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Sard’s Theorem

Theorem (Sard)
If a function f defined on a planar set E has modulus of continuity
t2, then f (E ) is Lebesgue null.

Definition. A nondecreasing continuous function ω(t) with
ω(0) = 0 is called a modulus of continuity of a function f , if
|f (x)− f (y)| ≤ ω(t) whenever |x − y | ≤ t.

Question (Kolá̌r, Preiss)
For which other modulus of continuity does Sard’s theorem hold?
Write ω(t) = t2u(t). Can u(t) tend to ∞, and if yes, how fast?

Theorem.

I Sard’s theorem holds for ω(t) = t2| log t|.
I Sard’s theorem does not hold for ω(t) = t2| log t|α for any
α > 2.
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The domain of f

Remark. It is important that f is defined only on a subset E ⊂ R2.
We can assume without loss of generality that E is closed. But the
question becomes trivial if we assume that E is the whole plane:

Observation. For a given function ω(t), there is a function
f : R2 → R whose image has positive measure if and only if
lim inft→0 ω(t)/t > 0.

Proof.

⇐: projections

⇒: Let x , y ∈ R2 and t > 0. Choose points on the line segment
[x , y ] whose distance is between t/2 and t.
There are at most 2|y − x |/t points, and f can jump at most ω(t)

between each. Hence |f (y)− f (x)| ≤ 2|y−x |
t ω(t).

So if lim inft→0 ω(t)/t = 0 then f is constant.
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An example

An example when f is not defined on the whole plane, and
lim inft→0 ω(t)/t = 0:

Let E = Koch curve, and let f : E → [0, 1] be a continuous
function along E , increasing uniformly.

0 1
4

3
4 1

2
4

1
16

2
16

3
16

5
16

6
16

7
16

9
16

10
16

11
16

13
16

14
16

15
16

Modulus of continuity of f :

If |x − y | ∼ 1
3n then |f (x)− f (y)| ∼ 1

4n . Hence ω(t) ∼ t
log 4
log 3 .
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Theorem (Kolá̌r, Christensen 2002) If E ⊂ R2 is a bounded
irreducible separator, and f : E → R has modulus of continuity
ω(t) with

∫
0

t
ω(t) =∞, then f is constant.

Definition. A set E ⊂ R2 is an irreducible separator if R2 \ E is
disconnected, but R2 \ E ′ is connected whenever E ′ ⊂ E is a
proper subset of E .

Remark. Write ω(t) = t2u(t). Then:∫
0

t
ω(t) =∞ if and only if

∑∞
n=1 u( 1

2n )−1 =∞.

Conjecture (Kolá̌r) Sard’s theorem holds if and only if∑∞
n=1 u( 1

2n )−1 =∞.

Conjecture. Sard’s theorem holds if and only if∑∞
n=1 u( 1

2n )−1/2 =∞.
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The general case

Without loss of generality we can assume that the image of f is an
interval I .

Notation. A new metric d on R: let d(x , y) = r if |x − y | = ω(r).

A reformulation of the problem is:

Question. For which metric d can one find a non-shrinking
function g : (I , d)→ R2 ?

A function g : (I , d)→ R2 is non-shrinking, if
|g(x)− g(y)| ≥ d(x , y) for all x , y ∈ I .

More General Question. Given a metric space (X , ρ). Can one
find a non-shrinking function g : (X , ρ)→ R2 ?
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Special case: (X , ρ)=Cantor set

Let r1, r2, . . . be a positive, decreasing sequence tending to 0.

Let C = {0, 1}N be the Cantor set with the metric ρ(x , y) = rn if
xk = yk for k < n and xk 6= yk .

Proposition. (C , ρ) can be embedded into R2 without any
shrinking, if and only if

∑∞
n=1 2n/2rn <∞.

Proof of ⇐:

-�
r1

6?r2

-�
r3

-�
r3

6
?r4

6
?r4
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Proof of
∑∞

n=1 2n/2rn <∞: Notation.

i = (i1, i2, . . . , in)
I Ci = {x ∈ {0, 1}N : xk = ik , k = 1, 2, . . . , n}
I Ei = f (Ci)
I Ai = B(Ei,

rn+1

2 )

I Bi = B(Ei,
rn
2 ) = B(Ai,

rn−rn+1

2 )
I Bi0 ∩ Bi1 = ∅
I Bi0 ∪ Bi1 = Ai
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Proof of
∑∞

n=1 2n/2rn <∞: Calculating Areas.

(i) Bi0 ∩ Bi1 = ∅
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Sard’s Theorem holds for ω(t) = t2 log t

Consider the metric spaces

I (I , d): I is an interval, d(x , y) = r if |x − y | = ω(r);

I (C , ρ): ρ(x , y) = rn if n is the first index for which xn 6= yn.

If there is a mapping (C , ρ)→ (I , d) without any shrinking, and if
(C , ρ) cannot be mapped into R2 without any shrinking, then
(I , d) cannot be mapped into R2 without any shrinking.
If
∑

2nω(rn) ≤ |I | then there is such a mapping (C , ρ)→ (I , d).

Proposition. If there is a decreasing sequence rn so that∑
2nω(rn) <∞ and

∑
2n/2rn =∞, then Sard’s theorem holds for

ω(t).

Example. If ω(t) = t2 log t, we can choose rn = 1
2n/2n log n

.

Then
∑

2nω(rn) ∼
∑ 1

n log2 n
and

∑
2n/2rn =

∑ 1
n log n .
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Sard’s Theorem fails for ω(t) = t2| log t|α, α > 2

Proof. Suppose that u(t) is monotone and
∑

u( 1
2n )−1/2 <∞.

Let rn = 1
2n/2 u( 1

2n/2 )−1/2.

Map R2 → [0, 1
2 ]:

-�
r1

6?r2

-�
r3

-�
r3

6
?r4

6
?r4

For each x 6= y there is n s.t. |x − y | ≥ rn and
|f (x)− f (y)| ≤ 1/2n. Modulus of continuity:

ω(|x−y |) ≥ ω(rn) = r2
n u(rn) =

1

2n

1

u( 1
2n/2 )

u(rn) ≥ 1

2n
≥ |f (x)−f (y)|.
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