES ON ELEMENTS OF TRANSFORMATION GROUPS AND ORBIFOLDS 17

Let & = (X, 71, B) and & = (Xa,m9, B) be two G-bundles over B. If there is a
G-map f : X; — Xy such that m; = mo f, i.e., the following diagram is commutative

f X,
N A
B

then f is called a morphism between &; and &. In particular, if f is an equivariant
homeomorphism, then & and &, are said to be isomorphic, denoted by & = &.

X4

Following [H2], given an effective right action X ~ G, let X* = {(x,zg) €
X x X|z € X,g € G}. A continuous map 7 : X* — G with z7(z,2") = 2’ for all
(x,2") € X* is called a translation function if it has the following properties:

(1) 7(z,x) = ¢

(2) 7(x,2")1 (2, 2") = 7(x,2");

(3) 7(',z) = 7(x,2) L.
An action X v G is said to be principal if X admits a translation function 7 :
X" — G

Definition 6.2. A G-bundle £ = (X, 7, B) is said to be principal if the action on
X is principal.
Example 6.1. The action B x G~ G defined by ((b,¢'), g) — (b, ¢’g) is principal.
Actually,
((b,g),(V,g)) € (BxG) <= b=1b" (since (b,g")g = (b,9'g))
and the translation function 7 has the form
T((b> 9)7 <b7 g/)) = gilg/-

Then the corresponding principal G-bundle is the product bundle (B x G,w, B)
where (b, g) = b.

Proposition 6.1 (cf. [H2]). Let € = (X, w, B) be a principal G-bundle. Then & is a
bundle with fiber G.

Proof. Since the following diagram is commutative

x4 x

for each x € 771(b), define a map f: G — 7 1(b) ~ G(z) by g — xg. Then, the
inverse map of f is 771(b) — G defined by xg — 7(z,29). O

Remark 16. In some sense (e.g., G is a compact Lie group and X is regular), the
notions of a principal G-bundle and of a free G-action G ~ X are equivalent (see,

[B).
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Theorem 6.1 (cf. [H2]). Every morphism between two principal G-bundles over B
s an isomorphism.

Proof. Suppose f : (Xi,m,B) — (Xa,m, B) is a morphism of two principal G-
bundles. Take z1,2] € Xy, let f(z1) = f(2}). Then m(z1) = maf (z}) = m(z)), so
(x1,2)) € X{ and z19 = | for some g € G. Further, one has that f(x;) = f(z}) =
f(z1)g, so g =1 and x; = 2. Thus, f is injective. Now, let o € X5. Then there
is a 1 € X such that 7 (z1) = ma(xs). Further, mo(z2) = m1(21) = maf(x1) and so
(f(x1),22) € X5. Since f(x1)g = xo for some g € G, one has f(x19) = xo. Thus, f
is surjective.

Next, it needs to show that f~! is continuous. Let f(z;) = z» in X5, and let
U be an open neighborhood of x; in X;. Then there are open neighborhoods V'
of 1 and H of 1 in G such that VH = {zhlx € V,h € H} C U since X; ~ G
is continuous, and there is also an open neighborhood W of x5 in X, such that
(W x W) N X3;) C H, where 7 is the translation function of X;. Further, one
may replace V by V N f~1(W) such that f(V) C W. Since m is open, one has
m1 (V) is an open neighborhood of 7 (z1) = ma(23) in B, so one may replace W by
W N7yt (1 (V) such that mo(W) = 71(V). Now, for each 2, € W, take 2} € V
such that m(2]) = ma(2)). Then f(z)),2, € W and f(2})h = ), for some h € H.
Since x4, = f(2})h = f(z}h) and 2}h € VH C U, one has f~*(W) C U. Therefore,
f~1 is continuous at each point in Xo. O

Definition 6.3. A principal G-bundle ¢ = (X, 7, B) is numerable if there is a
numerable open cover {U;} of B such that {|y, is trivial for each U;. Note that a
numerable open cover {U;} of B means that there exists a locally finite partition of

unity {)\;} such that the closure \;*((0,1]) C U,.

Lemma 6.1 (cf. [H2]). Let £ = (X, 7w, B) be a numerable principal G-bundle over B
and let f : B' — B be a continuous map. Then f*(§) is also a numerable principal
G-bundle over B', where f*(§) = (X', 7', B') is the pullback of £ via f, which has as
base space B', as total space which is the subspace {(b',x) € B' x X|f(V') = n(x)}
of B' x X, and as projection @' (b',x) =1'.

Proof. This directly follows from the definitions of a numerable principal G-bundle

and f*(€). O

The following theorem characterizes the homotopy property of numerable prin-
cipal G-bundles. We would like to refer to [H2, Section 9, Chapter 4] for a detail
proof.

Theorem 6.2. Let £ = (X, m, B) be a numerable principal G-bundle over B and
fi ~ fo: B" — B be two homotopic maps. Then f{ (&) and f5(&) are isomorphic
as numerable principal G-bundles.

It is well-known that a Hausdorff space is paracompact iff each open cover is
numerable. Now let H denote the category of all paracompact Hausdorff spaces and
homotopy classes of maps. Given a space B in H, let Pg(B) denote the set of all
isomorphism classes of numerable principal G-bundles over B. For a homotopy class
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[f] : B' — B, one may define amap Pq([f]) : Pa(B) — Po(B') by Po([f])({£}) =
{f*(€)} for each class {{} € Pg(B). By Theorem 6.2, Pg([f]) is well-defined. Let
Pe denote the category consisting of all P;(B) and Pg(B)([f]).

Theorem 6.3 (cf. [H2]). Pg is a cofunctor from H to Pg.

Proof. Let [f] : B — B and [g] : B” — B’ be two homotopy classes in H, and
let £ = (X, m, B) be a numerable principal G-bundle over B. Then one has that

{(9/)"(©)} = {f (g7 (€))}, so Fa(lgllf]) = Pa(lf))FPa(lg]). Obviously, Py([ids]) is
the identity on Pg(B). O

Exercise 11. If f . B ——, Bis a homotopy equivalence, then Pg([f]) : Po(B) —
Pg(B') is bijective.

Exercise 12. Suppose that B is contractible. Then each numerable principal G-
bundle over B is trivial.

Now let & = (Xo, ™o, Bo) be a given numerable principal G-bundle. For each B
in H, one may define ¢ (B) : [B, By] — Pa(B) by ¢, (B)([f]) = {f*(&)}, where
[B’, B] denotes the set of homotopy classes of all maps from B’ to B. Obviously,
¢, (B) is well-defined.

Definition 6.4. A numerable principal G-bundle & = (X, m, Bo) is said to be
universal if ¢ (B) : [B, By] — P(DB) is a bijection for each B in H.

The above definition implies that

Proposition 6.2. A necessary and sufficient condition that a numerable principal
G-bundle & = (Xo, mo, Bo) is universal is that the following conditions are satisfied

(a) For any numerable principal G-bundle & = (X, n, B), there must be a map
f: B — By such that £ is exactly the pullback from (Xq,mo, By) via f.

(b) If f1, fo : B — By are two continuous maps such that f{ (&) = f5 (&), then
Ji= fa

Remark 17. (1) Generally, the universal principal G-bundle is denoted by (EG,

7, BG), and BG is called the classifying space of G.

(2) For a numerable principal G-bundle (X, 7, B), if X is contractible and admits
a free G-action, then (X, 7, B) is universal.

Given a topological group G, one can obtain the associated universal principal
G-bundle by using Milnor construction as follows. First, EG is defined as an infinite
join

EG=GxGx*---xG*---,
each element of which is denoted as < ¢,t > and written as

< g,t >= (togo, 191, .-, tigi, ---), 9i € G, t; € [0,1]

such that only a finite number of ¢; # 0 and > ¢, = 1. A right G-action on
EG is given by < ¢g,t > ¢ =< gg¢’,t >. Then a topology on EG such that EG
is a G-space is given in the following way: Consider maps t; : EG — [0, 1]
by mapping (togo, t191, .-, tigi, -..) to t;, and g; : t;*((0,1]) — G by mapping
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(togo, t191, ---, tigi, -..) to g;. Associating with the G-action, one can find the following
relations:

9i(rg) = gi(x)g, ti(zg) = ti(z)
where x € FG and g € G. Furthermore, one may choose the smallest topology on
EG such that t; and g; are continuous.

Now EG becomes a topological space and admits a free G-action. Then FG —
EG/G = BG is the desired universal principal G-bundle, which is called the Milnor

construction.

Remark 18. EG and BG can be filtered by subspaces

.-+ C EG(n) C EG(n+1)C---C EG

.-+ C BG(n) c BG(n+1)C---C BG
where (togo, t191, .., tigi, ...) € EG(n) if t; = 0 for i > n, and BG(n) = EG(n)/G.
Example 6.2. (see [H2, Example 11.3]) When G = Z, = {£1}, by the Milnor

construction, one has that
EG(?’L) = {(togo,tlgl, ...,tngn, 0, 0, ) - EG|t0 +t14+--+t, = 1,t2‘ - [O, 1],9Z € G}

Then it is easy to see that FG(n) is homeomorphic to an n-sphere S™. In fact, let
xr; = t;g;, one then has that

EG(?”L) = {<x07x17 '-'>xn70707 ) € Roo‘xog(]"i_xlgl"i_' : '+xngn = 17 |xz’ € [Oa 1}791 c Z?}

so EG(n) is exactly the boundary of the dual of an n-cube I" (as a simple convex
polytope) in R*°. Thus, EG(n) is homeomorphic to S™. For example, when n = 1,2,
EG(n) can be explicitly shown as follows:

BG(1) 1 EG(2)

—x9g—x1+x2 =1

. 1 N 1 —xo+x1+z2=1
—X0 xr1 = Zo 1 = _ _ _ —
xro — T1 — X2 1 o4 m —mp =1

T
0 g —x1 +x2=1
_ ro+x1+a2=1
—xg—x1 =1 20—z =1 T0—T1 —x2 = 1
xo+x1 —x2 =1

o

Furthermore, the right action of G on FG(n) induces the antipodal action of G on
S™, so BG(n) is homeomorphic to RP™. Therefore, one has that up to homeomor-
phism

- CEGn)=S"CEGn+1)=9""cC...C EG=5

.-+ C BG(n) =RP" C BG(n+1)=RP"" C ... C BG =RP™.
Similarly, one has that
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Example 6.3. (see [H2, Example 11.4]). When G = S', one has that up to home-
omorphism

. C EG(n) = S C EG(n+1) = S**3 C ... C EG = 5§
- C BG(n)=CP"C BG(n+1)=CP"™ C...C BG=CP>

where the S'-action on EG(n) = S*"*! is given by

(20, 215 vy )€ = (€2, €21, ..., " 2,)

for each e € S*.

Remark 19. More generally, when G = Z& or (S*)* with k > 1, by directly using the
filtration of the Milnor construction of EG in Remark 18, it is not easy to determine
what EG is. For example, if G = Z3, then EG(1) is only a graph K, 4 rather than
a closed manifold.

Proposition 6.3. (see [H2, Exercise 10, Chapter 4]). Suppose that & = (X;, m;, B;)
is a numerable principal G;-bundle over B;, i = 1,2. Then & X & = (X7 X Xa,m X
T, B1 X By) has the structure of a numerable principal Gy x Go-bundle. Moreover, if
& 1s a numerable universal principal G;-bundle, i = 1,2, then & X & 1s a numerable
universal principal G1 X Ga-bundle.

Proof. Tt is immediate by Definitions 6.2-6.3 that & x & has the structure of a
numerable principal G; x Gao-bundle.

Suppose that & is a universal principal G;-bundle, i = 1,2. To show that & x
& is a universal principal G; x Go-bundle, it suffices to prove that ®¢ y¢,(B) :
[B, By X By] — Pg,xc,(B) is a bijection for each B in ‘H. Let £ = (X, 7, B) be
a numerable principal G; x Gy-bundle. Then there is a numerable principal Gyz-i-
bundle &|g, = (X/G;, g, B), i = 1,2, where 7, is the result of factoring 7 by
the orbit map X — X/G;. Since §; is a numerable universal principal G;-bundle,
i = 1,2, one has that there is a continuous map f; : B — B; (i = 1,2) such that
€la, = f3(&) and &|g, = ff(&). Further, the map f : B — B; X By defined
by f(b) = (f1(b), f2(b)) determines a numerable universal principal Gy x Go-bundle
[*(& x &) over B. It is easy to see that one may define a morphism between ¢ and
5 (& x &), s0 € = f*(& x &) by Theorem 6.1. Thus, ®¢, «¢,(B) is surjective.

To prove ®¢, ¢, (B) is injective, let f = (f1, f2),9 = (g1, 92) : B — By x By be two
continuous maps such that f*(& x &) = g*(§1 X &). Now let i be an isomorphism
from f*(& x &) to ¢* (&1 x &). Then one has the following commutative diagram

E(f* (& % &2)) g* (& x &)

\/
/\

E ,,,,,,,,,,,,,,,,,,,,,,,,,, >E 92 5@))

where E(n) denotes the total space of a bundle 7. It is easy to see that one may
define a morphism h; from f(&;) to g (&) by h in the above commutative diagram.
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By Theorem 6.1, h; is an isomorphism from f/(&) to ¢i(&), so fi ~ gi,i = 1,2
because &; is a numerable universal principal G;-bundle, ¢ = 1,2. Thus f ~ g, and
50 D¢, «¢, (B) is injective. O

As a consequence, one has

Corollary 6.1. There is a universal principal Z%-bundle (EZ%, 7, BZ%) such that
E7Z5 = (S*)* and BZ5 = (RP>)*. Similarly, there is a universal principal (S*)k-
bundle (E(SY)*, 7w, B(SY)*) such that E(S*)k = (S*®)* and B(S')* = (CP>)*.

6.2. The Borel construction. Given a topological group G, let G — EG —
BG be the universal principal G-bundle of G. Let G ~ X be a G-action on the
topological space X. Define the action of G on the product EG x X by (u,z) —
(ug™', gz). Then the orbit space of the action, denoted by

XG = FG Xa X,
is called the Borel construction.

There is a natural projection p : X¢ — BG defined by [u, 2] — [u]. It is easy
to see that p: Xg — BG is a fibration with the typical fiber X.

Remark 20. (1) If X is contractible, then X ~ BG.
(2) Generally, 0 : X¢ — X/G defined by [u, 2] — [z] is not a fibration. This
is because o7 '([z]) = EG/G, depends upon the choice of x € X. However,
if the action G ~ X is free, then each G, = {e}, so 0 : Xg — X/G is a
fibration with the typical fiber EG, and Xg ~ X/G.

6.3. Equivariant cohomology. Equivariant cohomology was introduced by Borel
in 1960’s, and it has become one of main tools in the study of transformation groups.

Given G ~ X, applying ordinary cohomology to the Borel construction Xq gives
the equivariant cohomology

He(X) == H"(X¢)
The fibration p : X¢ — BG with fiber X induces the ring homomorphism
p*: H(BG) — H{(X),

so that Hj(X) has not only a H*(BG)-module structure, but also an algebraic
structure over H*(BG). Actually, the scalar multiplication can given by r-x = p*(r)x
where r € H*(BG) and = € H}(X).

Remark 21. (1) Generally, the restriction to a typical fiber
Hg(X) — H™(X)

is not an epimorphism.

(2) If X is contractible, then Hj(X) = H*(BG). In particular, HS:({pt}) =
H*(BG).

(3) If G ~ X is free, then Hj(X) = H*(X/G).

(4) Let H < G be closed. Then there is a fibration 7 : Xy — X with fiber
G/ H, which induces a ring homomorphism 7* : H:(X) — Hj(X).
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(5) Since G ~ X is trivial, H5(XY) is a free H*(BG)-module.

Example 6.4. The computation of H:({pt}) = H*(BG) (cf. [CF]).

a) When G = Zy, H*(BG;Zy) = Zs[t] where t € H'(BG;Z,) is the generator.
More generally, when G = Z5 H*(BG;Zs) = Zs|t1, ..., tx] where the t;’s are
generators in H'(BG;Zs).

b) When G = S', H*(BG;Z) = Z[t]| where t € H?*(BG;Z) is the generator.
More generally, when G = (S1)*, H*(BG;Z) = Z[t1, ..., ] where the t;’s are
generators in H*(BG;Z).

¢) When G = (Z,)* (p-torus of rank k) where p is an odd prime,

H*(BG;F,) = Alay, ..., ax) @ Fy[by, ... by

where A(ay, ..., a;) denotes the exterior algebra over F,, generated by elements
ai, ..., ax of degree 1, and F,[by, ..., br] the polynomial algebra generated by
elements by, ..., b, of degree 2, and F, is a field of characteristic p.

Example 6.5. Let G = S' = {g € C|lg| = 1} and X = S* = {(z,y) € C x
R||z|* + y?> = 1}. Consider S' ~ S? defined by (g, (z,y)) — (g9z,y). This is
an rotation of S? along the axis joining the south pole and the north pole. Then
X% =(8»% ={(0,£1)}, and X/G = S?/S" is an interval.
Let Xy = {(z,y) € CxR||]2]*+y* =1,y > 0} and X_ = {(z,y) € CxR||z|*+y* =
1,y < 0}. Then {X,, X_} forms an open covering of X. Furthermore,
Xg=ES"xg X =ES" x5t (X, UX )= (ES" x5t X;)U(ES" xg1 X_).

Obviously, ES! xg1 X1 ~ ({pt})g and (ES* xg1 X, )N (ES xg1 X_) ~ {pt}. By
Mayer-Vietoris sequence, it is easy to see that

7 1=20
Hiy(S*3Z) 2 Z D7 iiseven
0 7 is odd

so H% (5% Z) = Zlay, as]/(a1a2) with dega; = 2.

Exercise 13. Let X and Y be two G-spaces. If X and Y are G-homotopically
equivalent, then H}(X) and H(Y) are isomorphic.

6.4. Localization theorem.

Definition 6.5. Let R be a commutative ring with identity 1. Let S be a multi-
plicatively closed subset of R such that 1 € S. Then

SR = {{£}|r € R,se S}

is called the localization of R with respect to S, where {g} is an equivalence class

of fractions defined as follows:

™ T2
— ~ —= <= (1189 — 1r281)s = 0 for some s € S.
51 52

Clearly, S™'R is also a ring.
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Example 6.6. Let R = Z. When S = Z — (0), ST'R = Q. When S = Z — (p)
where p is a prime, ST'R = Z,).

Definition 6.6. Let M be a R-module where R is a commutative ring with identity
1. Let S be a multiplicatively closed subset of R such that 1 € S. Then

STM={{Z}Ime M,s € s}

is called the localization of M with respect to S, where {%} is an equivalence class
of fractions defined as follows:

my mo
— ~ — <= (M2 — masy)s = 0 for some s € S.
S1 S92

Clearly, S™'M is a S~!R-module.

Now consider G ~ X where G is a compact Lie group and X is compact. Then
we have a fibration p : X — BG with fiber X. Let S be a multiplicatively closed
subset of H*(BG) with 1 € S. Set

X% ={z e X|forany s € S, i’(s) # 0 in H*(BG,)}

where i} : H*(BG) — H*(BG,) is induced by the natural inclusion i, : BG, —
BG.

Theorem 6.4 (Localization theorem, cf. [H1]). The localized restriction homomor-
phism

STUHE(X) — STHHE(XP)
18 an isomorphism.

Outline of Proof.

e The special case X* = (). It suffices to show that 3s € S such that p*(s) = 0
in H:(X). By Theorem 5.1, for each point z € X, G(x) has invariant open
neighborhood U in X such that G(x) is an equivariant retract of U. Since
X is compact, there are finitely many such neighborhoods Uy, ..., U; covering
X, with U; retracting to G(z;). Furthermore, X*° = () implies that there is
one s; € S such that i} (s;) = 0 in H*(BG,,) = H(G(w;)), so is also in
H{(U;). Taking s = sq - - 57, one then has p*(s) = 0 in Hj(X).

e For the general case, it suffices to show that ST1H (X, X°) = 0. Namely,
one needs to prove that for each x € H}(X, X%) there is one s € S such
that s -2 = 0. With no loss assume that z € HL(X, X¥) = H"(X¢g, X5) =
H"(p~Y(BG(k)), X2np~Y(BG(k))) for k > n. Furthermore, since p~!(BG(k))
is compact, there is an invariant neighborhood W of X* such that

€ Im{HL(X,V) — HL(X, X®)}.

On the other hand, one may find an invariant compact subspace Y € X —X?°
such that W U intY = X. Since Y° = 0, there is a s € S such that
p*(s) € Im{H (X,Y) — H:(X,intY) — HE(X)}. Moreover, s -z lies in
the image of 0 = HX(X, W UintY) — HA(X, X®). Thus, s- 2 =0. O
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Remark 22. More generally, if X is assumed to be paracompact and has finite
cohomological dimension, then there is the following localization theorem (see, [H1,
Theorem II1.1']: Let s € S. Then the localized restriction homomorphism

STHEH(X) — STUHE(X?)

is an isomorphism. If X consists of only finite orbit types, then
STUHL(X) — STUHE(XP)

is also an isomorphism.

Now let G = T* or ZF where p is a prime. Take S = H*(BG;k) — {0} where

o Jo ife=T1"
-z, G=1Zk

For any proper subgroup H < G, it is easy to see that S N ker{ H*(BG;k) —
H*(BH;Xk)} is nonempty, so X S = X% As a consequence, one has

Corollary 6.2 (Borel). Suppose that X is a paracompact G-space with finite coho-
mological dimension. Then the localized restriction homomorphism

STUHA(X; k) — STVH (XY K)

s an isomorphism.

7. DAVIS-JANUSZKIEWICZ THEORY

During the last two decades, the theory of toric varieties has produced a strong
penetration among many mathematical areas, such as symplectic geometry, com-
mutative algebra, toric topology etc., because toric varieties admit equivalent de-
scriptions arising naturally in those areas (e.g., see [BP], [Si]). In 1991, Davis and
Januszkiewicz [DJ] introduced and studied two kinds of topological versions of toric
varieties: small covers and (quasi-) toric manifolds.

Davis-Januszkiewicz theory gives a direct link between equivariant topology and
polytopes of combinatorics. From the viewpoint of topology, Davis-Januszkiewicz
theory contains two key points as follows:

e One point is on geometric topology. Each small cover or quasi-toric manifold
can be reconstructed from certain data.

e The other point is on algebraic topology. The most essential information
of algebraic topology for small covers and quasi-toric manifolds, such as
equivariant cohomology, betti numbers etc., can be explicitly expressed in
terms of combinatorics.

e iftd=2

Following the notions of [DJ], let G = =
ollowing the notions of [DJ], le {T” fd=9 @

ande:{22 ifd=1

Zr ifd=1 {R” if d =1

7z ifd=2
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Definition 7.1. A closed manifold M of dimension dn(d = 1,2) is called a locally
standard G%-manifold if M admits a locally standard G%-action, i.e., for each
point € M9, there is an invariant neighborhood V, of z such that up to an
automorphism of G7, V,, is weakly equivariantly homeomorphic to an invariant open
subset of the standard G’-representation space F (for the definition of the standard
G7-representation, see Example 2.3).

Lemma 7.1. Let M be a locally standard G%-manifold. Then the orbit space
Q" = M /G is an n-dimensional compact nice manifold with corners.

Proof. Obviously, @ is a compact manifold with corners. Let m; : M™ — Q"
be the orbit map. Given x € M, it is easy to see that the rank of the isotropy
subgroup G, at x is equal to the codimension of my(z) in Q™. Further, it easily
follows that if the codimension of m4(x) is 2, then my(x) is exactly in the relative
interior of the intersection of two facets of Q™. Thus, Q" is nice. O

Definition 7.2. Let M be a locally standard G%-manifold. If its orbit space Q is
a simple convex polytope, then M9 is called a small coverif d = 1 and a quasi-toric
manifold if d = 2.

The following are typical examples.
Example 7.1. The action Z§ ~ RP" defined by

((g1y -y 9n), [T0, 1, ooy Tp]) — [m0, (= 1) P21, .0y (1)),

is locally standard and its orbit space is an n-simplex A”. So RP" is a small cover
over A",

Example 7.2. The action 7" ~ CP" defined by

((69”, s eeni), [20, 21, -+ Zn)) — [20, ¢!

Y2,y €miz]

is locally standard and its orbit space is an n-simplex A™. So CP™ is a quasi-toric
manifold over A™.

Exercise 14. Show that (S)" is a small cover over an n-cube, and (S?%)" is a
quasi-toric manifold over an n-cube.

Example 7.3. The sphere S™ with the standard Z3-action by

((gla 1) gn)u (IO’ PRI xn)) — (m()? (_1)91J;1’ ) (_1>gnxn)
is a locally standard Zj-manifold, and it is not a small cover because the quotient
space is not a polytope except for n = 1.
The sphere 5?" = {(z, 21, ..., z,) € Rx C"|22 4+ Y7 | |z]? = 1} with the standard
T™-action by

enizn)

is also a locally standard T™-manifold, but it is not a quasi-toric manifold because
the quotient space is not a polytope except for n = 1.

(™)., e"), (z, 21, 00y 2)) — (M2, e

The following is an example of non-locally standard action.



LECTURES ON ELEMENTS OF TRANSFORMATION GROUPS AND ORBIFOLDS 27

Example 7.4 (cf. [LY2]). Consider the (Zj)*-action on the unit sphere S* =
{(x,y,2) € R® | 2* + y*> + 22 = 1} given by two commutative involutions 7; and
7o, where 71 is the reflection of S? about the zy-plane, 7 is the antipodal map.
Obviously, this Z32-action in a small neighborhood of the north pole and the south
pole is not locally standard.

7.1. Characteristic function and reconstruction. Let 7 : M — P" be a
small cover or a quasi-toric manifold over a simple convex n-polytope P™ where
d=1or 2.
Take a k-face F*, an easy observation shows (see also [DJ, Lemma 1.3]) that
7_‘_71<Fk) _ Fk:

is still a k-dimensional small cover or a 2k-dimensional quasi-toric manifold. In
particular, for any o € 7 1(int F*), G, is independent of the choice of z, denoted by
Gr. Note that G is isomorphic to G%*, and G fixes 771(F*) in M. In the case
k=n—1, F¥is a facet and G has rank 1. For d = 1, G uniquely corresponds to
a nonzero vector v* in Z%. For d = 2, G uniquely corresponds to a primitive vector
v? = (v, ...,v,) € Z" (i.e., v? is only unique up to multiplication by 4-1) such that
G r can be written as

Gp = {(M9, .., 9) € T"|g € R}

Let F(P) = {Fi,...,F,} be the set of facets of P". Then there is a natural map
(called characteristic function)

A F(P)— Rj
by mapping each facet to a nonzero vector in Zj (or a primitive vector in Z") with
the following property:
(x) For each vertex v in P™, there are n facets, say F1, ..., F,, withv = FiN---NF,
such that
1 ifd=1

Remark 23. Since P" is simple, for each k-face F, there are n — k facets, say
Fy,...F, y such that F = F;N---N F,_; and 7 1(F) is a transverse intersec-
tion of 77 1(F), ..., 7 (F,_x). Then the group Gr determined by F' is actually
generated by A(F1), ..., N(Fp_g).

An interesting thing is that M9 can be recovered from the pair (P", \). Now let
us state this reconstruction process as follows: define an equivalence relation ~ on
product G} x P" by

p=qand g=nh it p=¢q € intP”
p=qand gthe Gp ifp=qecF CoP"

(9,p) ~ (h,q) <= {

Note that for each point p € OP", there must be a unique face F' that contains p
in its relative interior. Then the quotient space G% x P"/ ~ denoted by M (\)
becomes a closed manifold and admits a natural G’%-action by (g, [k, p]) — [gh, p].
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Obviously, the orbit space of this action G% ~ M is exactly P". On the other
hand, the standard Gj-representation on ]} can be recovered in the following way:
the natural projection G x R%, — F7 by (g, z) — gi(z) identifies G} x RZ,/ ~
with F?, where i : R%, — F? is the natural inclusion, and the equivalence relation
~ on G% x RZ, is defined by

(g,x) ~ (h,y) <z =y and g 'h € Gy

where Gj(,) is the isotropy subgroup at i(z) for the standard representation G ~ 7.
Now it is easy to see from the fact above that the action G% ~ M ()) is locally
standard. Therefore, M ()) is a small cover or a quasi-toric manifold.

A simple argument shows (see also [DJ, Lemma 1.4]) that there is a continuous
map f : G x P* — M9 such that for each p € P*, f maps G% x {p} onto 7= 1(p).
Furthermore, f descends to a G%-equivariant homeomorphism M (\) —s M
covering the identity on P".

Theorem 7.1 (cf. [DJ]). Let P™ be a simple convexr polytope. Then all possible
locally standard G7j-manifolds over P" bijectively correspond to all possible charac-
teristic functions A : F(P") — RJ.

Remark 24. When n < 3, any simple convex polytope P" admits a characteristic
function. However, when n > 4, there is a simple convex polytope which admits no
characteristic function, see [DJ, Nonexamples 1.22].

Remark 25. In the case d = 1, geometrically M™()\) is exactly obtained by gluing
2™ copies of P™ along their boundaries via A\. This reconstruction of small covers
provides a way of studying closed manifolds from pairs (P™,\). In [I], Izmestiev
studied a class of 3-dimensional small covers such that each A of characteristic func-
tions on their orbit spaces is 3-colorable (i.e., the image of A contains only three
linearly independent elements of Z3), and showed that each such small cover can be
formed from finitely many 3-dimensional tori with the canonical Z3-action under the
operations of the equivariant connected sum and the equivariant Dehn surgery. In
the general case, a description of topological types of all 3-dimensional small covers
has been given in [LY1] by using six kinds of cut-and-paste operations.

Actually, the above reconstruction can be still carried out in the setting of locally
standard G"-manifolds. Suppose that M is a locally standard G%-manifold. Let
7 MY — Q" be the orbit map.

Lemma 7.2 (cf. [LY2]). (1) 0Q" is empty if and only if G% ~ M is free. (2) If
Q" is non-empty, then Q™ admits a characteristic function A on its facets.

Proof. (1) If the boundary of Q" is empty, then Q" is a closed manifold, so each
open neighborhood of any point z in Q" is identified with one in the interior of R%.
Since the action G ~ M is locally standard, one has that the action G% ~ M

must be free. Conversely, if G ~ M is free, then it is well-known that Q™ is also
a closed manifold, so Q" is empty.

(2) Suppose that Q™ has non-empty boundary. Then 0Q" is the union of its all
facets. Similarly to the cases of small covers and quasi-toric manifolds, each facet F'
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of Q™ corresponds to a primitive vector vy € R, such that 7—!(F) is fixed by the
rank-one subgroup determined by vg. So a characteristic function A on Q™ can be

defined as
A {facets of Q"} — R}

F — vp

satisfying the condition that whenever the intersection (), F; # @ of some facets is
non-empty, all elements of the set {\(F;)} are linearly independent in R. O

Remark 26. If G ~ M is not free, then it is easy to see that the boundary of Q"
together with the A on its facets gives the information of the non-free orbits, while
the interior of )" corresponds to all free orbits.

If the boundary of @ is empty, then by Lemma 7.2, G ~ M is free, so 7 :
M — Q™ is actually a principal G%-bundle over Q™.

If 0Q™ # (0, then by Lemma 7.2 there is a characteristic function X\ on Q. How-
ever, generally the pair (Q™, \) is not sufficient to recover M. To do that, one
needs another data £ : £ — @, which is a principal G7j-bundle over )". This
bundle is directly associated with M and can be produced in the following way:
Take a facet F' of Q™, one can obtain a closed submanifold 7=!(F) of M. Then
the desired bundle is given by removing the union of small invariant tubular neigh-
borhoods of all these 7~ }(F) in M. One knows from [D] and [J] that such bundle
is unique up to isomorphism.

Now let us use the A and the principal bundle & over @ to reconstruct M9 (also
see [LM]). First, define an equivalence ~ on E: for z1, 29 € E,

{(21) = {(72) € Int(Q") = Q" — Q" or

~ <
SR {5(1’1) = {(x9) € 0Q™ and x1 = gxo for some g € G

where F' is the closed pre-face of @™ such that {(x1) = £(z3) is contained in the
relative interior of F' (note that there must be some facets Fj ..., F;, of Q™ such
that F' is a component of the intersection F;, N---N F; ), and G is the subgroup
determined by A(F},), ..., A(F;.). Then, up to equivariant homeomorphism the quo-
tient space E/ ~= M™(\,€) reproduces M. It should be pointed out that all
possible locally standard G)j-manifolds with " as orbit space can be constructed
in the above way.

This reconstructions of locally standard G7j-manifolds lead to the following clas-
sification result.

Theorem 7.2 (cf. [LM]). Let M (\y, &) and M (\y, &) be two locally standard
G’ -manifolds over a compact nice manifold Q" with corners and boundary. Then
M (X, &) and M (o, &) are equivariantly homeomorphic if and only if there is
an automorphism h of Q™ such that

(1) A\ = Ay o h, where h induced by h is an automorphism of all facets of Q™.
(2) & = h* (&), i.e., & is the pullback of & via h.
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Proof. If M(\;,&,) is equivariantly homeomorphic to M (\s, &), then there is
an equivariant homeomorphism H: M™(\;, &) — M ()\,, &) and it is easy to see
that the automorphism of () induced from H is the desired h in the theorem.
Conversely, suppose that there is an automorphism h of Q™ such that \; = Ay 0h
and & = h*(&). Then there is a bundle map h: & — & which covers h, and h
descends to a map H from M (A, &) to M(\y, &) because A\; = Ay o h. It is not
difficult to see that H is an equivariant homeomorphism. O

7.2. Betti numbers and h-vector. The notion of the h-vector play essential im-
portant roles in the combinatorial theory of polytopes, while the notion of Betti
numbers is also so in the topology of manifolds. Davis-Januszkiewicz theory indi-
cates that the Dehn-Sommerville relations for the h-vectors and the Poincaré duality
for the Betti numbers are essentially consistent in the setting of small covers and
quasi-toric manifolds.

Let P" be an n-dimensional simple convex polytope. Then its dual P* is a sim-
plicial polytope, and in particular, the boundary dP* denoted by Kp is a finite
simplicial complex of dimension n — 1. For 0 < ¢ < n — 1, by f; one denotes the
number of all i-faces in Kp. Then the vector (fo, fi,..., fn_1) is called the f-vector
of P", denoted by f(P™). Then the h-vector (denoted by h(P™)) of P" is an integer
vector (hg, hy, ..., h,) defined from the equation

hot" 4 -+ hy 1t +hy =t —1)"+ folt —1)" 7+ foy
with the following relations (cf. [BP]):
d hz = Z;:O(_l)iik(:ii]:)fk—h L= 07 ]-7 sy T
o fu_1_;i= ZZZZ (?)hn_k, 1 =20,...,n where f_; = 1.
The following are famous Dehn-Sommerville relations for h-vector.

Theorem 7.3 (Dehn-Sommerville relations). The h-vector h(P™) of P™ is symmet-
ric, t.e.,

hi = hn_i,i == O, 1, .

Proof. Here is a proof of Morse-theoretical argument (cf. [BP, Theorem 1.20]). Re-
gard P" as a polytope in R". Choose a linear function ¢ : R® — R which is generic
in the sense that the values of ¢ on the vertices of P" are different. Associating with
¢, there is a vector w € R™ such that ¢(x) =< w,z >, the standard inner product
on R™. Since ¢ is generic, w is parallel to no edge of P", so that ¢ can be regarded
as a height function on P". Using ¢, one may make the 1-skeleton of P™ a directed
graph by orienting each edge in such a way that ¢ increases along it. For each vertex
v of P", the number of incident edges that point towards v is defined as its index,
denoted by ind,,(v).

Now let N, (i) denote the number of those vertices in P" of index i. We shall
prove that Ny (i) = h,_;. Actually, for a k-face F* of P", the maximum of ¢ on F*
determines a unique top vertex vg of F'* (of course, the minimum of ¢ determines
also a unique bottom vertex of F*). Since P" is simple, there are exactly k edges
of F'" which meet at vp , so ind, (vF) > k. On the other hand, it is easy to see that
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the number of faces in P™ with top vertex of index i(> k) is exactly (,’c) Thus, the
number f,, 1, of all k-faces can be calculated as

n

rin =3 ()Mt

i=k

However, fo_1-r = > i, (,i) hp_i. Thus N, (i) = h,_;. Consider another height
function ¢ : R — R defined by ¢/(x) =< —w,z >. Then, it is easy to see that

for any vertex v in P", ind,, (v) = n — ind_,,(v). Therefore,
hi = N,w(n — ’l) = Nw<l) = hn,i.
0

Theorem 7.4 (Davis-Januszkiewicz). Let 7 : M — P" be a locally standard
Gl -manifold over a simple convex polytope P". Then

(1) When d =1, write b; = dim H*(M™; Zy). Then
h(P") = (ho, ..., hn) = (o, ..., bn).

(2) When d = 2, H*Y(M?*",Z) = 0 and H**(M>“;Z) is free abelian. Let
by; = rank H?(M*";Z). Then

h(Pn) - (bo,bQ, ---7b2n)~

Outline of Proof. 1t suffices to show that M has a cell structure which is perfect
in the sense of Morse theory, with one cell for each vertex of P" and with exactly
h; cells of dimension di.

e Asin the proof of Theorem 7.3, choose a linear function ¢ : R™ — R defined
by ¢(x) =< w,x > such that ¢ is a generic height function on P". For each
vertex v of P", let F, be the smallest face of P™ which contains the inward
pointing edges incident to v. It is easy to see that dim F,, = ind,,(v). Let F,
denote the union of the relative interiors of those faces F', whose top vertex
is v. Then ﬁv is exactly F, with some faces not incident to v deleted, and it
is diffeomorphic to the positive cone RZ‘SM(“). Note that the number of those
vertices of index i is h;. N

e For each vertex v of P", set e, = W_l(ﬁv) and M, = 7 1(F,). Since i

is diffeomorphic to R;lgw(”, e, is equivariantly homeomorphic to IFidnd“’(v) SO

e, is a cell of dimension d ind,(v). Clearly, the closure of e, is M,. As
mentioned before, M, = 7~ !(F,) is also a locally standard manifold over F,.
Thus, the cell structure is perfect. Note when d = 2, clearly all the cells are
of even dimension. []

Remark 27. For a small cover 7 : M™ — P", the induced action Zj ~ H*(M";Z,)
is trivial. This is because each cell e, in the cell structure of M" above is Zj-stable
and its closure is a mod 2 cycle.
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Example 7.5. We know from Examples 7.1 and 7.2 that RP™ is a small cover over
an n-simplex A" and CP" is a quasi-toric manifold over an n-simplex A™. Since
h(A™) = (1,...,1), one has that b;(RP") = dim H(RP";Zy) =1 for 0 < i < n, and

b;(CP") = rankH'(CP™, Z) =

1 ifiiseven with 0 <7< 2n
0 otherwise.

7.3. Stanley-Reisner face ring and equivariant cohomology. Stanley-Reisner
face ring is a basic combinatorial invariant, and equivariant cohomology is an essen-
tial invariant in the theory of transformation groups. Davis-Januszkiewicz theory
indicates that these two kinds of invariants are also essentially consistent in the
setting of small covers and quasi-toric manifolds.

Definition 7.3. Let K be a simplicial complex with vertex set {v1, ..., v,,}, and let
R be a commutative ring. The Stanley-Reisner face ring of K, denoted by R(K), is
defined as

R[Ul, ey ’Um]/I
where R[vy, ..., vy] is a polynomial ring over R with the v;’s as indeterminates, and

is a homogenous ideal generated by all sequence free monomials of the form v;, - - - v;
with (v, ..., v;,) € K.

E]

Remark 28. Let P™ be a simple convex polytope with m facets Fi, ..., F,,. Then
Kp (the boundary complex of the dual P* of P™) has m vertices which correspond
to Fi,..., Fy,. The Stanley-Reisner face ring of P", denoted by R(P™), is defined as
R(Kp). Furthermore, we can write R(P") as follows:

R(P") = R[Fy, ..., F)/1
F,n---NF, =0).
Example 7.6. Let P" be an n-simplex A" with n + 1 facets Fi, ..., Fj,1;. Then
R(A") = R[F, ..., Fua] /(Fy -+ - Fga).

Example 7.7. Let I}, ..., Fy, be 2n facets of an n-cube I" with F; N Fy,, = 0,1 =
1,...,n. Then

where I = (F}, -+ - F,

R(]n> = R[Fla ceey FQn]/(FzE+n|Z == 1, ,'I’L)

Theorem 7.5 (Davis-Januszkiewicz). Let m : MY — P™ be a locally standard
Gl -manifold over a simple convex polytope P". Then

Hn (M Rg) 2 Ra(P").
We would like to refer to the original paper of Davis-Januszkiewicz|[DJ] for a detail
proof of Theorem 7.5. Here we only give a outline of proof as follows:

e The Borel construction MgZz is independent of the existence of Gjj-manifold,

and its homotopy type only depends upon P". Based on this, denote Mg%
by BdP .
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e P" is a cubical complex, and it is decomposed into cubes indexed by the
simplices of a simplicial complex K. Regarding the k-cube as the orbit space
of a Gk-action on the dk-disk D% = {(z1,...,x;) € F¥||z;] < 1}. For each
(k—1)-simplex o € K, let, be the indexed k-cube in P, and G, the dk-disk
with ij—aetion, and let Bil, = EG’; X gk D,. For a face 7 of o, BI, is
identified with a subset of Byl,. Thus, ByP is formed by the B;I,’s. Note
that an easy observation shows that if d = 2, then ByP is simply connected.

e Consider the spacial case in which P is dual to a simplex or to a boundary
of the simplex, and show that Theorem 7.5 holds in this case.

e Use the induction on the dimension of K. If dim K = 0, then K is a disjoint
union of vertices vy, ...,v,, and P is the cone on K, so M, d% is a bouquet
of m copies of Fy;P*>°. Thus, Hgs(Md"; Ry) is isomorphic to Ryfvy, ..., vy,]/1
where [ is the ideal generated by all square free monomials in more than one
variable, and so the theorem holds in this case. Suppose inductively that the
theorem holds if dim X' < n — 1. Consider the case dim X = n. Note the
theorem holds for the (n—1)-skeleton of K by inductive hypothesis. Then the
theorem follows by adding n-simplices one at a time to the (n — 1)-skeleton
and using the Mayer-Vietoris sequence.

Corollary 7.1. Hég(Md”;Rd) and Ry(P™) have the same Poincaré series. Fur-
thermore, by [S2, Theorem I1.1.4]

o+ hat? 4 4 byt
B (1 —td)n
Example 7.8. Let us return to Example 6.5. The S? with the S'-action defined

by (g, (z,9)) — (gz,y) is a quasi-toric manifold over a 1-simplex Al. Let F}, F be
two facets of A'. Then

P(HZ;:;(Mdn;Rd),t) = P(Rd(Pn)vt)

H%(S%7) = ZIFy, B/ (FLF).

Example 7.9. We know from Examples 7.1 and 7.2 that RP™ is a small cover over
an n-simplex A™ and CP" is a quasi-toric manifold over an n-simplex A”. Thus,

HES(RPH,ZQ) = ZQ(A”) = ZQ[Fl, ...,Fn+1]/(F1 .. 'Fn—i-l)-

and
H;. (CP™Z) = Z(A™) = Z[Fy, ..., Fyia]/(Fy - - Fogq).

In 2008, Masuda [M1] showed that for a locally standard G’-manifold over a sim-
ple convex polytope P", its equivariant cohomology H, dﬁdﬁ (M™; Ry) as a H*(BG™; Ry)-
algebra is a complete invariant of the equivariant homeomorphism type of M.
Theorem 7.6 (Masuda, cf. [M1]). Suppose that M{" and MZ" are two locally stan-
dard G%-manifolds over a simple convexr polytope P™. Then M and ME" are
equivariantly homeomorphic if and only if H*Z(Mldn;Rd) and Hgg(M{i”;Rd) are
isomorphic as H*(BGY; Ry)-algebras.

We would like to refer to the Masuda’s paper for a detail proof of Theorem 7.6.
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7.4. Ordinary cohomology. Let 7 : M — P" be a locally standard G7-
manifold over a simple convex polytope P" with m facets Fi, ..., F},,. Now let us
look at its ordinary cohomology H*(M:; Ry).

The projection p : Mé% = ByP — BG} is a Serre fibration with fiber EG} x

M ~ M9 Then the Serre spectral sequence of this fibration has Fs-term
B = HY(BG HY(M™ Ry),
It is well-known that BG" is simply connected if d = 2 and 71 (BG?%) = Z3 if d = 1,
and we know from Remark 27 that Z% trivially acts on H*(M";Zs). Thus
ERT = HP(BGY; Rq) @ HY(M™; Ry).

Furthermore, the Poincaré series P(Fs,t) of Ey is
o+ hatt 4 - 4 Byt
B (1 —td)n '
By Corollary 7.1, P(Es,t) = P(HgZ(Md”; R;),t) so P(Es,t) = P(Ew,t). Therefore,

one has that Fy = E, since F is generally an iterated subquotient of F,. This
means that M is totally non-homologous to zero in the Borel construction M, d%.

In other words, j* : Hgn (M Ry) — H*(M®; Ry) is surjective where j : M —
Mgfd‘ is the inclusion of fiber, so that one may obtain the following short exact
sequence

P(E,,t) = P(H*(BGYy; Ra), t) - P(H*(M™; Ry))

0 —— HYBGY; Ry) —"— Hu(M™ Ry) —~— HYM™ Ry) — 0.

Now let us extend A : F(P") = {F,...F,} — R" to XA : R" — R" by
regarding {Fi, ..., [}, } as the basis {ey,...,en}. Then A : R} — R is linear and

surjective, so A can be regarded as an n x m-matrix (\;;). Since Hy(BGY; Ry) =
Hy(B4P; R;) = R} and Hy(BGy; Ry) = R}, one has that p, : Hy(B4P; Ry) —
Hy(BG™: Ry) can be identified with A\ : R — R". Then p* : HY(BG": R;) —
H%(ByP; Ry) is identified with the dual map A\* : R? — R™* where A* = AT as
matrix. Therefore, column vectors of M\* can be understood as linear combinations

of Fi,...,Fy in Ry(P") = Ry[Fy, ..., F,,]/I. Write
A=A Fy - A o

Let J be the homogeneous ideal (\y, ..., \,) in Ry[FY, ..., F},] and let J be its image
in the face ring R4(P"). One sees from the short exact sequence above that J is in
ker j*. Since j* is surjective, j* induces a surjection Rq(P")/J — H*(M™; R,).

Since Ey = E, (i.e., the spectral sequence degenerates),
H*(By4P; Rg) & H*(BGY; Rg) @ H* (M Ry)
so p* : H*(BG™; Ry) — H*(B4P; Ry) is a monomorphism and then J is identified

with the image p*(J). This argument gives the following
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Theorem 7.7 (Davis-Januszkiewicz). Let 7 : M — P" be a locally standard
G’ -manifold over a simple convex polytope P". Then

H* (M Ryg) = Ry[Fy, ..., Fp] /T + J.

Example 7.10. We know from Examples 7.1 and 7.2 that RP" is a small cover
over an n-simplex A™ and CP" is a quasi-toric manifold over an n-simplex A”. Let
Fi, ..., Fyiq be n+ 1 facets of A™. It is easy to check that J = (Fy = F,41, ..., F, =
F,1). Thus,

H*(RP" Zs) = Lo[Fy, ooy Fpid|/(Fy -+ Faya) + J 2 Zola] /(a™1)
with dega = 1. Similarly, H*(CP™;Z) = Z[b]/(b" ™) with degb = 2.
Exercise 15. Calculate H*((S')";Z,) and H*((S*)";Z) (cf. Exercise 14).
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